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Notation

In these notes / and 7 and T are all used to denote vector or matrix transpose. At a few other places,

MATLAB notation is used too.

1 Math basics

e Probability - See file 322-recap- and ¢s229-

e Linear Algebra - See ¢s229-linalg

2 Monte Carlo methods and Data simulation details

2.1 Basics

e i.i.d. means independent and identically distributed. Xi, Xo,..., X, are i.i.d. means

n

n
Fx, Xoro X (71,72, ) = [ [ P, (20) = [ ] Fx, (@)
i1 i1

and the same holds for their PDF/PMF also.
e var(Y) = E[Y? —E[Y]% For a sum of n i.i.d. r.v.s X;, var(}; Xi/n) = var(X1)/n

e For a unif(0,1), r.v., the CDF
Fx(z)==z, if 0 <z <1,

2.2 Monte Carlo for computing expected values

Let Z be a vector or scalar or any set of r.v.s and let g(Z) be a scalar function of Z.
In most cases

Eg:=E[g(2)] = / 9(2)f2()dz

z
cannot be computed in closed form. One way to compute it is by Monte Carlo method. The idea is the
following

e Generate Z; ~ fz(2),1=1,2,..N (generate Z; i.i.d. according to fz(z))

e Compute the M-C estimate

g:= % ZQ(Zz')

Can show that § ~ Eg with high probability if NV is large enough. This is due to law of large numbers.
Let

03 =var(g(2)) = E[¢*(Z)] — (Eg)*

For the M-C estimate,

1
E[g] = Eg, and var(g) = NO'S

where the variance expression uses the fact that the Z;s are independent

Chebyshev’s inequality: For a r.v. Z with mean p, and finite variance o2

, we have

2
g
Pr(lZ —pul>€) <



This is one of the simplest and most applicable law of large numbers inequalities.
Using Chebyshev inequality, and the above expressions for mean and variance of § we can show that

0.2

Pr(lg— E < 9
r(|lg — Eg| > €) < N

Typically we pick € to be a small fraction of the quantity being estimated, e.g., we can let ¢ = 0.1Eg. Then,

100 o2
Pr(|lg— Eg| > 0.1Eq) < — —Y
r(lg — Eg 9) < 4 (Eg)?
Thus if
100 o
>_-_ 9
~ po (Eg)?

then, with probability at least 1 — pg, |g — Eg| < 0.1Eg.
Qualitative conclusion: the number of samples required to get accurate estimates with high probability
2
(w.h.p.), is proportional to 6—5)2. The larger the variability in g(Z), the more the samples we need.
We can approximate 03 also using M-C, but that approx uses a choice of V. A hit and trial procedure

can be tried and works sometime.

2.3 Monte Carlo in ML

We use M-C to calculate the generalization error in ML. Consider a ML problem. Suppose we have assumed
a model and learned its parameters. Our goal is to decide how good our learned model is at predicting
unseen data. We split available data into a training set and a test set. Learn the model parameters using
the training set. Compute test/generalization error on the test set.

For a loss function /(x,y), we want to compute

GeneralizationError = E[l(x,y)]

for test data @ and output y generated by nature. We approximate this using M-C as

1 Z g(xgest’ y;fest)

Mtest

)

A common loss function example is squared prediction error £(x,y) = (y—hy(x))?; here hy(x) is the assumed

model, we learn its parameter vector 8 using training data and denote the learned estimate by 6
Observe: in the above we do not need to know the distribution of .

2.4 Random variable generation

MATLAB and NumPy within Python have the functions
e rand: generate a r.v. that is uniformly distributed between 0 and 1
e randn: generate a r.v. that is standard Gaussian (Gaussian with mean 0 and variance 1)
e rand(n,1): generate n i.i.d. unif(0,1) r.v.s as a vector

e randn(n,1): generate n i.i.d. N(0,1) r.v.s as a vector, or said another way & = randn(n,1) ~ N(0,I).



2.4.1 How to generate a discrete r.v. Y with a finite number of possible values from a
unif(0,1) r.v.

Suppose Y takes three possible values, say 1, 2, 3, and py (1) = p1,py(2) = p2,py(3) = p3 = 1 — p1 — po.
One way to generate Y is as follows:

e Generate X = rand
o If

— X < pq, then Y =1, else-if
— p1 <X <p1+p2, then Y =2 else
—y=3

Proof of why above works:

Pr(Y =1)=Pr(X <p1) =p1, Pr(Y =2) = Pr(p1 < X <p1+p2) = (p1 +p2) —p1 =p1

2.4.2 How to generate a new continuous r.v. Y with CDF Fy(y) from a unif(0,1) r.v.

e Generate X = rand is a unif(0,1) r.v.
e Compute Y = Fy, ' (X).

e Here Fy (y) be the CDF of Y. Since Y is a continuous r.v. this is a strictly increasing function, and
so it is invertible.

Proof of why above works:
Pr(Fy 1 (X) < 2) = Pr(X < Fy(z2)) = Fy(2)

Last inequality uses CDF of unif(0,1). Thus, Y indeed has CDF Fy-.

2.4.3 How to generate a N(u,X) r vector

e Generate z = randn(n, 1)
e Compute matrix square root of ¥ using Cholesky or SVD: find a B so that BBT = X

e Generate y = Bz + pu.

2.5 Data Simulation

e Why simulate: It allows us to check why the prediction error on real data is large. Is it because our
assumed model is a bad approximation of real data, or is it because the learning algorithm for our
assumed model is bad? Simulation helps fix the second problem. The learning algorithm may be not
good (if you are designing a new one), or you may have coding errors due to silly mistakes. Data
simulation helps check that.

How to simulate:

e Assume a model on how x relates to y, and include a modeling error term (usually additive):
y=hg(x) +e

e Assume a value for the parameter vector 6.

e Assume a PDF/PMF of the modeling error or noise e.



e Assume a PDF/PMF on x
e Create training dataset: For ¢ = 1,2,...,m, Generate

— x; i.i.d. from the assumed PDF/PMF
— ¢ i.i.d. from the assumed PDF/PMF
— Create y; = hg(x;) + €;

e Create test dataset: proceed exactly as above.
Learn the parameters (estimation)

e Find 0 € argming >, I(y;, hy(x;))
Compute the errors: always compute normalized errors

e learning error in learning 6 (only possible for simulated data where true 6 is known):
A 2 2
16— 01l2/116112
e generalization error / prediction error on test data

Z€ test s hg( x!¢")) /normalize-appropriately

3 Data Simulation — more

3.1 Why simulate — why test code on simulated data first?

Consider the house price prediction based on house features example. In the previous section, we said we
use linear regression to model the data and predict the price. If I write code to learn theta and apply it to a
real dataset directly and suppose it does not "work too well” (my code does not give very good predictions
on test data). How do I know if (i) the linear regression model is wrong or (ii) my learning approach (normal
equations or GD) is wrong, or (iii) there is a code bug (I have an extra factor of 2 at some place by mistake)?

A partial fix to the above problem to above it is to first simulate data using the linear regression model.
So when I test my learning code on this data I know what is true 6 I am looking for. Then I can try to fix
(ii) and (iii) issues. Once these are fixed, then we try the same code on real data and then maybe compare
with another model to check which one is better.

3.2 Monte Carlo Estimation of Expected values

Suppose the goal is to compute/approximate E[z] (expected value or average). Suppose also we know the
probability distribution of z, p(z), and we have a way to generate (simulate) independent realizations of z.

Then we can approximate
1 m
— z z
—> 2 = p(2)

=1

We use this to approximate prediction error in ML among other things.

3.3 Understanding a multivariate Gaussian distribution

See these two files http://cs229.stanford.edu/section/gaussians.pdf
http://cs229.stanford.edu/notes2020fall/notes2020fall/cs229-prob.pdf


http://cs229.stanford.edu/section/gaussians.pdf
http://cs229.stanford.edu/notes2020fall/notes2020fall/cs229-prob.pdf

3.4 How to simulate

Task: Generate your own data to simulate the linear regression model y = 87 x + e.
Recall: n = d+ 1, thus 6 is a vector of length n. The (Vs are of length d with 1 appended as first entry.
As an example, suppose d = 5, then n = 6. Can set § = [10,1,—1,—3,4,2]".
Generate m such independent training data vectors. Also generate another set of my.s; independent data
vectors for the testing step.
Let M (p, X) denote the Gaussian distribution with mean p and covariance 3.
Do this as follows:
(1) Fix 0 once as an n length vector.
(2) Training data generate:
For i = 1 to m, generate ) ~ N(0, 1), e ~ N(0,02) and y® = 6T[1, 2] 4 (),
(3) Test data generate:
In a different Loop, repeat (2) for i = 1 to myest. Use this data in the testing step and not for training.

No-for-loop version of (2):
X = [ones(m,1),randn(m,d)| , e = 0. x randn(m, 1), y = X0 + e.

3.4.1 Notes

For generating the data, I have suggested using the Gaussian distribution just as an example. But you do
not have to use the Gaussian. You could also use any other distribution, e.g., the uniform distribution.

On the other hand, for the error (¥, we have assumed that it is Gaussian in our model (that is why the
squared loss is justified). So for generating error, you do have to use the Gaussian distribution.

3.5 Estimation error computations: how to know your code is correct

e Always compute normalized errors: if code works well error should be less than 1. When increase m
(number of samples), while keeping everything else fixed, this error should reduce.

o013

e If data were simulated, then one can compute (normalized) parameter estimation error RIS
2

(1/m) 3, (gD —5)?
(1/m) 332, (y))?

In all cases, one can compute (normalized) prediction error / training loss:

Normalized Test MSE / Generalization Error computation:

Simulated data: Generate an independent set of test data
— Real data: T'wo options

* Hold-out Cross Validation: Split available data into disjoint training and test sets, use most
data for training, rest for testing.

* Or, use Leave-One-Out Cross-Validation, see Sec. [4]
— For each test data point, compute §iest = hj(Tsest)
Z?ltle“ (yﬁi)sz—?ﬁt(é)stﬁ
Z?;tle“ (ng?st)Q

e For different problems, squared error can be replaced by other error measures.

— Compute normalized average squared error

4 Cross Validation for Supervised Learning: training and test datasets

In case of supervised learning, we need to define training and test datasets. These could be non-overlapping
(easiest to code, analyze, fastest to run) or overlapping (needed if less total data).



4.1 Simple Commonly Used Approach: Hold-Out Cross Validation

Simplest way to define training and test datasets is to use a certain fraction of the data for training and the
rest for testing. A common rule of thumb is 80-20 or 70-30. In this case training and test data are disjoint
which makes it easier to impose statistical independence assumptions. Also this is easiest to code in and the
code runs fastest.

4.2 Leave-one-out cross validation: any general task**

Use of distinct subsets is easiest to code in but wastes a lot of data. The other extreme solution is to use
leave-one-out cross-validation. This means we loop over all the data multiple times. In the i-th loop, we
use all but the i-th data point for training and use the i-th one for testing. Compute error on this i-th
one and store it. At the end of this loop, average the stored errors from each loop to compute the average
generalization error / predictor error.

e for i = 1 to myot

— at iteration 4, define the training data matrix X and vector y as follows: use all data except the
i-th

Lyt |
— Learn the model parameters use X,y as the training data

— Use the i-th data points for computing the error err(i).

end for
Compute
Mtot
TestMSE = Z err(i), NormalizedTest M SE = as needed for the problem
Miot *
i=1

4.2.1 Leave-one-out cross validation for Linear regression

Given m training data points @, y'i,i=1,2,...,m. Suppose the goal is to evaluate the validity of a linear
regression model on this data. We will compute Normalized-Test-MSE as follows.

e for i =1 to myet

10



— at iteration ¢, define the training data matrix X and vector y as follows: use all data except the
i-th. This is defined above.

i —(m(l))T— 1 [y ]
—(ZU(Z))T— y(2)
X = w(l 1))T R y — (Z 1)
(:L'(Z"'l))T y(l+1)
i _(m(m))T_ | I y(m) |
— Compute 6 = (XTX) 1 XTy
— g = o7 (1)
— Compute err(i) = (y® — g®)?
end for
Compute
Mtot
TestMSE = - Zerr NormalizedTest M SE = TestMSE/(Z( (i))2)
tot pa

5 Optimization Algorithms (GD, SGD, and AltMin)

5.1 Gradient Descent (GD)

The GD approach is an iterative algorithm to find a local minimizer of a cost function. Which minimizer is
found depends on how one initializes. It does not always converge and of course local minimizer may not be
a global minimizer either. But if cost function is convex, it will converge to a global minimizer. Moreover if
minimizer is also unique (cost is strictly convex), then the only correct solution can be found. An example
of this is the squared loss for linear regression. It is convex always. It is strictly convex if m > n and X has
full rank n.

The GD Algorithm to minimize any cost J(#) is as follows. Recall

Zcost (0, y®)

=1
where cost is squared error (as in previous section) or can be something else (as in later sections on Logistic

Regression).

1. Initialize 0 as the zero vector
(or anything else: this choice is problem dependent, for linear regression zero vector is good)

2. For t =1 to T'max do
(use a large value for Tmazx)

(a) éold —0
(b) 0« 0 — VyJ(0)

(¢) Exit loop if [|0 — Boiqll2/||0oidll2 < € with € a very small tolerance, e.g., set € = 1076 (this value
actually also depends on noise level)

End for

11



5.2 Setting the step size u

e When using J(6) as above (it is the sum of m terms), then use u = ¢/m with ¢ being a number between
0 and 1.

e Rule of thumb: Reduce c it if the cost seems to not decrease at all or starts increasing. Increase it if
the cost decreases but very slowly with iteration.

— Detailed: start with ¢ = 0.5, check if error goes down with iterations, if not it is too large. Use a
smaller ¢ say ¢ = 0.05. Check again. If still does not go down, use an even smaller step size.

e As you reduce ¢, you will need MORE total number of iterations.
e Good coding practice: Always use a Ty,4,: maximum number of iterations and an exit criterion.

e Extra info: Variable step size: Can also vary p with iterations, start with a larger value but reduce
with iterations.

5.3 Stochastic GD (SGD) and Stochastic Mini-Batch GD **

J(0) is typically an average of m terms; in fact it always is under our assumption of different training data
points being i.i.d. As a result, its gradient is also a sum of m terms divided by m.

If m is large, computing the full gradient at each iteration can be expensive. Also, sometimes not all
data is available immediately.

Stochastic GD idea: sum over a subset of the m gradients at each iteration. Pick this subset randomly
or use other strategies.

Details: see videos mentioned next.

5.3.1 Main idea
Let

e Initialize 6.
e Repeat

— Randomly shuffle samples in the training set.
— Loop through all points in the training set one at a time.

x* Fort=1,2,...,m, do: o R
0« 0 —nVJ;(0)

until stopping criterion reached

5.3.2 Good videos on stochastic and mini-batch SGD

Basic GD video https://www.youtube.com/watch?v=yFPLyDwVifc
Stochastic mini-batch GD https://www.youtube.com/watch?v=4qJaSmvhxi8
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5.4 Alternating Minimization (AltMin) algorithm

Suppose we need to solve
nbin J(0)

AltMin is another approach to solve an optimization problem. It is a better one to use that Gradient Descent
when the variable to be minimized over, , can be split into two subsets of variables § = [0, 03] such that
minimizing over #; keeping 60, fixed and vice versa is either closed form or otherwise easy to do.

AltMin proceeds as follows

1. Randomly initialize 6y to 0;.
2. Repeat
(a) Minimize over 02 keeping 6; fixed at 0y, i.e., compute

by = arg n%in J(él, 02)
2

(b) Minimize over 0; keeping 09 fixed at 0, i.e., compute

0, = arg n;in J(01,05)
1

until “convergence” i.e. estimates of #; do not change much from previous to current iteration.

Like GD, AltMin also only converges to the local minimum of the cost function. Thus to make it work
better one can run it N times with different random initializations. Pick the solution that result in the
smallest cost function value.

6 Least Squares (LS) Estimation and Regularized LS

The goal is to recover 6 from
y:=X60+e

where e is the modeling error or noise. The goal is to learn 6 so that ||e||? is minimized.

6.1 Ordinary LS

The opt problem that needs to be solved to learn the parameter vector 8 for Lin Reg is called the “Least
Squares” problem. This involves solving
min |y — X0

The above is called Ordinary Least Squares or Ordinary Linear Regression. This problem also occurs in
various other domains. Many examples in communications and in signal processing. Thus it is useful to
understand its various modifications.

6.2 Regularized LS — sparse features

ell-1 regularized LS: this ensures the vector # is sparse (has many zero entries), larger A makes it sparser.
Use if only a subset of all the features in the feature vector matter but do not know which ones.

min ||y — X6[|* + A|6]|x

The above is also called Lasso or ell-1 regularization.
Do not try to write your own GD code for this. Use cvxopt or cvxpy etc.
Vary A\ as multiples of m, so A = fm, with 5 =0.01,0.1,1,10 etc
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6.3 Regularized LS — /; norm regularization

We may claim that no house feature is way too important, and thus, no entry of 6 should be too large. In
this case we solve
. 2 2
min [y — X6 + Allé]

The above is also called Ridge Regression or ell-2 reqularization

6.4 Regularization: Use of prior knowledge and Recursive LS

In many settings, we may have prior knowledge that 6 should be close to 6y. For example, we may have 6
from houses sold a year ago and their features. In such cases, we solve

min ||y — X0[* + A6 — 6]

Recursive LS: consider house price example again and suppose we want to update our model each week.
Instead of starting from scratch, can we just “update” the model: save time/computation?
Turns out we can using recursive LS: suppose we update with each new house sold, then we get this

0o = 6o, Py = NI,

K = Pt,1$(i) ()\ + a:(i)TPt,lw(i))_l,
P=(I-Kaz"")P_,
0= 0,1 + K;(y? —2®T4,_y),

Suppose we update after a set of m; new houses sold (so @ is an n x m; matrix and y(i) isams x1
vector), then we get this
0o = bo, Po =1,

Ki = P2 WO+ 297 P 20)~!,
P= (- K2l T)P
Or =01+ Ko(y® — 2076,),

7 Supervised Learning, Unsupervised Learning, Model-based Learning

Given observed data (or features of the observed data) or other “input” @, the goal in ML is to pre-
dict /compute some function of @ that is usually denoted by y (often called “output”). In most of this
course, x is an n x 1 vector and y is a scalar. For example, & can be the feature vector of key attributes
of a house, while y can be its price. In this case both are real valued. Or y can be a binary decision about
whether a buyer buys the house or not. As a different example, & can be a vectorized image while y is the
class label for the image (dog vs cat or dog vs cat vs human etc).

In supervised learning, we first decide a modeling strategy to model the input-output relationship; then
come up with an algorithm to “learn” parameters given the training data (which is a set of m input-output
pairs). All of this is done so that the “learnt model” can be used to predict y (get §) for a new query .
“Predict” is often also called “estimate” (if y is real-valued) and it is also called “detect” or “classify” (if y
is binary/discrete-valued).

Learning algorithms can be supervised or unsupervised. In supervised learning, we are provided with
“training data” that allows us to “learn” the parameters used by the model that our algorithm relies on.
Goal is to predict y using observed data or features x.

x isn x 1, y is a scalar. We use 6 to denote the set of parameters used by our assumed model.
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In many settings, the assumed model that predicts y is denoted hg(x). Since the model is never perfect,
we assume that the “true” output y satisfies

y=he(x)+e

where e is the modeling error or noise. This is typically modeled as a random variable with a probability
density function (PDF), typically zero mean Gaussian and independent and identically distributed (i.i.d.)
in each new sample.

Training data consists of m input/output pairs {(?,y®} i =1,2, ..., m. The modeling error / noise e
We use these to “learn” 6. Once that is done, we can predict y from x using the above equation.

7.1 Examples

Examples of supervised learning include: linear regression, classification - logistic regression or GDA or
naive-bayes/spam-filter, SVMs, deep learning.

In case of unsupervised learning, we are just provided data and we need to ”"make sense” of it. This
can mean different things. In case of PCA this means finding a lower dimensional subspace to represent the
data. In case of clustering, this means partition the data into K disjoint “clusters”; K itself may be known
or unknown.

In Model-based Learning, the observed data model is provided (usually the Physics of the problem defines
this). Examples include least squares (LS) problems, Bayesian LS, Bayesian estimation, or structured data
recovery problems such as sparse recovery (compressive sensing) or low-rank matrix recovery. Standard LS
is usually the oversampled data setting. Bayesian LS or structure models are used in case of undersampled
data - some data is missing, corrupted, or deliberately undersampled.

The model learning (regression coefficients’ vector learning) step of linear regression is an instance of LS.
If limited training data is available, and we model the regression vector as being sparse, this can become an
instance of sparse recovery.

Unsupervised deep learning, which is a newish area, in which one uses a single training data (that is a
sequence of vectors or images or image Fourier transforms) to both learn the deep model parameters and
predict the output - falls in the second or third category. Used in accelerated dynamc MRI applications.

7.2 Supervised Learning pipeline: probabilistic models

All learning assumes a model. Supervised learning also assumes availability of training data. Supervised
learning itself can be probabilistic or not (SVM is not for example). Goal of learning: given input (feature
vector) x, predict output y.

e Decide Model:
We first decide a modeling strategy to model the input-output relationship: how x and y are related

— in classical (non-Bayesian) learning, this is specified by p(y; x, 0)
LinReg : p(y;x,0) = N(y;0' x,02)
(Binary)LogReg : p(y;,0) = g(6"@)"[1 — g(0 a)]' ¥

(MultiClass)LogReg :

— in generative (Bayesian) learning, this is specified by p(y;0),p(x|y;0) which can then specify
p(y|x) (Bayes rule)

K-1
GDA:p(y;0) = [ o™=", p(aly;0) = N(=; 1, %)
k=1
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e Learning:
We use training data set {:E(i), y® ™, to learn the model parameters 6. Arrange these into matrix X
and vector y Learning is done using Max Likelihood Estimation (MLE).

— Classical case: MLE finds

argmaxp(y: X, 0) == [ [ p(y®; 2", 0)
i=1
— Bayesian case: MLE finds
arg meaxp(y, X;0) = Hp(’y(i), z';0) = Hp(y(i); 0)p(x |y®; )
i=1 i=1

e Prediction:
Given a query x, we use the learned model parameters, 6, and the model to predict g

— Classical case: Max Likelihood for finding y

y = arg max p(y; x, é)
y

— Bayesian case: Max A Posteriori (MAP) rule for finding y
§ = arg max p(y|a; 0) = arg max[p(y; 6)p(e|y; 0)]

e IMPORTANT: finding the argument to maximize a function is the same as finding the argument
that minimizes its negative logarithm. Always use —log(.) for products of PMFs or PDFs - simpler
expressions for deriving closed-form solutions; and this is also needed to prevent overflow /underflow
in computer code.

To add: PDF, PMF difference and similarity, Bayes rule; Examples of each kind - Lin Reg, Log Reg,
GDA, Spam filter

7.3 Supervised Learning: not probabilistic models

e SVM

8 Supervised Learning: Linear Regression

In the setting we have talked about in class, @ is a real-valued n x 1 vector and y is a real-valued scalar E
The parameter vector # is also an n x 1 vector

8.1 Model

In linear regression, hg(x) is a linear function of x.
he (:B) = HTm.

(I sometimes may use ’ for transpose — MATLAB notation)

'In more general settings y can also be a real-valued vector (this will not be discussed in our class).
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8.2 Including a nonzero mean in the model

To include a non-zero mean in the model, one can replace both & and 6 by n + 1 length vectors as follows.

Let

= [ 6o

=%
and

=[]

€Tr =

x

and we let

With this model, we do everything explained above using  and 6 to replace 6 and x respectively.
Here and below, we let § be an n = d + 1 length vector and same for x(?) (append 1 as its first entry).

8.3 Learning #: minimize squared loss

Here and below, we let 6 be an n = d + 1 length vector and same for =(*) (append 1 as its first entry).
The most common approach to learn 6 is to assume a squared error loss and try to minimize it, i.e., find

i — () _ g7 (D)2
argn%mJ(@). Z(y 0 x'")”.

=1

Define an m x n input data matrix X with [1, (®")7] as its rows, i.e., let

17 _(w(l))T_
]_’ (m(2))T_

X = : (1)
1a _(m(m))T_

and define an m x 1 vector y with ¥y as its columns.
Then, J(#) can be expressed more compactly as

m

J(0) = (y" —6"2") = |ly - X0|3

i=1

8.4 Solutions for minimizing squared loss: also called Least Squares (LS) Estimation

1. We can get a closed form solution by taking the derivative of J(0) w.r.t. § and setting it to zero. When
X is full rank n (a necessary condition for this is m > n), this simplifies to

6=(X"X)"'XTy

Details:  V.J(0) = 2X " (y — X6). Set this equal to zero and solve for §. Reason: the gradient is
zero at every minimizer, maximizer or stationary point of a differentiable cost function. gradient =
0 is a necessary condition for a point to be a minimizer. in this case, since J(.) is strongly convex it
has exactly one stationary point which is THE minimizer. Thus setting V.J(#) = 0 helps us find THE
minimizer.

2. For an m x n matrix with m > n, (X" X)"'X T is the pseudo-inverse of X, denoted XT. Thus, we

can also write the above solution as
0=X Ty
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Extra details: The pseudo-inverse can be computed more efficiently than in the formula above: this
is computed by first computing the singular value decomposition (SVD) of the matrix X. Suppose
the SVD of X = USV " where U is an m x m unitary matrix. V is an n x n unitary matrix and ¥ is
diagonal with non-negative entries. Then Xt = VXTU”. For a rectangular diagonal matrix such as ¥,
we get the pseudo-inverse by taking the reciprocal of each non-zero element on the diagonal, leaving
the zeros in place, and then transposing the matrix.

Do not use the pinv function of numpy though. That gives wrong output for m = n.

If algorithms for computing matrix inverse or matrix pseudo-inverse were "exact” (and not iterative)
then the above two approaches would return the exact same solution. But they are not. Thus, when
X is “well-conditioned”, both approaches above should return same solution, but not otherwise.

3. For large sized problems (where n is large), using Gradient Descent (GD) is a better idea. Since
problem is convex, GD should, in principle, converge to above solution starting from any initialization,
and should converge pretty quickly. We explain this in Sec.

4. Approzimate but even faster solution: Stochastic GD (S-GD) can be used. Advantages: faster per
iteration; needs lesser memory; and is useful to get a fully streaming algorithm. But no easy guarantees
on whether it will converge and to what.

8.5 Prediction step: using the learned 6
Once we have learned 6 using training data, given a new feature vector, x, we can predict y as
g=1[12"]70
8.6 Understanding squared loss: Maximum Likelihood Estimation under i.i.d. Gaus-
sian model **

The above can be motivated as Maximum Likelihood Estimation under the following probabilistic model for
the data {y, z}

1
V2o,

Thus given m training data points all of which are independent identically distributed (i.i.d.), we have the
following model: y(i) = hg(a:(i)) +e i=1,2,...,m with () standard Gaussian. Here the randomness is
only in the noise e. In other words

p(y; @, 0) = exp((y — x'0)?/207)

y ~N(X0,021)

or that | 0”2
1 y—X
X, 0)= ——exp| ———r——
p(y ) (Vamou™ p( 207 >

Mazimum Likelihood Estimation (MLE) means: find the value of 6 that maximizes p(y; X, ) (above
probability density function). This is equivalent to minimizing the negative logarithm of the above PDF. It
can be seen that this is equivalent to minimizing J(6) given above and repeated here

J(0) = lly — X0|

8.7 Least Squares, Regularized LS, Recursive LS and more

See Sec. [6l
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9 Supervised Learning: Logistic Regression

In this case, x is still a real-valued d x 1 vector but now y is a scalar. The goal is classification. For two-class
case, y takes values either 0 or 1.

9.1 Two-class Model and its probabilistic interpretation

This assumes that Pr(y = 1;x,6) = hy(x) with

1

ho(@) = 9(07), 9(2) == 1=

g(.) is called the sigmoid function, it takes values between zero and one for all values of z. Thus, it can be
used to model a probability. Said another way,

p(y; @, 0) = ho(x)? (1 — hg(z)) ™Y

The prediction is

y = arg max p(y; x, 0)
y=0,1

Thus
Q =1if h@(a}) >1-— h@(w),

and ¢ = 0 otherwise. This simplifies to

and ¢ = 0 otherwise.

9.1.1 Use of bias term in Logistic regression

Introduce the bias term exactly as we did in case of linear regression Make both 6 and  n = (d + 1) length
vectors; set the first entry of @ equal to 1. The first entry of 6 is then the bias term.

9.1.2 Learning 0: Maximum Likelihood Estimation

Again define y and X as before from training data

Use Maximum Likelihood Estimation again: assume i.i.d. training data points y® (recall that this was
assumed also in linear regression — it was imposed by letting the e(?’s be iid.).

Thus, we minimize the negative log likelihood,

J(0) := —logp(y|X;60) = —log <Hp (yi; @, ) = —log (H ho( y(z) (1 — ho( (i)))ly(z‘)>

We can simplify this a lot as follows.
@) ’ 1—y®
m 1 Y o7 (4)
J(0) =— Z log A exp(0 2 )
— 1 +exp(6Tz®) 1+ exp(0Tz®)

m o 1—y@
= — Z log (( ! , > ( ! . > )
— 1+ exp(8Tz®) 1+ exp(—0Tx®)

The only difference between the first and second terms inside log(.) is the sign of 8" 2(®) in the denominator
and the power it is raised to. One is raised to the power y(i), the other is raised to the power (1 — y(i)). Here
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y® is either 0 or 1. So, 2y — 1 is either —1 (when 3 = 0) or +1 (when y® = 1). Thus, when y* takes
only values 0 or 1,

1 1—y®
<1 + exp(—eTa:@))) 1+ exp ((0Tz®)(2y® — 1))

1 y
(eaimem)
The reason the last equality is true is because when y® =1, 2y —1 = 1, but when y(® =0, 2y —1 = —1.
We now simply get
“ 1

J0) =D log <1 +exp ((0T2®) (250 — 1))) = Z;bg (1 + exp ((QTZU(i))(Qy(i) - 1)))

i=1

We can find 6 by minimizing J(#) by GD. The gradient is specified in the summary section given below. To
compute the gradient, use the fact that the derivative of log g(z) = log m = —log(1+exp(—z)) w.r.t.

z is li%p_(i)z) = g(2).

It is possible to show that J(6) is convex. Argument: weighted sum of convex functions is convex when
the weights are positive, here the weights are just 1; (§Ta)(2y — 1) is an affine function of # (and hence is
both convex and concave; the logistic function log(1l 4+ exp(—z)) can be shown be convex (see next line);
composition of a convex function and an affine function is convex. To show log(1+exp(—z)) is convex, since
it is twice differentiable, we can compute the second derivative and show that it is —m < 0 for any
z, thus it is convex everywhere.

9.2 Two class Logistic Regression summary

Let 6 be an = d+1 length vector with the first entry corresponding to the bias term. Replace by [1,2]"
(this it makes it a n = d 4 1 length vector

1

ho(z) = g(0" ), g(z) := T

. 1 __exp(z)
g(z) T 1+4exp(—z) ~ exp(z)+1

is called the sigmoid function, 0 < g(z) <1 for all z.

e Let 0 be an =d+ 1 length vector with the first entry corresponding to the bias term. Replace x by
[1,27]" (this it makes it a n = d 4 1 length vector

e Given training data X, vy, use cost func as negative log likelihood. Assume independence of different

data pairs.
J(6) = ~logp(y| X:6) = ~log (Hp(y(“; w@,e)) = —log (H ho(a )" (1 - he<w<i>>>1—y“’>
=1 =1
e We can estimate 6 by minimizing J(6) by GD. After simplification the gradient has the following
expression:
vI0) = (900" 2") - y)zl
i=1

— Use algorithm given in Sec. with above gradient
e Classification: Given a query, @, predict y as

G=1if 0"z >0, § =0 otherwise

e Note: do not use the above model for simulating data on which to test the algorithm: for simulating
data, better to use the GDA generative model.

20



9.2.1 Multi-class Log Reg

See Appendix

10 Supervised Learning: Generative Learning (a.k.a. Bayesian mod-
els/learning)

For logistic or linear regression we just assumed a probabilistic model on how y is generated from @, with @
being deterministic.

In Generative Learning, we assume a “generative model”: we first put a prior probabilistic model on ¥,
and then assume a probabilistic model on how & was generated from y. We then compute the probability
(or probability density function in case y is real-valued) of y taking a certain value given @ using Bayes rule.
Mathematically, we assume that we are given

p(xly; 0), p(y)
and we use these to obtain the prediction as follows

;0 ;0
g = argmax p(y|z; 0) := argmaxw
! y p(; )

This use of Bayes rule is called Maximum A Posteriori (M AP) detection or estimation in other literature.
The overall approach is often called Bayesian modeling or physics-based modeling.

Naive Bayes assumption: This is often used to simplify the problem (reduce number of parameters).
It says that conditioned on the class label y, the different features in & are mutually independent, i.e.,

= arg myaxp(w\y; 0)p(y; 0)

n

p(ly; 0) = [ p(x;ly; 0).
j=1

With this, the expression for the posterior probability of the class label y given & becomes

p(@ly; O)p(y;0) _  1Ij1 p(jly; O)p(y: 6)
p(x;0) >y I p(zi1y':0)p(y')

p(ylz;0) =

10.1 Learning 0: Maximum Likelihood Estimation
Estimate 0: define y, X as before from training data. Also assume training data points are independent:
{x® 4y} are mutually independent for different i. Define the cost function

m

J(0) :=Pr(y, X;0) = [ [ o™, 2";6)
i=1

or, usually its logarithm, and maximize it over 6.

10.2 Generative Learning: Gaussian Discriminant Analysis (GDA)

This is one type of generative model and learning algorithm for the setting x real-valued n x 1 vector and y
binary scalar. Thus y can take two values 0 or 1. It assumes x is Gaussian given y and y itself is Bernoulli,
ie.,
p(xly; 0) = N(@; 11y, By), ply) = ¢¥(1 - ¢)' 7

Notice in this case 0 = {uo, p1, Xo, 21, ¢}. Parameters are still learnt by MLE

m . .

max J(0) :=Pr(y, X;0) = Hp(y(l), £@;0)st. 0< <1
i=1
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Notice that, without extra assumptions, we have 2n 4 2n? + 1 parameters. Training data are each n
length vectors (¥, thus we can say we have mn training data scalars. We need mn significantly larger than
2n + 2n? + 1 for training/learning to be accurate. We will need m growing at least linearly with n to be
able to learn anything useful.

But the point of Bayesian (generative) modeling is that we should be able to use a smaller m and still
train well.

When enough training data is not available, we need to simplify our model so that there are fewer
parameters. As explained later, this will increase model bias, but will reduce the variance in parameter
estimation.

A common model simplification is to assume that the different entries of each () are independent
conditioned on the class label y(9. This is called the Naive Bayes assumption.

10.2.1 Gaussian Discriminant Analysis (GDA) with Naive Bayes assumption and equal co-
variances

A common model simplification is to assume that the different entries of each z(? are independent conditioned
on the class label y(?). This is called the Naive Bayes assumption.

In the Gaussian case, this translates to assuming that ¥, X1 are diagonal. With the diagonal assumption,
we now have only 2n + 2n + 1 parameters which is much more manageable. A second commonly used
simplification is to assume the same covariance under both classes, i.e., that ¥ = X1 = ¥ and ¥ is diagonal.
With this assumption too, we have the following simpler model

m

T TNV @55 (g)5002) | - 0% (1 — @)t

i=1 j=1

Under the above assumption, the Max Likelihood Estimates (MLE) of the model parameters, 6 :=
{&, o, p1, X} i.e., the value of the model parameters that solve

m

arg max J(0), J(0):=Pr(y, X;0) = Hp(y(i),:c(i); 0)st. 0<p<1

are computed as follows:

1 <=, ,
j EZ(:B(Z) 7uy(i))j2'7 ] = 1,2,...,”

while setting all non-diagonal entries of ¥ to be zero. Here 1 denotes the indicator function of the statement
in paranthesis. Thus, 1(y(i) = 0) equals one if y(® = 0 and it equals zero otherwise.
Notice that the above is equivalent to learning the parameters for each feature independently, it can also
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be rewritten as follows: for each j =1,2,...,n, compute

. D e 1(9(“ = 0)(m(z))
(Mo)j = m i) —
Zi:1 1(y™ = 0)
(,U’l)] — Z lm( 3 _( )]
=1 1(y - )
“ 1 i 3 .
JZZEZGB()_M?J(Z'))??j:1727"'7n
i=1

In this Naive Bayes’ setting, the selecting of 3 to solve

j = argmax p(z|y; 0)p(y; 0)

simplifies to the following test (just simplify the expressions)

A \2
(x — T —
fE 'ul E ﬂ<thresh
G2

j J
with thresh depending on gZ; If qg ~ 0.5 then thresh = 0.

10.2.2 Notes

1. In the Gaussian case, we get a simple closed form as above. In many cases of Bayesian modeling
also, this is possible. In general when this is not possible, do not ever work directly with probabilities.
Always work with logarithms of the probabilities. Otherwise you will run into numerical problems while
coding. Remember: under the naive Bayes assumption, p(x|y; é) = H] 1L Py ) if p(.) is a PMF,
it is a product of n real numbers all less than one. Even if p(.) is a PDF (which could be more than
one), very often it is actually less than one only. Product n numbers less than one can become very
small very soon.

2. When working with real data, e.g., images, there may be a certain region that is black in all the images.
For these pixels the estimate of the variance will be zero meaning 0]71 = oo resulting in code bugs.

(a) Fix 1: do not use these directions.

(b) Fix 2: Better fix to deal with similar issues where in some directions variance is very small (may
not be zero): use PCA to reduce the dimensionality of the data. For classification there is no
need to use all n features.

(¢) Fix 3: add a small value to replace the zeros: the added value should be much smaller than
any of the important directions’ variances. This is easy in the zero/nonzero case but in practice
ill-conditioning of 3 may make this hard to do. Use of PCA and a smaller dimension is thus a
much better fix.

10.3 Generative Learning: Spam Filter — an example of Discrete-valued or Categorical
Features

In applications such as spam email detector (or filter) design, one typically models x as a discrete-valued
vector given y.
y = 0 means the email is not-spam, y = 1 means it is spam.
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10.3.1 Simple Spam Filter: entries of x are binary

In the simplest version, @ is an n x 1 binary vector with n being equal to the size of the English dictionary.
We say x; = 1 if the j-th dictionary word is in the email and x; = 0 otherwise. This means n is really large.
Also it is not counting how many times a word occurred.

Consider first the simplest model where x is a binary vector. As before, we specify

p(zly; 0), p(y)

and we predict
§ = arg mgxp(w\y; 0)p(y; 0).

Notice now that & can take a total of 2™ possible values. We also need to specify the prior p(y). Thus, in
this most general case, the number of parameters equals 2" 4 1.

Training data are each n length vectors (), thus we can say we have mn training data scalars. We
need mn significantly larger than 2" + 1 for training/learning to be accurate. Here we will need m to grow
linearly with 27~ !: this can be very large and is not practical.

10.3.2 Naive Bayes assumption

In both the above examples and especially the second one, the required m can be very large for accurate
training/learning. Thus we add a further modeling assumption called “Naive Bayes” in ML literature.
Others would call it “conditional independence” of different entries of a feature vector (the different x;’s,
j=1,2,...,n) given y. Mathematically, we are assuming

p(ly;0) = [ p(=;ly; 0)
j=1

This may not be a very realistic assumption, but it significantly reduces the number of parameters required
by the model.

In the Gaussian case, this implies that 3, 331 are diagonal matrices. Thus, the number of parameters
becomes 2n 4+ 2n + 1 which is much more tractable. In the spam filter case, this means we have n + 1
parameters.

So now the number of training samples m does not even need to grow with n.

10.3.3 Simple Spam filter with Naive Bayes

x is a binary vector, y is a scalar. With using Naive Bayes, in the Simple Spam Filter case, we can now
define

Yy i=ple;=1y),7=1,2,...,n; and ¢ :=p(y = 1)

With this we have just n + 1 parameters to learn instead of 2™ + 1.
We can again learn the parameters by MLE:

m

i) (i T iy, (i i 9 @
max J(0) = [ [ oy, 2 0) = [T [ o1y 0)p(y: 0) = H¢>y )=
i=1j=1

=1 =1 i

n
)= ()
=1

s.t. constraints that

Can again get closed form simple expressions for the MLE:

Pjo =
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count the number of training data points for which 3 = 0 and acg.i) = 1 and divide by the total number of

training data points for which y® = 0.

Similarly R

Vi1 =
count the number of training data points for which y(¥ = 1 and ® = 1 and divide by the total number of
training data points for which y(¥ = 1. and K
¢ =

count the number of training data points for which y(¥ = 1 and divide by m

Use of n to be dictionary size makes it extremely large causing the algorithm to be very slow. Also,
instead of letting n be the size of the English dictionary, we can let n be the size of the vocabulary (set
of all words in all training data). But this has the disadvantage that it does not tell you how to deal with
an unseen word. Options include (i) ignore unseen words (can be problematic in case the unseen words are
the only reason an email is obviously spam); or (ii) in the model, assume a small nonzero probability for an
unseen word (this means: increase the vocabulary size by 1, this probability cannot be learned easily, you
just have to make up a “reasonable” value for it).

11 Supervised Learning: Linear Classifiers and Support Vector Ma-
chines (SVMs)

11.1 Linear Classifiers **

Both logistic regression and GDA with Naive Bayes and equal covariances result in a linear classifier, i.e.,
one can simplify the classification rule in both cases to get the following;:

g=1 ifwlez+b>0

and equals 0 otherwise.
Proof for GDA:
GDA decision rule is: g =1 if

(& — p1)"S7 (@ — ) < (& — o) "5 (= — po)
With ¥; = ¥y = ¥ and naive Bayes (X is diagonal), this simplifies to checking if
T — 11)2 T — 11g)2
Z ( 2/“)3 < Z ( éUJO)]
o“ o“
J J J J
Simplifying the above, we equivalently need

wlz+b>0, with w; = 5

2 2
(1 — Mo)j7 b—05 Z (11)j — (ko)
O'j ; O'jz

In fact we can also get an expression for w and b even if we just have 31 = g =%

w =" (1 — o), b=0.5(u1 7 — pg S o).

11.2 Support Vector Machines (SVMs): Motivation and main idea

Both the classifiers we talked about so far are linear classifiers as explained above. Consider logistic regres-
sion. The classification decision would be much more reliable if #7a were either much larger or much smaller
than zero.

The idea of SVM is this: we do not assume any data model here. Instead we try to look for the “separating
hyperplane”, equivalently, a vector € so that the “margin” from the decision boundary is maximized for all
training data points. Visual explanation in class or see cs229-notes-3.
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11.2.1 Notation change

Instead of a single vector # with the first entry used for the bias term, in case of SVMs, we use a weight
vector w which is the same length as the data and a scalar b. Also, instead of labeling the two classes as 0
and 1, we label them is —1 and +1 because this simplifies some of the writing.

Margin: the distance of a data point from the separating hyperplane. Margin for the ¢-th training data
point is computed as

y D (w 2™ + b)
11.2.2 Using SVM for classification
Suppose first that the optimal choice of w, b is available. Then we classify as follows
§ = sign(w’ z +b)

If the term > 0, then the class is +1 else the class is —1.

11.2.3 Goal

The goal in case of SVMs is to find w, b that maximize the worst-case margin defined by

min @ (wz® + b)

i=1,2,...,m
By multiplying w, b by a scalar we could keep increasing the margin, but that will not improve classification.
Thus, we need to impose the constraint that ||wl|2 = 1 or equivalently, replace w by w/||w]|.
11.3 Simplifications to obtain a convex optimization problem **

Writing a slightly different way, we need to solve

maxy s.t. yD(wlz® +0) >, i=1,2,...,m and |Jw|y =1

w,b

In the above, notice that we could scale everything by any scalar, say multiply through by 1/(||wl|), and
the problem will not change, i.e.,

L1 . 1
max —— s.t. Yy (—wlz® + —p) > L, i=1,2,...,mand |[w|2=1
wb [[w]] [|wl] [lw[| ™ [Jaw]]

Let b= b/||w]|, and @ = w/||w||. Then we can optimize over

maLXL t. y@@ 2 +b) > T = 1,2,...,mand ||lw|s=1

S.
wp |[w]] [Jwl]’

The above is equivalent to dividing everything by ||w]|2. Doing this gives

max —— subject to y(i)('wTa:(i) +b)>v,1=1,2,...,m
wh [[wl|2

Writing the above, we need to solve

max -y s.t. >y, 1=12,...,m

w,b Jw]
This is not a convex optimization problem yet. So we try to simplify further. This is the same as

maxy s.t.  y@(wlz® +b) >~w|, i=1,2,...,m

w,b
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Let 4 = ||w]||, then we have

max subject to y¥ ('wTac(i) +b)>7,i=12,....m

wh [w]
This is still not convex. Another point to notice is this: we could fix the value of the margin v to 1, and

nothing will change. This gives

1
max o Twls subject to y@(wx2® +b) > 1, i =1,2,.
w

This is not convex either but now a simple reformulation gives us a convex problem. Maximizing 1/||w||2 is
equivalent to minimizing |Jw||2 which is the same as minimizing ||w]||3. This gives

miil |wl|? subject to y@(w z® +b) > 1, i=1,2,....m

This is now a convex optimization problem since the cost is a convex function and the inequality constraints
are linear. In particular it is what is called a Quadratic Program or QP.
11.4 Final primal problem

miil |wl|? subject to y@(wx® +b) > 1, i =1,2,....m

)

This is now a convex optimization problem since the cost is a convex function and the inequality constraints
are linear. In particular it is what is called a Quadratic Program or QP.

11.5 Simplification using duality: faster optimization when m < n

By using Lagrange duality, it is possible to show that we can also compute the optimal w, b as follows.

1. Solve the following “dual problem”: optimize over the Langrange multipliers o

m
max ZO"L —05220@0@3} (i),w(j)> s.t. Zaiy(i) =0, 02>20,v1=1,2,...,m

=1 j=1 =1

or equivalently solve the following minimization problem: note change of sign

m
Imn Zal+0522aza y¥y ) m(z) :1:(])> s.t. Zaiy(i) =0, a;>0,i=1,2,...,m

i=1 j=1 i=1

Get & as output

(here (x1,x2) = ] x5 is the inner product)

2. Obtain

w = Z Q; y z® (this never needs to be computed, see notes below)
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3. Classification step:

g = sign(w’x + b) = sign Z iy (@D ) + b)
7

where

b=-05| max Zajy )+ mln Za]y ()>

% y(z)——]_ 7 y<
(note: this also only uses inner products: for a query feature & — use for later in Kernel SVM)
Notice: In the above dual program

e « is a vector of length m: for classification usually m < n suffices. Thus the dual opt problem is
computationally much cheaper to solve

e The dependence on feature vectors is only through inner products: this is true for training (for obtaining
&). This is also true for testing: the weight vector w actually never needs to be computed. We only
need to compute the & vector: we can then use inner products between the query x and the training
data features and the « vector to compute the output g for a given x

The above is useful in two settings: (i) if n > m, i.e. the original data lies in a much higher dimensional
space compared to the available number of data points (this often happens in classification problems), then
the above dual is much less expensive to solve. (ii) Notice that in the above problem, all dependence on
the feature vectors (9 is through the inner product (z( 2()). This means we could consider higher

dimensional feature vectors, i.e., convert & to ¢(x) by considering features of the form acj2, TjT.

11.6 SVM Dual Problem and CVXOPT Mapping

We consider the dual form of the hard-margin SVM. Given training data {(x;,y;)}",, where x; € R" and
y; € {—1,+1}, the dual optimization problem is:

ortré%)él E o — = E g a0y (X, X5)

'Ll]l

subject to Zaiyi =0,
i=1
a; >0 for all 7.

This can be cast into the standard form of a quadratic programming (QP) problem:

1
min -a' Pa+ qTa
a 2

subject to Ga =X h, (3)
Aa = b,

where o € R™ is the vector of dual variables.

11.6.1 Term-by-Term Mapping to CVXOPT
11.6.2 Python Code Using cvxopt

from cvxopt import matrix, solvers
import numpy as np

# Assume X is m x n data matrix, y is m x 1 label vector (+1 or -1)
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SVM Notation Description CVXOPT Variable Expression

aeR™ Dual variables Decision variable «

P e Rmxm Quadratic term P Pi; = yiyi(xi,%x;)
g e R™ Linear term q g =-—1

G € Rmxm Inequality matrix G G=-1

h e R™ Inequality vector h h=20

A € RIxm Equality constraint A A=y, ....Ynm]
beR Equality value b b=0

Table 1: Mapping between SVM dual terms and CVXOPT inputs

= np.dot(X, X.T) # Gram matrix

= matrix(np.outer(y, y) * K)

= matrix(-np.ones(X.shape[0]))
matrix(-np.eye(X.shape[0]))

= matrix(np.zeros(X.shape[0]))

= matrix(y.reshape(1l, -1).astype(‘double’))
= matrix(np.zeros(1))

o =P Q@Q YUXN
I

solution = solvers.qp(P, q, G, h, A, b)
alphas = np.array(solution[‘x’])

11.7 Soft margin SVMs

See page 19 of ML-cs229-noted-3
The SVM presented so far assumes data is linearly separable. But often data is not. Then we use the
following

m

min w3 +C1 > ¢V st yD(wlz® +b) >1-¢W, (D=0, i=12,...m,
wbig i—1

The above is imposing the following: find w, b so that some training data are misclassified but not too many.
Dual problem for the above

max Zai — 0-52Zaiajy(i)y(j)@(i),ac(j)) s.t. Zaiy(i) =0, ; >0, ; <Cq,i=1,2,....,m

N i=1 j=1 i1

1. If ¢) > 1, then the point i is misclassified.

2. If 0 < ¢(D < 1, then the point is not misclassified but it is within the “margin” region (it is not being
used to select the separating hyperplane).

3. C = oo or very large will result in ¢ = 0 being the solution, i.e., this then becomes the same as
hard-margin SVM. No point can be misclassified.

4. C' = 0 or very small means ¢ can be anything. Then the best solution is w = 0 and ¢ anything,
the constraint becomes LHS > —oo which is equivalent to no constraint. Thus C' = 0 will return a
completely wrong SVM.

5. Increase C': fewer misclassifications allowed.
6. Increase C': lower bias, higher variance
7. How to tune C - vary in the range 107%,1073,1072,0.1, 1,10, 100, .... Test on ”tuning data”. Split

available data into training set, tuning set, test set.
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11.8 Kernel SVMs: use the Dual program

Notice in the dual program that the dependence on feature vectors is only through inner products: this is
true for training (for obtaining &). This is also true for testing: the weight vector w actually never needs to
be computed. We only need to compute the & vector: we can then use inner products between the query
and the training data features and the « vector to compute the output ¢ for a given «.

The above implies we can replace the regular Euclidean inner product by any other inner product and
our solution form will not change (in terms of coding, it would imply you need to code in a new function.
Why would we do that? One reason:

e If the original data is not linearly separable, we try to map it to a higher dimensional space and hope
that it is linearly separable in that space.

e How to do this? One example is use the original feature vector and pairwise products of the features,
e.g. if n = 2, then use ¢(x) = [x1, v2, 22, 23, z172) .

e With a few constants changed, the inner product between ¢(x,), ¢(xp) for the above ¢(.) mapping
can be computed as
K (2q, @) =< ¢(@a), o(a) >= (xq 23 + )’

The above is called the ”kernel product”

e Notice computing the inner product using (x, x;, 4 ¢)? has time cost of order n, while computing the
inner product directly for ¢(z,), #(xp) has cost order npigher = n’.

e There are many other options for higher dimensional mappings and the corresponding Kernel products
e To add: more examples; Theorem for what can be a valid Kernel product, final conclusion

For many such high dimensional feature mappings, ¢(x) is very expensive to compute. But just com-
puting the inner product, defined as the “kernel product”

Ky(z1,22) == (p(x1), p(x2))

is much less expensive. An example is ¢(x) obtained as all pairwise products of entries of @. For this,
computing qb(a:(’)) takes order n? time, thus computing the new feature vector for all i takes order n’m

time. But computing one kernel product can be done as

Ky(@1,22) = (2] 22)°
This only takes order n time. There are m(m + 1)/2 total products to compute. Thus, the time needed is
of order nm?. Since typically, m < n, this is much quicker.

It is also possible to define kernel products for cases where the actual feature mapping is infinite dimen-
sional. Gaussian kernel is an example. This is defined by

2
LK — &L
Ky(x1,22) = exp <H12022H>

Kernel product: is basically some measure of similarity between two data points. Any useful measure of
similarity can be used to define a “kernel” (kernel product), one may not even need to specify the underlying
feature mapping.

A very large number of kernels can be defined. The purpose is for datasets which are not linearly
separable in the original feature space, it is possible they are in a higher dimensional space.
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11.8.1 Training and Classification using Kernel SVM

1. Training: Solve
min | — g a; +0.5 E E aiajy(’)y(J)K(z,(a:(’),m(”) s.t. g aiy® =0, 0; >0, i=1,2,....m
(0%
i=1 i=1 j=1 i=1

Get & as output.

(here (x1,x2) = x] x5 is the inner product)

2. Classify:
§ = sign(D_ aiyV Ky(x, @) +b)
where
b=—-05 z:y%a—xq Z ay DK 4 (29, 2 + ,:;I&-i)ril Z &y DK 4z, )

11.8.2 Other ML problems

This “kernel trick” can be used for many other learning algorithms as well. Anytime all computation depends
on inner products between the features, this can be used.

11.9 Deviation: Introduction to Langrange duality to understand how to derive the
dual program **

To be updated later (to make this course 425/525).

See ML-cs229-notes3

To do also: add a section on basic optimization ideas - just enough to teach MLE derivations; and a
section on MLE where we derive all the parameter estimates.

12 Unsupervised Learning: PCA

In unsupervised learning, there is no labeled training data to learn parameters from. So no “output” 3@ is
available for “input” . PCA is an unsupervised learning technique that is used for dimension reduction.
Given data vectors in R, if they approximately lie in a lower dimensional subspace, how do we find that
subspace?

12.1 What is PCA

As before we assume that we are given m data vectors (usually called feature vectors) M 2@ . gm)
each in 1", and these are stacked as the rows of a matrix
—(xM)T—
—(x)T—
X = : (4)
_(m(f;@))T_

Given a reduced dimension r, the goal is find an r dimensional representation of the data vectors so that
maximum information (variance) is retained.
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12.2 Why PCA

Notice each data vector is n-length. n may be very large can, e.g., can be equal to the image size if one uses
all the pixels as “features”. So we try to reduce the dimension to » < n. This is helpful in the following
ways:

e Memory and Speed: Less storage needed to save the data. Analysis of the reduced-dimension dataset,
e.g., regression or classification, will be faster;

e Noise reduction: if features are noisy, i.e., if X is such that (1/m)XX " ~ % + o21I.

e Removing feature vector entries (or directions) with zero or near zero variability in the training data

— In some other cases, there may be zero variance along some directions and when the data co-
variance matrix is computed, it ends up being rank deficient. Hence it cannot be inverted, but
inversion is needed for example, for GDA based classification. This is actually the perfect appli-
cation where PCA resolve the problem and may in fact help improve classification accuracy.

— This is also useful for noise reduction when test data does not follow the same distribution as
training data - and test data has noise even along these directions.

e Finally: PCA helps to get subspace coefficients which are uncorrelated. This is needed in some
applications and is convenient in others. For example, for GDA things means that the covariance
matrix of the new data vectors is diagonal.

— For this, we need not reduce the dimension though, we can obtain uncorrelated variables in n
dimensions too by using the full SVD.

e PCA useful for linear regression only if (i) either the original set of features is very noisy with noise
being i.i.d. across all directions; or (ii) if the features set is highly correlated (the resulting feature
covariance is approx low rank). Even so, in most cases using = (m—1) will often be the best solution.
The real question is: is 7 = m/2 almost as good?

12.3 Use of PCA and PCA vs Feature Normalization

PCA is a dimension reduction technique.

It is one way to do feature selection if the assumption that “features having the most variation are the
most important ones” is true. In addition, of course PCA helps de-correlate the features.

A typical setting where this is useful is when the raw feature vector is all image pixels. There are too
many pixels and pixels are highly correlated.

PCA is not very useful if features are first variance normalized and then PCA is applied.

12.3.1 What is Feature normalization

When ML features have vastly different ranges of values, e.g., in the house price example, one house feature
can be number of bedrooms which takes values say between 1 to 5, while a second feature is the house areas
in square feet, this could be a few 100 square feet. The two features have vastly different ranges.

If these were not normalized, then the matrix X would be ill-conditioned. This means that it will have
a very high condition number. This, in turn, will imply inaccurate estimation if the closed form solution is
used (due to numerical errors in inverting an ill conditioned X " X). If GD is used, the same can happen
unless the step size is chosen to be very small. In this case, it will converge to the correct solution but will
need too many iterations.

One solution is the normalize each feature: compute the j-th feature’s mean p; and standard deviation

oj; replace x; by (x; — p5)/0;.
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12.3.2 Feature normalization vs PCA

Feature normalization is used in ML settings like the above where different features have different ranges
because they are measured using very different measuring tools or sensors; and consequently, larger variance
does not mean the feature is more important. In the house features example, number of bedrooms is as or
more important than house area.

PCA on the other hand is a “dimension reduction” technique that is used when all entries of the original
data vector are acquired using the same type of sensor / measuring tool. For example, image pixels. All
CCD sensors are the same type in a camera. In such settings, it may be a valid assumption to claim that
pixels with larger variance are more relevant features. When this assumption is true, then PCA can be used
as a feature selection technique.

However PCA is not very useful if it is applied after feature normalization. Reason: feature norm is
ensuring the new features all have unit variance. It can still be useful to de-correlate.

12.4 Practical information: How to implement PCA

12.4.1 Reduced dimension, r, is specified

INPUT: m x n feature vectors’ matrix X, chosen rank r.
1. Compute o= L3, 20

2. Fori=1,2,...,m, let 20 = 2@ — /i and let

OR: compute directly
Z=X-1,01% X /m)

where 1,, = [1 1 ... 1]7 is an m-length vector of ones.

3. Compute the singular value decomposition (SVD) of Z and set V' equal to the r right singular vectors
with the largest singular values (called “top r” right singular vectors), i.e., compute

SVD
Z = Ufullsfull‘/fj;ll

where Uy, Vuy are unitary matrices and S,y is an m x n diagonal matrix with non-negative entries
(singular values) arranged in decreasing order of magnitude.

Set V' = Vpy;(:,1: 1) in MATLAB notation (set V' equal to first r columns of V).

Thus V is the n X r matrix whose columns span the computed principal subspace.

e We can also obtain V as the eigenvectors with the r largest eigenvalues (called top r eigenvectors)
of ZTZ.

4. Project the original data X to range(V): compute b) = VT2 for each i or equivalently, compute
B =XV
Thus B is m x r. These are the new feature vectors in the reduced dimensional space.

OUTPUT: m x r matrix B: reduced dim feature vectors; n x r matrix V: principal subspace.

e If the rank r approximation of X is needed, this is obtained as the m X n matrix

L=Bvl=xvv?T
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12.4.2 Deciding r

So far we have assumed that the desired lower-dimension r is given. However, there is no one correct way
of deciding 7 in practice. Two common approaches:

1. A common heuristic is the 99% or some other high-enough percent heuristic: retain all eigenvectors so
the that variance in the reduced dimensional space is at least 99% of the total variance of the data. In
other words, find the smallest value r so that

.
D o7 >0.99
i=1

There is nothing “special” about 99%, we could also use another percentage.

min(m,n)
2
o;.
1

1=

2. An alternative approach is to pick the r that is best for the final application for which PCA is being
used as a pre-processing step. We use simple or leave-one-out cross-validation to compute the value of
r that minimizes the test-MSE.

12.4.3 Details for the second approach

This approach is most useful if the feature vectors are noisy. It is typically not useful if output
is a noisy function of feature vec’s; in that case the best r will often be equal or very close
to n. Of course, in practice, for a real dataset, this part is not clear (it’s clear for simulated
data).

Consider any classification application. Given X, y and Xiest, Ytest: Obtain by splitting all available
data into 10% testing and 90% training). OR BETTER: use leave-one-out cross-validation (most efficient
but more difficult to explain here).

1. Compute Z = X — (1,11 X /m)

2. Compute SVD of Z

SVD
Z =" "UpuS fuqu:Zu

where Uy, Viuy are unitary matrices and Sy, is an m X n diagonal matrix with non-negative entries
(singular values) arranged in decreasing order of magnitude.

3. Loop over r from 1 to n

(a) Set V = Vpuu(:,1:7) in MATLAB notation (set V' equal to first » columns of V).
(b) Compute B =XV
(c) Use B where you would have used X: if linear regression then use it to get 0= (BTB)"'BTy,
if logistic reg, then use it in the GD algorithm to find 6.

(d) Compute test error

i. Compute Biest = XtestV

ii. Use Byest where you would have used Xieg:

e if linear regression, then obtain @5t = Biest0 and compute NormalizedT estM SE(r) =

Hytest - ytestH%/HytestH%
e if logistic regression, then again obtain ¢s: as explained in the Logistic Regression sec-
tion, followed by computing the misclassification percentage

4. Pick r for which NormalizedTestM SE(r) is the smallest.
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12.4.4 Sample Py Code

Three ways to get the SVD. The last one directly gives you the top k = 2 singular vectors. In case of the
others, some post processing is needed to get the top r singular vectors

import numpy as np
from scipy import linalg
from scipy.sparse import linalg as slinalg

x = np.array([[1,1,0,0,0],([0,0,1,1,0],[1,1,1,1,1]],dtype=np.float64)

npsvd = np.linalg.svd(x)
spsvd = linalg.svd(x)
sptop = slinalg.svds(x,k=2)

12.5 Theory — computational - 1
PCA solves
min | X — L||r
L
Set L = BV " and simplify, then this becomes

min  [|[X -BV'|%= min Z |z — vb@|?
B v:vTiv=l B v:viv=l

Now we can solve for b(®) in closed form: b = V() and substitute it in. Thus we get

min | X -BV'|2= min ZHI vV Hz®|?
Bv:viv=I vVviv=rl

Since
I(I=VVz|® =lz|* + |V z|* -2V 2|* = |lz|* - |V z|?
the min simplifies to
VT 2
s S IVTa0
Since
Z |V Te®)|? = Z(m( TvvTal) = trace(d 2D TVVT2®) = trace(VT (> a2z V)

thus this further simplifies to

¢ VT (3) (3) T
V:‘I/nTa§:I race( (Zm T

Let EVD of 3 = (3,202 7)/m = VAV with U orthonormal Suppose r = 2. This then simplifies to

max max
vo Lvg,:|vz||=1 v1:|vr||=1

The first term is maximized by the top eigenvector, v; of ¥ = (3, 2@D2®T)/m and its maximum value
equals the top eigenvalue, \;. Thus,

max trace(V'EV) =\ + max vy UAU "vy
V:vTv=I v Lvy,if|vz[[=1
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Thus, this is solved by v9 = the second eigenvector of . Proceeding similarly

V:‘/lz’r

solves the maximization.
Eigenvectors of X are right singular vectors of X.
Then setting B = XV | proves that

.i/ = X‘/lr‘/l—l; = Ul:rSTXT‘/l—:rr

(r-SVD of X)) solves
win | X~ L

12.6 Theory — computational 2
PCA also solves

in | X—L|IZ2= min A\pax((X — L)YT(X - L
pmin | 2= min Amax(( ) )

By Weyl-type inequality for singular values, o;(M) < 0;(Mz) + || M — Ms|| for any singular value i and any
two matrices M, M. Thus,
X — L]z > 04(X) — 0i(L)

Since L is rank r, it has only 7 nonzero singular values. Thus o,41(L) = 0. And so
IX — Llls > 0,41(X).
Since this is true for any rank » matrix L, it is also true for the minimizer, i.e.

min | X — L] > 0,41(X)

L:rank r

Now if we can find a specific matrix L for which || X — L||2 = 0,4+1(X) that will be the minimizer (since the
minimum value cannot be any smaller than this).

Set
-
L= g JiuiviT
=1

(r-SVD of X), then X — L = Zﬁ?ﬁm) ouvl and so

|X — Lllo = 04

here o; = 0;(X).

12.7 Statistical optimality
First assume everything is zero mean.

1. PCA finds the subspace V' (V is a matrix with orthonormal columsn that define the subspace) and
the projected random vector b so that the expected value of the squared 2-norm of the reconstruction
error * — Vb is minimized. Thus, it solves

min E[||z — Vb]||3]
bERT, VeRn X VIV =]

If we minimize over b first as a function of V', then this is a standard Least Squares problem whose
solution is
b= (VIV)"'WTx = VTx since VIV =TI in this case
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Thus, we need to solve

min  Ef|z - VVTz|
v.vTv=I

Since VI'V =1, thus [[VVTz|3 = ||[VTz| and so & — VVTz[5 = |2]* — [[VTz|*. With this, the
above is also equivalent to

max E[HVT:(:HQ]
VVvTv=I

Using property of trace, this is further equivalent to

max trace(VIE[zz!]V)
v.vTv=I

This is another commonly use definition for PCA: PCA finds the r directions of largest variance of the
data. Here E[zz”] is the covariance matrix.

2. PCA can also be understood as minimizing the worst-case (largest) expected reconstruction error in
any direction: for direction w , this is |w” (x — V'b)|

min max E[(w’ (x — Vb))
bV:VTV=I ww|2=1

Using the properties of trace, this is equivalent to

i TEl(x — Vb)(x — Vb) w = i Amax (El(z — Vb)(z — V)T
vt piax w El(@—Vb)(@ - Vb w=  min  Aux(El@-Vb)(@- Vb))

The last equality follows using the variational definition of the maximum eigenvalue.

In the nonzero mean case, we do either of the above for (x — u).

12.8 PCA de-correlates the data: what does it mean **

This claim depends on how the principal subspace is defined. In (statistical) theory, we are finding V'
and b that solves ming v.yry_rE[|(x — p) — Vb + VVT)|3], ie., it minimizes the expected value of
the reconstruction error. Since the minimizer over b is b = V', we are actually finding V that solves
miny.yry_r E[|[(x — p) — VVT (2 — p)||3] and then setting b = VTx. If we can find this V, then the
computed lower dimensional r.v. b satisfies

E[(b — E[b])(b — E[b])T] is diagonal

i.e.
E[(b—E[b]);(b —E[b])x] =0
for j # k.
Proof: assume everything is zero mean for ease of writing. We have b = V'z so b; = 'u}:r:, thus,
E[b;b] = U;E[$$/]Uk. As explained in previous section, V' is the matriz of top r eigenvectors of E[xx'],

i.e., that Blza'] = VIV’ + V5, V|. Hence, E[bjby] = vi(VEV' + V. 5, V] ), = v(VEV )y, = 0.
In practice, we cannot find above but only its data-based (empirical) approximation. Hence in practice,
we are always finding V' as the top r right singular vectors of Z = X — 1,,11 X /m (recall: where 1,, =

[11 ... 17 is an m-length vector of ones). With this choice of V', “uncorrelated” means the following:
> ®);(60), =0
i=1

for j # k. In other words, the columns of the matrix B are mutually orthogonal.
Proof: same basic idea as above.
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13 Unsupervised Learning: Clustering

Use ML-cs229- notes on Clustering to see the figures.

13.1 Problem

Given unlabeled data/features z®, i =1,2,...,m, the goal is to partition the dataset into “cohesive”
clusters (all points in same cluster are “close” while those in different clusters are “far”). Suppose we want
to partition into k clusters. Then the goal can also be stated as: for each 4, find the class label y(® (this can
take values from {1,2,...,k}).

13.2 k-means clustering
The goal is to find the class labels y(® for each data point and the cluster centers so that the following cost
is minimized
m
J(H]?j = 1) 2) ey k7 y) = Z ”',L.(z) - :u’y(’i> ”%
i=1
The original k-means clustering algorithm provides an Alternating-Minimization (AltMin) algorithm to
minimize the above cost.
1. Initialize cluster centers fi1, fi2, ..., fix. Can do random init.
2. Repeat

(a) For each i = 1,2,...,m, find the class labels

50 = ~ @) _ 5.2,
g =arg min [t — fill2

(b) Update cluster centers: for each j =1,2,...,k, compute

hi— S ]L@(i) == j)w(i)
J S (0 == j)

(the above is a solution to argming,; j—12 . &Y i |2® — Hyhar |I3)

until cluster center estimates do not change much, i.e., until maxj(||/1§-t+1) - ﬂgt) ||/||/l§t) |) < threshold
where threshold = 0.001 or some small fraction.

3. IMPROVED VERSION: repeat above algorithm N times with different random init’s each time. For
each repeat, compute the cost function value J(fj,7 = 1,2,...,k,9). Keep the output of the repeat
with the smallest cost.

IMPROVEMENT 2: one can replace the regular Euclidean distance to the cluster center by any other
distance that is more relevant to the application. As an example, if it is known that different features are
likely to have significantly different variances, one could init with X; = I, replace arg minj—y o (| — ]2
in step 2a by

; (@) _ g AT () _ 5.
V) — )2 (2 —
arg _min i) 25 ( fij)

and in step 2b, update
5 _ S0 == i) — )@ — )"
Sty L) == j)
The above is an example of AltMin. See Sec.
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13.3 Probabilistic Model (Generative Model) for Clustering: Gaussian Mixture Model
(GMM)

The Gaussian Mixture Model or GMM is a common way to specify a clustering problem. =« follows the
GMM with k components means that

k

pla;0) = > N(@; 15, %),

J=1

where ¢;’s are the mixture weights (probability of z coming from the j-th class in the mixture) and thus
25:1 ¢; = 1. We often refer to j as the class labels.

GMM: means that x is generated from class j with probability ¢;, and given that it is generated from
class j, it follows a Gaussian distribution with mean p; and covariance ;.

The model assumed by Gaussian discriminant analysis (GDA) covered earlier and in HW 2 is also GMM.
See Sec 5.2. Except there we had labeled data (for each training data point, the class label was available),
so it was easy to “learn” the model parameters. As a result, the learning of ¢;’s was decoupled from the
learning of the mean and covariances. As a result we in fact got closed form expressions for the MLE.

Here we do not have class labels and thus the learning problem is more difficult. We need to use Gradient
Descent or some other iterative approach.

13.4 EM algorithm for MLE for Gaussian Mixture Model

A popular approach for MLE for the GMM is the EM algorithm. It uses AltMin to minimize a lower bound
on the MLE cost. This is fully explained and derived in old version of these nodes ML-algorithms-full.pdf.

14 Reliability of ML estimates, Regularization / Feature Selection /
Picking reduced dimension r to minimize test-error / generalization
error (optimize Bias-Variance Tradeoff)

14.1 Reliability of an output

Linear regression predicts a real-valued scalar where as everything we learnt after that predicts a class label
(solves a classification problem). Given a query, we can always obtain a prediction. But the other important
question to answer is : how reliable is the prediction we obtained. The answer to this question depends on

e the problem itself, e.g., in case of classification by GDA, if the two class means are very close, it is
not easy to distinguish the classes. More precisely what matters is how close the class means along a
given direction compared to the standard deviation along that direction. Practically this means the
following: it easier to distinguish dog pictures from human pictures than from cat pictures

Similarly for a regression problem, the amount of modeling error e or its variance decides how good

the prediction is.

e the number of training data points, and how well the training and test data match (this decides quality
of learnt model). In most of what we learn, it is assumed that training and test data are genareted
from the same distribution, but in real life this may not be true.

e the specific query: if the query image is of a fluffy cat that may look dog-like, then it is hard to reliably
provide a correct classification.

e the last problem can be partly addressed by changing the learning algorithm (the assumed model on
the data).
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14.2 Bias, Variance, Model mismatch errors and Bias Variance Tradeoff

Consider a generative model: suppose that y, x satisfy
y=f(x)+e, Ele] =0,E[e*] =02,

with e being zero mean “modeling error” /“noise” that is independent of x, it is also independent for each
data point y;, and 6 being the model parameters. We do not know f(.). But we assume f(x) = hy(x) i.e.,
we try to “model” it as § = f(z) = hs(x), e.g., in linear regression, f(z) = hy(x) = 072 with 6 estimated
by Maximum Likelihood estimation (MLE) as described earlier using training data. In logistic regression,
f(z) = hy(x) = g(6T2) with g(.) being the sigmoid function and e is randomness so that p(y = 1) = hg(x).
We again estimate 6 by MLE using training data. MLE for linear reg has a closed form solution. For Log
Reg, it needs to use GD.
MLE uses “training data”
(D, 2%),i=1,2,....m

The question is how good is my learnt model (in terms of mean squared error or MSE on test data or
some other metric), i.e., for a test query &, what is E[(y — f(2))?] and what can we do to improve it? Let
us assume MSE as the error metric.

We define Test-MSE as

Test-MSE := E[(y — 9)°] = E[(y - f())*] = E[(f(2) + ¢ - f(2))?]

over test data, i.e., E[.] = Eiegt datal]. Usually « is treated as a constant, so then the expected value is over
the distribution of the noise e.

Since e is test-data noise, it is independent of f(z) = hy(x) since 6 was estimated using training data.
Also, by assumption, e it is independent of f(z). Thus, we have

Test-MSE = E[¢’] + E[(f(z) — f(2))?], f(z) = hy(x)
= E[¢’] + (E[f(z) — f(2)]) + Variance[f(z) — f()]
= 02 + Bias® + Variance
where Variance(Z) := E[(Z — E[Z])?]. The first term, 0%, depends on how noisy my data is. The second

two terms depend on the “assumed model” and how well its parameters are estimated. Bias depends on
how good my assumed model is, while variance depends on how well I can estimate 6. Usually

Bias = f(x) — he(x), Variance = Var(ho(x) — hy(x))
A model with more parameters ”generally” will have lower bias. But for a fixed value of m (training data
size), variance in estimating 6 will be higher.

14.3 Approximating Test Error / Generalization Error / Test-MSE in practice

While we can write things as above, it is not actually possible to compute the above decomposition for test
data.

Simple approach: All one can do is the following: for a given model, one can approximate Test-MSE
using the following approach

e Split available training data into training and test data: in other words do not use all m data points
to train, split them so that m = Myprein + Mitest-

e Use the my-q;n data points to train, i.e. to estimate 6 for the assumed model

e Approximate Test-MSE by —L— S~Test(y, — hy(x5))?

Mtest j=1
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The above is one way to do what is called “Cross-Validation”. Typically, one uses ms = 0.25m and
Mirain = 0.75m or similar.

Leave-one-out Cross-Validation: Do above with myesr = 1, and myprein, = m — 1, but repeat the
procedure m times with a different test sample, and compute error each time. Average it to get Test-MSE.
See Cross Validation section earlier.

14.4 How to reduce Test Error a.k.a. Regularization a.k.a. Feature Selection: reduce
variance, not increase bias too much

Goal: Try to reduce variance, while not increasing the bias too much.

With each new intervention, compute the Test-MSE as explained above, see if it gets reduced or not. In
general as you keep reducing the number of features that are being used, variance reduces but bias increases.
Initially when you begin reducing the number, the reduction in variance is significant but the increase in
bias is negligible. So Test MSE will decrease. This will happen until the bias starts increasing (Test MSE
starts increasing). Use the number of features that results in the smallest Test MSE.

1. Regularization on 6:

(a) Stepwise regression; start with no features; at each iteration, select the one feature that is the
“best” to add from remaining set. Define “best” using some heuristic (say t-test etc) or by model
fitting using each new feature.

(b) Use domain knowledge such as assuming entries of 6 are in decreasing order of magnitude. If this
is known, then you just use the first r features. Vary r to pick which option reduces test data
error the most.

(c) Sparsity: Model 6 as being sparse (only a few features are important but we do not know which
ones), this is a generalization of the assumption used in item 1. In this case, we add ||#]|; into
the cost function for learning 6.

In general, if the cost function is J(6), then this approach says we replace it by J(6) + A||0]1
In case of linear regression this becomes “Lasso”

min [ly — X0|| + [|6]lx

Do not try to write your own GD code for this. Use cvxopt or cvxpy etc.
Vary A as multiples of m, so A = gm, with §=0.01,0.1,1, 10 etc
More information in Sec. [6

(d) ¢ norm: Use the assumption that all features are important and no feature is too important
(no weight can be too large): then use the /5 regularization, i.e. add ||0||? into the cost function
for learning 0. In general, if the cost function is J(6), then this approach says we replace it by
J(0) + 0|
In case of linear regression this becomes “Ridge Regression”

min ly — X0 + A||0]|*
This cost has closed form solution, given next.
0=(XTX+\)"'XTy

More information in Sec. [6l

(e) Prior estimate 6y of 6 given: Suppose prior knowledge is available that 6 is close to a given vector
6o, then add the || — 6||? into the cost function for finding 6. See Sec. under Use of prior
knowledge and Recursive LS.
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2. Regularization on input features’ matrix X using PCA or Feature normalization: PCA is a dimension
reduction technique. It is used for feature selection under the assumption that “features having the
most variation are the most important ones”. Also of course PCA helps de-correlate the features.
A typical setting where this is useful is when the raw feature vector is all image pixels. There are
too many pixels and pixels are highly correlated. As explained earlier, PCA is a good pre-processing
approach to regularization/feature-selection before doing classification (GDA or Log Reg or SVMs).
PCA does not do much if features are first “normalized” and then PCA is applied, see Sec. and
2.5

3. In case of Clustering, reducing k (number of classes) will reduce the variance, increasing it will reduce
the bias.

4. Naive Bayes assumption described earlier is another way to reduce the number of parameters. This is
used in generative or Bayesian learning settings where the feature vector itself is modeled probabilis-
tically.

With each new intervention, compute the Test-MSE as explained above, see if it gets reduced or not. In
general as you keep reducing the number of features that are being used, variance reduces but bias increases.
Initially when you begin reducing the number, the reduction in variance is significant but the increase in
bias is negligible. So Test MSE will decrease. This will happen until the bias starts increasing (Test MSE
starts increasing). Use the number of features that results in the smallest Test MSE.
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A Optimization overview

Consider differentiable cost functions.
Unconstrained opt: solve

min /(6)
A necessary condition for 6 to be a minimizer is

of

=0

Constrained opt: solve

m@in f(0), st. h(6) =0, g(0) <0

Here z < 0 means z; < 0 for all entries of 7 of the vector z.
Under certain “regularity conditions” (sometimes called constraint qualifications), one set of necessary
conditions for § to be a local minimizer is the KKT conditions.
Let @, A be Lagrange multipliers for the inequality and equality constraints respectively. Define the
Lagrangian as
L0, A 1) = £(8) + ATh(6) + T g(0)

Necessary conditions for 8 to be a minimizer:

1. Derivative of Lagrangian is zero

oL . A )
G0 =0 & T2+ X0 +uT S (0) =0

2. The problem constraints hold — called Primal feasibility

h(6) =0, and g(d) <0
3. The Lagrange multipliers for the inequality constraints are non-negative — called Primal feasibility

p=0

4. Complementary slackness holds: if an inequality constraint is not satisfied with equality, then the
corresponding Lag multiplier is zero.

uigi(é) =0 foralli=1,2,....,m
In some texts this condition is written in a more compact (but more confusing-looking) fashion as
n'g0)=0

This and previous one are equivalent because we are assuming g(f) < 0 and g = 0. This implies each
term in the summation p ' g(f) is < 0. The only way the sum becomes zero is if each term is zero.

A.1 Convex opt problem

An opt problem is convex if the cost is convex and the feasibility set (set of s in the constraint set) is
convex. One can show that this is the same as requiring

1. the inequality constraint functions g(#) are convex functions, i.e. g;(6) is convex function for each i
2. the cost function f(#) is convex function

3. equality constraints h(f) are affine, i.e., h(6) = A6 + b for some matrix A and vector b.
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A.1.1 Convex function

A function is convex if for any 0 < o <1
fladr+ (1 —a)fz) < af(br)+ (1 —a)f(f)

A.1.2 Convex set

A set is convex if 01,09 in the set implies that af; + (1 — a)fs is also in the set for any 0 < o < 1.

A.2 Matrix calculus: key points
1. Veb'x =10
2. For A symmetric, V,(z' Az) = 2Ax
3. Valogdet(A) = A~!
4. Vptr(AB) = A"

A.2.1 Application of the above to derive MLE estimates for K class GDA
Goal: find

Dy (@ gD
MG gp(y )p(zy™)
with
K
chﬂ(y Y, paly) = [T N (@ e, )10
k=1
Let

0= {qbk:a K k=1,.K, Z}
This is equivalent to finding

arg m1n J(0 Z or=1 (6)
J(0) :== —log[[ [ p(v"; 0)p(=[y; 0)] (7)
i=1

Define the Lagrangian as

K
L(,)) = = > log[p(y; 0)p(@? |y ;0)] + MY éx — 1)
k=1

i

m K m K
_Zlog HH‘bﬂ(y( k)HHN ): 1 El(l/() k) +)‘Z¢k_1

i i=1k=1 i=1k=1 k=1
This simplifies to L(0,\) =

K
> > 1 >—klog¢>k+zz D =)@ — ) TSN @ — ) +log det(R)] + C+ A dp—1)
% k

k=1
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Using the necessary conditions given earlier (KKT conditions), and key points from matrix calculus, the

minimizer needs to satisfy
K

vaAyﬂnmm22@21
k=1

This simplifies to
1 K
SN 1y =k)— +A1=0, and =1
> 1y ) o kZ=1¢k

and

2) 1y = ks (@ — ) =0
and using () — )57 (@) — ) = trace((@D — ) TSN @W — ) = trace((®® — ) (@@ — ) TET),
MY 1y = b)Y — ) (@ — )T =% =0
Tk

Simplifying the last three equations gives the final solution:

1 ‘ (gD = k (gD = k

1 ) )
IS S w SN BN ()

ZZ @ — ) (2 — ) T

B Multi-class Log Reg

B.1 Multi-class Logistic Regression**

Multi-class logistic regression (LR) is known by a variety of other names, including polytomous LR, Multi-
nomial LR, softmax regression, multinomial logit (mlogit), the maximum entropy (MaxEnt) classifier, and
the conditional maximum entropy model.

We now have K > 2 classes. Recall that, for K = 2, the model is

1 exp(0' x)
Pr(y = ) = T = T
l+exp(—0'xz) 1+exp(f'x)
and (07 )
exp(f' x
Prly=0)=1— ——=—
ty=0) 1+ exp(6Tx)
To extend this to K classes labeled kK =0,1,..., K — 1, instead of a single "regression vector” 6, we now
use K — 1 ”regression” vectors O,k = 1,2,... K — 1 and use the model:
Pr(y = k) = QWWk)T Ck=1,2,... K —1
L+ Ek/ 1 exp(Byx)
and

1
4 S E T epl(Gpa)

Pr(y =0) =
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If we let Byg = 0 the y = 0 case can be interpreted as

_ (i)
L+ 01 exp(B )

With setting 5y = 0, observe that 1 = exp(ﬁoT x). Replace this in both numerator and denominator of
above expressions. Then, the above can be simplified to

exp(fy x)
K— Y
w—o exp(Bl@)

Pr(y =0) , with 8o =0

Pr(y =k) =

e Learning the parameters:

— Need to estimate 0 := {81, B2, ..., Bx-1}-

— Solution 1: define the joint log-likelihood function over all m training data points and maximize
it (minimize its negative).

— This solution often does not work too well (too many parameters and one may start becoming
too large).

— Solution 2: add regularization on the f;’s, e.g. add A ZkK:Hl | Bxll? to the cost function and then
minimize it

— Basic GD may not work easily in this complicated setting. To explore this case, see what Python
or MATLAB’s built in toolboxes do for your data.

e Classification: find the k for which Pr(y = k) is highest.
Equivalently, taking log of the probabilities, using Sy = 0 (zero vector), and ignoring the denominator,
this translates to
~ T
§ =arg max lﬂk T

B.2 Another way to understand multi-logit

Suppose there are K classes. Instead of letting y be a scalar that takes K possible values, we instead let y
be a K-length “one hot” vector. This means y = ey, if the class label is k. Here ey, is a vector with all zeros
except at the k-th index.

Also we define the softmax function as one that takes as input a K-length real vector with any values
and outputs a K-length vector with each entry being between zero and one (being a probability), as follows:

exp(2k)
K
Zk’:l eXp(Zk/)

Then, the multi-logit model can be described as follows. Let

y = softmax(z) with y; = Jk=1,2,... K

B = [p1, B2, ..., PK]| thisis a n x K matrix
with one of them say 51 = 0. Also let
pr(x; B) :=Pr(y = ey; x, B)

Then,
p(x; B) = softmax(B ' x)
Given training data, the max likelihood estimate (MLE) in this case can be obtained by minimizing the

following negative log likelihood function

m K

J(B) = — Z Z y,(;) log softmax(B ™),
i=1 k=1
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The above is can be interpreted in terms of cross-entropy loss between two probability distributions: for two
discrete probability vectors q, p,

CE(q,p) =—)_ aqrlogpy
k

Thus,
J(B)=>_ CE(y",pa"; B))

Notice the vector y can be interpreted as a probability.

This cost function J(B) is not convex and complicated. If we minimize it as is, we may end up with
very bad minimizers such as all but one §; being all zeros. In such cases, there is a need to regularize. Most
common and default approach in Python’s sci-kit-learn is Ridge Regularization: to add >, ||8k||>/C =
||B||%/C. Minimize

J'(B)=> CE(y", p(x";B))+|B|}%/C
=1

Aside: Minimizing CE over p (or over a quantity on which p depends) is the same as minimizing the
KL-divergence, KL(q,p) = H(q) + CE(q,p) over it. The reason is H(q) does not depend on p.

B.3 One-vs-rest (OVR) or One-vs-all use of two-class logistic regression**
There are two ways to deal with multiple classes using Log Reg. Say we have K classes, k =0,1,..., K — 1.
1. Option 1: use what I have above
2. Option 2: use two class log reg in one-vs-rest or OVR mode. Idea of OVR:
e First learn a 6y for separating classes into 0 and everything else (combine classes 1,2,3, ... K-1

into the “not-zero” class)

e Then learn a 6, for separating classes into 1 and everything else (combine classes 0,2,3, ... K-1
into the “not-one” class)

e Then learn a 6, for separating classes into 2 and everything else (combine classes 0,1,3, ... K-1
into the “not-two” class)

e And so on.
e Output of above set of steps will be K regression vectors g, 01, ...0x_1
e (lassification on a query x: .
7y = arg k:O,llgf.L.}.{,Kfl 0,
3. More details: see the video below

4. Also see https://en.wikipedia.org/wiki/Multiclass_classification

Video on One-vs-Rest (or One-vs-All) use of two-class Log Reg:
Lecture 6.7 of
https://www.youtube.com/watch?v=PPLop4L2eGk&1list=PLLssT5z_DsK-h9vYZkQkYNWcItghlRJLN
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C Dealing with Categorical and Real-Valued Data Jointly: Genera-
tive/Bayesiean models

C.1 Modeling Categorical data

In some problems, the different features may be “categorical” instead of binary, which means feature j takes
one of K; possible values. For example x; could be color of the front door of a house in case of the house
price example and we assume K; = 5 possible colors for example. There is no ordering to which color is
preferred, thus the integer labels are arbitrary; they do not have a numerical meaning.

The model would then require us to learn ¢;,; = Pr(x; = kly) for £k = 1,2,...K;, y = 0,1, j =
1,2,...,n.

Our data model then is as follows

plaly) = HH%‘Z"’”
7=1k=1

where [v == k] takes the value 1 if z = k and zero otherwise (MATLAB notation). Thus for MLE we need
to maximize

s.t. sum to one constraints on all the probabilities.
Then MLE estimates are given by

&j,o,k =
counts the number of times (¥ = 0 and acg-i) = k in the training data and divides this by the number of times
y® =0 (number of points from class zero in the training data). Do this for every value of k =1,2,..., K;
and for every feature x;, j = 1,2,...,n.

Do the same for class label 1.

C.2 Dealing with categorical and real-valued data together in the Generative Learning
(a.ka. Bayesian) framework **

Often some of the features can be categorical and some of them can be real-valued. Once we impose the
Naive Bayes assumption (conditioned on the class label, different features are independent), this is easy to
deal with. For simplicity suppose that the first r features are real-valued and the rest n — r are categorical
with k; categories. Also assume the real-valued feature follow a Gaussian distribution with mean ©0 or py
(depending on the class label) and covariance matrix 3. By Naive Bayes, ¥ is diagonal.

Then, joint likelihood becomes

m

H HN My() 7 ] H HQ/) y()k = '¢y<i)(1_¢)1_y(i)

i=1 j=r+1k=1

s.t. sum to one constraints on ¢ and on all the 1, 1’s.
The MLE estimates are computed as follows.
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For j=1,2,...,7,

)y = T 10 = 0
>ty Wy =0)
(), = St = D),
’ i 1y =1)
N 1 X ) .
_72‘ = EZ(:B(Z) - Hy(i))jzv J= 172) ceey
i=1
Forj=r+1,7r+2,...,n, R
VYjo0k =
counts the number of times (¥ = 0 and mgi) = k in the training data and divides this by the number of times
y = 0 (number of points from class zero in the training data). Do this for every value of k = 1,2,..., K
J
and for every feature x;, j = 1,2,...,n.

D Spam Filter details

D.0.1 Spam Filter: entries of z count the number of times a word occurs

The simplest spam filter explained above is not using word-counts (the number of times a word occurs), but
just checking whether a word is present or not. A better model is to consider a different feature vector z
with z; being the number of times word j occurs in the vocabulary (or dictionary).

d: number of words in any email — to use this model, we can use blank-space as one “word”.

n: number of words in dictionary

m: number of training emails

Treating each word occurrence as independent (this is the naive Bayes assumption, it is actually not true
since certain pairs of words are much more likely occur together, but simplifies our modeling), and assuming
as before that v;,, = Pr(word j is present in the email|y), the feature vector z would be modeled by what is
called a “multinomial distribution” as follows. This assumes that there are a total of d words in the sample,
i.e., that Zj zj = d for all training emails. To use this model, we can use blank-space as one “word”.

d T
p(zly) = (217Z27~-7zn) jl;[le,y

This is called the multinomial distribution with parameters ;.
MLE The joint likelihood of m independent training samples can be expressed as follows:

. i )i T N0 d S
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(4)
2]7,29 ..., 2n

Learning parameters: we need to maximize the above over ¢, ;, subject to the constraints that
0<¢;y <1, 0<¢<1
It can be shown that we get ‘
Sz 1Y =0)

Sy 2010 = 0)

In words this is the total number of times word j occurs in all emails that are not spam (for which y® = 0)
divided by the total number of words in all emails that are not spam. We can similarly compute

P

Yo =
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D.0.2 Spam filter: model 3

A third possible model is as follows. Let j referred to the j-th word in the email and let x; be the location
of the j-th word in the dictionary. So then this becomes “categorical data”. We explain below how to deal
with categorical data. In this case the length of the feature vector can be different for different emails. It
will be n(® if the email has n() distinct words.

D.0.3 More ideas and related problems

A more advanced document model models co-occurrences of words.
Similar ideas are also used to classify blogs or webpages into various categories as well.

E

E.1

Deep Learning / Deep Neural Networks: basic idea and training

Introduction

From Wikipedia https://en.wikipedia.org/wiki/Deep_learning

An older definition: Deep learning (DL) is a class of ML algorithms that uses multiple layers to
progressively extract higher-level features from the raw input.

— For example, in image processing, lower layers may identify edges, while higher layers may identify
the concepts relevant to a human, such as digits, letters, or faces.

Modern definition: Deep learning (DL) is the subset of ML methods based on artificial neural networks
with representation learning.

— The goal is to ”automate” human learning processes that map a source (e.g., an image of dog) to
a learned object label (dog) by attempting to model what human brain neurons do.
— The adjective ”deep” refers to the use of multiple layers in the network.

Most common DL methods involve supervised learning. Some newer approaches are also semi-supervised
or unsupervised. Pros and Cons:

— Supervised DL: training is very compute intensive and memory intensive. Query/test data pro-
cessing is quick (linear in layer depth and width)

— Unsupervised DL: no training; but then query/test data processing is extremely slow. Also needs
a lot of memory (even more than supervised case).

Types of architectures:

— Feed-forward: multilayer perceptron (MLP) also called fully-connected net; Convolutional neural
networks (CNN); more

— Feed-back: Recurrent NN

History taken from Wikipedia https://en.wikipedia.org/wiki/Deep_learning

— The first deep learning multilayer perceptron (MLP) trained by stochastic gradient descent (Rob-
bins, Munro 1951) was published in 1967 by Shun’ichi Amari.

— In 1970, Seppo Linnainmaa published the basic idea of the algorithm that is now called “back-
propoagation”. Basic idea is to use chain rule of differentiation to compute the gradient of the
cost function (energy) w.r.t. the weights of all layers.
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* Details: In 1970, Seppo Linnainmaa published the reverse mode of automatic differentiation
of discrete connected networks of nested differentiable functions. This became known as
backpropagation. It is an efficient application of the chain rule derived by Gottfried Wilhelm
Leibniz in 1673 to networks of differentiable nodes. More details: The terminology ”back-
propagating errors” was actually introduced in 1962 by Rosenblatt,[34][31] but he did not
know how to implement this, although Henry J. Kelley had a continuous precursor of back-
propagation[46] already in 1960 in the context of control theory.[31] In 1982, Paul Werbos
applied backpropagation to MLPs in the way that has become standard.[47][48][31] In 1985,
David E. Rumelhart et al. published an experimental analysis of the technique.[49]

— Convolutional neural networks (CNNs) with convolutional layers and downsampling layers began
with the Neocognitron introduced by Kunihiko Fukushima in 1980.[50] In 1969, he also introduced
the ReLU (rectified linear unit) activation function.

— The term Deep Learning was introduced to the ML community by Rina Dechter in 1986

E.2 Visuals

https://builtin.com/machine-learning/fully-connected-layer — Fully connected (FC) vs Convolu-

tional (CN) layer visual
https://medium.com/@alejandro.itoaramendia/convolutional-neural-networks-cnns-a-complete-guide-

an example of a CNN - CN + Pool layers followed by FC

E.3 Multi-layer Perceptron (MLP) or Fully Connected Feed-forward Network

The simplest neural net is the Feed-forward Network also called the Multilayer Perceptron or MLP. Each
neuron receives a weighted sum of the outputs of the neurons of the previous layer, and applies a nonlinear
“activation function” on this. Thus neuron j in layer k receives o~! as input. It then computes

Tk
k _ k _k—1
zj = g W50,
=1

and then outputs
of = g(=})

Here g(z) is an element-wise nonlinearity. It could be the sigmoid function or the Rectified Linear
Unit (ReLU) function max(z,0) or the tanh function.

Vectorizing the above, it can be expressed as

_1
1+e—%

Ok — gvec(zk)a Zk — Wkok—l

or equivalently,
Zk — Wkgvec(zkfl)

Here gyec(2) applies g(.) to each entry of the vector z.
The first layer takes the input @ as input thus

and computes gyec(2). Suppose the NN has 10 layers. The final (output) layer has only one neuron which
outputs

Thus, the NN is


https://builtin.com/machine-learning/fully-connected-layer
https://medium.com/@alejandro.itoaramendia/convolutional-neural-networks-cnns-a-complete-guide-a803534a1930

where W10 is a row vector (instead of a matrix).
Energy (cost function) for training is

EW!W? . W)= Z(y(i) - Q(i))Q = Z(y(i) — 9(W 0 Guec(WOguec (WS .. -gvec(m(i))))))Q
i=1 i=1
E.4 Training an MLP: Back-propagation **

Given training data (m(i),y(i)), i=1,2,...,m, we use gradient descent or stochastic / mini-batch GD to
train. For all of these, the first task is to define the cost function E(g(x),y) and to compute its gradient
w.r.t. to each weight in each layer, i.e., compute

ok

k

ow;; y

This computation requires careful application of chain rule of differentiation. This leads to the following
algorithm: consider a 10 layer NN and let r; denote the number of neurons in layer k

e For a given input @, compute the outputs of all the layers and g.

e Compute the following intermediate quantity:

oF
ok .=
! 8zf

using the following backward recursion (back-propagation)

— compute

OF
510 = 5 (@) - g (21°)

here ¢'(z) = 898—(;)

— for each £ =9,8,...1, compute the following for each : = 1,2,...,r:

Thk+1

E_ 1.k k+1 ck-+1
o; _g(zi)zwij 53‘
=1

vectorized computation in MATLAB (or do similar in Python): 8% = ¢’(2¥). x (Wk+Lgk+1)

e Compute
oF

k
ow;; 7

sk k-1
=k of

this can be vectorized too.

oF
aw%
that uses all the training data is thus

The above gives us

(y(x),y) for one input-output pair «,y. The gradient w.r.t. the cost function
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E.5 Understanding CNNs at a top level with visuals
E.6 Aside: understanding convolution

See Dr. Zhengdao Wang’s CNN notes (cnn-notes-zhengdao) https://www.dropbox.com/s/4avsbjg3rbqctqe/
cnn_notes_zhengdao.pdf7d1=0| for visuals and a quick review of LTI, 1D and 2D conv.

1D convolution:

2D convolution:

types of filters: low-pass, high-pass, band-pass,

low-pass filter, e.g., averaging filter: reduces noise but also blurs edges

high-pass filter, e.g., edge detector: nonzero response only at edges, zero response in parts of image that
are constant (piecewise constant image)

high-pass in 2D : edges along different directions, can also be low-pass in one direction and high-pass in
orthogonal direction

band-pass filters: created by applying high-pass filter on low-pass filter.

connection to wavelets.

E.7 Convolutional Neural Network (CNN or ConvNet): basic idea

In case of MLP, each layer is fully-connected (FC), this means that all (or most) weights of the weight matrix
are nonzero.
In case of CNN, this is not true. CNN consists of

e a convolutional (CN) layer followed by

a pooling layer (pool),

this sequence repeated a few times,

finally 2-3 fully-connected (FC) layers.
Why each layer

e ON layer: extract useful features from images; most good features are local. Also much fewer param-
eters (due to paramater sharing — space-invariant filter for entire image)

e Pool layer: down-sample the image after the filtering to get a new smaller sized ”image” (when you pass
an image through any band-pass filter, e.g.m low pass or high pass filter, the amount of information
reduces, consequently next layer should be smaller sized).

How to downsample? Down-sample by 2: ”low pass filter” the image followed by keeping every other
pixel. For "low pass filter”: either take average of neighbors or take max of neighbors. Usually max-
pooling is popular. Averaging is linear space-invariant while Max is nonlinear and space-invariant.

e FC layer: CN and pooling layers help extract the features. FC layers take these features and provides
a final classification output.

E.7.1 Details of why CN 4 pooling instead of FC

e Local connectivity : useful when inputs are images

e Much fewer parameters (parameter sharing): ¢ - K’, even with £, = 11, K’ = 96 (first layer of Alex
Net), number of parameters is around 1000
but if we vectorize even a 100 x 100 image and the next layer has more neurons than input layer
(typically this is used), then there are more than 10000 parameters in an FC

e Heavily used in computer vision and image analyis applications.
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E.8 Different types of layer
Let @ be the input to the layer and z the output.

E.8.1 Fully connected (FC) layer:
x, z are represented as vectors
exisnx1,zisn' x1,n canbe > =,<n
e parameters: W
e number of parameters: n - n’
e apply nonlinearity, then weights’ matrix
Zout = W gvec(Zin)
E.8.2 Convolutional (CN) layer:
x, z are represented as 3D tensors
e xisng xng x K, zisn} xnh x K with n} = ny, n}, = no

e parameters: hi(u,v), k=1,2,..., K, u=0,1,... 4y, v=0,1,..., ¢,

e number of parameters: K,% - K’
e apply nonlinearity, convolution over the first 2 dimensions, sum over the third
SRR 0 3) PR D)
w u v
e Details:

— dealing with edges: zero pad, or reduce dimension of output

— stride: above is stride = 1 (moving filter window by 1 pixel at a time) — default option

stride = 2, move filter window by 2 pixels

stride = £5,: non-overlapping window

E.8.3 Pooling layer:
x, z are represented as 3D tensors

e x, z are represented as 3D tensors, & is ny X ng X K, z is nj x nh x K

e if using a ¢ x ¢ non-overlapping window for pooling, then n} = ny/¢,nl, = ny/l

e parameters: none

e number of parameters: zero

e applied on each k =1,2,... K ”image” or ”activation map” separately.

e helps reduce the output dimension (first 2 dimensions)

e max pooling over a £ x £ size window: keep the largest magnitude pixel value and throw the rest
e average pooling:

e stride = ¢: non-overlapping window — default option
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E.9

Other DL concepts
Recurrent Neural Network (RNN)

Generative Adversarial Networks GANs — used for DeepFake
Auto-Encoder — use for denoising. Input and output is an image
Unrolling

Transformer

E.10 Different NN architectures and when to use each

see the other handout NeuralNets-intro.pdf

E.11 Reinforcement Learning

Use slides at https://cs231n.stanford.edu/slides/2017/cs231n_2017_lecturel4d.pdf

Example application: make a robot move.

— Objective: Make the robot move forward

State: Angle and position of the joints

Action: Torques applied on joints

Reward: 1 at each time step that the robot is upright and moves forward
There is an agent and the environment. We use ¢ to denote time.

Agent or agent+environment has a state, s;.

Agent takes action a; based on current state s;

— Actions selected from a certain set. Example for robot it could be move front back left right one
step.

— Action selected using a policy 7w that depends on s;. This can be deterministic or random.
The next state sy41, depends on s; and ay

— There is some randomness in this. This is specified by a probability transition matrix.
Environment gives a reward r; to agent that depends on s; and a;

— There can be randomness in this.
Agent receives

ML Goal: design a “policy” that agent follows. Design this policy to maximize expected sum of future
rewards (cumulative discounted reward)

This framework is called Markov Decision Process or MDP.

— Markov property: Current state completely characterises the state of the world

Details

The value function for a given policy at state s, is the expected cumulative reward from following the
policy from state s
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The Q-value function at state s and action a, is the expected cumulative reward from taking action a
in state s and then following the policy

The optimal Q-value function Q* is the maximum expected cumulative reward achievable from a given
(state, action) pair.

Goal is to find the optimal policy that helps achieve Q*.
Two types of approaches:
— Find or approximate @« first. Then use it to decide the best policy: given current state, find the

action.

* Q-learning: Use a function approximator to estimate the action-value function
* If the function approximator is a deep neural network =; deep g-learning!
* See slide 36 of above notes

— Directly find a policy that optimizes the expected cumulative reward

x (Q function can be too complicated. But the policy can be much simpler
* See slide 64 of above notes
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Final Exam - Spring 2025 EE 4250

e In-class. 2 sheets (4 sides) of HANDWRITTEN notes allowed.

— 1 or 2 problems on Probability or Linear Algebra (midterm material)
— 3 or 4 problems on ML algorithms

— Last year exam discuss and in review next three lectures
e Topics on the Exam

— Probability and Linear Algebra -

Probability Notes ML-cs229-prob.pdf (CourseNotes Module in Canvas)

* Linear Algebra Notes Sections 2 and 3 of ML-cs229-linalg (CourseNotes Module in Canvas)
* Linear Algebra Notes SVD (CourseNotes Module in Canvas)

* Theory HWs 1-5

— ML algorithms
* ML-algorithms file (CourseNotes Module in Canvas)
— ML Topics from ML algorithms file — 3-5 problems.

*

x Monte Carlo methods and Data simulation
* Gradient Descent (GD) basic GD only

* Altnernating Minimization (AltMin)
Linear Regression

* ¥

Logistic Regression - two class case only
x GDA

x PCA

x Clustering and k-means clustering

x Least Squares

e Topics that are good to know but will not be on the exam

— Optimization overview
— Multi-class Log Reg
— Regularization - practical idea

— Deep learning
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