IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 61, NO. 23, DECEMBER 1, 2013

5917

A Max-Product EM Algorithm for Reconstructing
Markov-Tree Sparse Signals From
Compressive Samples

Zhao Song and Aleksandar Dogandzi¢, Senior Member, IEEE

Abstract—We propose a Bayesian expectation-maximization
(EM) algorithm for reconstructing Markov-tree sparse signals via
belief propagation. The measurements follow an underdetermined
linear model where the regression-coefficient vector is the sum
of an unknown approximately sparse signal and a zero-mean
white Gaussian noise with an unknown variance. The signal is
composed of large- and small-magnitude components identified by
binary state variables whose probabilistic dependence structure
is described by a Markov tree. Gaussian priors are assigned to
the signal coefficients given their state variables and the Jeffreys’
noninformative prior is assigned to the noise variance. Qur signal
reconstruction scheme is based on an EM iteration that aims at
maximizing the posterior distribution of the signal and its state
variables given the noise variance. We construct the missing
data for the EM iteration so that the complete-data posterior
distribution corresponds to a hidden Marcov tree (HMT) prob-
abilistic graphical model that contains no loops and implement
its maximization (M) step via a max-product algorithm. This
EM algorithm estimates the vector of state variables as well as
solves iteratively a linear system of equations to obtain the cor-
responding signal estimate. We select the noise variance so that
the corresponding estimated signal and state variables obtained
upon convergence of the EM iteration have the largest marginal
posterior distribution. We compare the proposed and existing
state-of-the-art reconstruction methods via signal and image
reconstruction experiments.

Index Terms—Belief propagation, compressed sensing, expecta-
tion-maximization algorithms, hidden Markov models, signal re-
construction.

I. INTRODUCTION

HE advent of compressive sampling (compressed
sensing) in the past few years has sparked research
activity in sparse signal reconstruction, whose main goal is to
estimate the sparsest p x 1 signal coefficient vector s from
the N x 1 measurement vector ¥ satisfying the following
underdetermined system of linear equations:
y=Hs €8
where H is an N X p sensing matrix and N < p.
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A tree dependency structure is exhibited by the wavelet
coefficients of many natural images [1]-[7] (see also [3,
Fig. 2]) as well as one-dimensional signals [1], [7], [8]. A
probabilistic Markov tree structure has been introduced in [1]
to model the statistical dependency between the state variables
of wavelet coefficients. An approximate belief propagation
algorithm has been first applied to compressive sampling
by Baron, Sarvotham, and Baraniuk in [9], which employs
sparse Rademacher sensing matrices for Bayesian signal recon-
struction. Donoho, Maleki, and Montanari [10] simplified the
sum-product algorithm by approximating messages with using
a Gaussian distribution specified by two scalar parameters,
leading to their approximate message passing approximate
message passing (AMP) algorithm. Following the AMP frame-
work, Schniter [11] proposed a turbo-AMP structured sparse
signal recovery method based on loopy belief propagation and
turbo equalization and applied it to reconstruct one-dimensional
signals; [6] applied the turbo-AMP approach to reconstruct
compressible images. A generalized approximate message
passing (GAMP) algorithm that generalizes the AMP algorithm
to arbitrary input and output channels and incorporates both
max-sum and sum-product loopy belief propagation separately
is proposed in [12]. However, the above references do not em-
ploy the exact form of the messages and also have the following
limitations: [9] relies on sparsity of the sensing matrix, the
methods in [9], [10], [12] apply to unstructured signals only,
and the turbo-AMP approach in [6] and [11] needs sensing ma-
trices to have approximately independent identically distributed
(i.i.d.) elements, see [6, Section. III-C]. Indeed, turbo-AMP is
sensitive to the presence of correlations among the elements of
the sampling matrix and performs poorly if these correlations
are sufficiently high and if norms of the columns or rows of the
sampling matrix are sufficiently variable.

In [4] and [5], Marcov chain Monte Carlo (MCMC) and vari-
ational Bayesian (VB) schemes are used to reconstruct images
that follow probabilistic Markov tree structure from linear mea-
surements; however, [4] and [5] did not report large-scale ex-
amples: these schemes are computationally demanding and do
not scale with increasing dimensionality of the reconstruction
problem.

In this paper, we combine the hierarchical measurement
model in [13] with a Markov tree prior on the binary state
variables that identify the large- and small-magnitude signal
coefficients and develop a Bayesian maximum a posteriori
(MAP) expectation-maximization (EM) signal reconstruction
scheme that aims at maximizing the posterior distribution
of the signal and its state variables given the noise variance,
where the maximization (M) step employs a max-product belief
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propagation algorithm. Unlike the turbo-AMP scheme in [6]
and [11], our reconstruction scheme does not require sensing
matrices to have approximately i.i.d. elements and can handle
correlations among these elements. Unlike the previous work,
we do not approximate the message form in our belief propaga-
tion scheme. Indeed, the M step of our EM algorithm is exact
because the expected complete-data posterior distribution that
we maximize in the M step corresponds to the hidden Marcov
tree (HMT) graphical model that contains no loops. In [14], we
proposed a similar EM algorithm for a random signal model
[15] with a purely sparse vector of signal coefficients and a
noninformative prior on this component given the binary state
variables. We apply a grid search to select the noise variance
so that the estimated signal and state variables have the largest
marginal posterior distribution.

In Section II, we introduce our measurement and prior
models. We assume that the Markov tree prior distribution
is known. To reduce the number of tuning parameters for the
tree prior, we further assume that these parameters do not
change between Markov tree levels. This is in contrast to
other approaches (e.g., [4]-[6]), which learn the Markov tree
parameters from the measurements and allow their variation
across the tree levels, see also the discussions in Sections V-B-2
and VI. Section III describes the proposed EM algorithm and
establishes its properties; the implementation of the M step
via the max-product algorithm is presented in Section III-A.
The selection of the noise variance parameter is discussed
in Section IV. Numerical simulations in Section V compare
reconstruction performances of the proposed and existing
methods.

We introduce the notation: I,, and 0,,«; denote the identity
matrix of size  and the n x 1 vector of zeros, respectively; «T»
det(-),and || ||, are the transpose, determinant, and £, norm, re-
spectively; A (z|p, ¥2) denotes the probability density function
(pdf) of a multivariate Gaussian random vector & with mean g
and covariance matrix 3; Inv—x? (a2 |v, 2 ) denotes the pdfofa
scaled inverse chi-square distribution with  degrees of freedom
and a scale parameter o2, see [17, App. Al; D(p(x)||q(x)) de-
notes the Kullback-Leibler (KL) divergence from pdf p(z) to
pdf g(2) [17, Sec. 2.8.2], [18, Sec. 8.5]; | 7| is the cardinality
of the set 7; v(+) is an invertible operator that transforms the
two-dimensional matrix element indices into one-dimensional
vector element indices. Finally, pz; denotes the largest singular
value of a matrix H, also known as the spectral norm of 4, and
“®” denotes the Hadamard (elementwise) product.

II. MEASUREMENT AND PRIOR MODELS

We model an N x 1 real-valued measurement vector ¢ using
the standard additive white Gaussian noise measurement model
with the likelihood function given by the following pdf[3], [6]:

Pyls.o2 (yl8,0%) = N(y|Hs, 0% L) ®)

where H is an N X p real-valued sensing matrix with
rank(H) = N satisfying the spectral norm condition

pa =1 3)

8 = [s1,52,...,5,]F is an unknown p x 1 real-valued signal
coefficient vector, and o2 is the unknown noise variance. We as-
sume (3) without loss of generality because it is easily satisfied
by appropriate scaling of the sensing matrix, measurements, and

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 61, NO. 23, DECEMBER 1, 2013

noise variance,! provided that the spectral norm of the sensing
matrix is easy to determine, see also footnote 2 for comments on
the case where the spectral norm of the sensing matrix cannot
be easily determined or estimated.

We adopt the Jeffreys’ noninformative prior for the variance

component o2:
Pox(0?) o (0%) . “)
Define the vector of binary state variables
g = l¢,9,.-.,9)"7 € {0,1}7 that determine if the

magnitudes of the signal components s;, + = 1,2,...,p
are small (g; = 0) or large (¢; = 1). Assume that s; are
conditionally independent given ¢; and assign the following
prior pdf to the signal coefficients:

Ds|q,02(8g, 02) =N (s\Opxl, 02D(q)) (5a)

where X .
D(q) = diag{(vz)ql(eZ) IO N G

(")} (sb)

where 72 and €2 are known positive constants and, typically,
4% > €2. Hence, the large- and small-magnitude signal coeffi-
cients s; corresponding to ¢; = 1 and ¢; = 0 are modeled as
zero-mean Gaussian random variables with variances v2¢2 and
€202, respectively. Consequently, ¥? and ¢ are relative vari-
ances (to the noise variance o2) of the large- and small-magni-
tude signal coefficients. Equivalently,

We now introduce the Markov tree prior probability mass
function (pmf) on the state variables g¢; [1], [6]. To make this
probability model easier to understand, we focus on the image
reconstruction scenario where the elements of 8 are the two-di-
mensional discrete wavelet transform (DWT) coefficients of the
underlying image that we wish to reconstruct. Hence, we in-
troduce two-dimensional signal element indices (1, é2). Recall
that the conversion operator /() is invertible; hence, there is a
one-to-one correspondence between the corresponding one- and
two-dimensional signal element indices. A parent wavelet coef-
ficient with a two-dimensional position index (¢,42) has four
children in the finer wavelet decomposition level with two-di-
mensional indices (2i1 —1, 215 —1), (2i1 — 1, 2i3), (241, 2i2— 1)
and (2iy, 2i3), see Fig. 1. The parent-child dependency assump-
tion implies that, if a parent coefficient in a certain wavelet de-
composition level has small (large) magnitude, then its children
coefficients in the next finer wavelet decomposition level tend
to have small (large) magnitude as well. Denote by p and &
the numbers of rows and columns of the image, and by L the
number of wavelet decomposition levels (tree depth).

We set the prior pmf pg(q) as follows. In the first wavelet
decomposition level (£ = 1), assign

1, 1€ A
pq;(l) = PI{q’ = 1} - {Proot7 1€ Zoot

2

(6a)

where

A=v ({122%} x {122%}) (6b)

For a generic sensing matrix H’ with p;;+ # 1, data vectory’ and noise vari-
ance (o2)’, this scaling is performed as follows: H = H' /pyr,y = y'/py’,
and ¢* = (o2)'/p3,,, which guarantees that the new sensing matrix H satis-
fies (3).
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Fig. 1. Types of wavelet decomposition coefficients: approximation, root, and
leaf, whose sets are denoted by A, 7,04, and Tjcat, respectively.

Zoot =v ({1/275%}

{12 ..... 251})\,4

are the sets of indices of the approximation and root node coeffi-
cients and Proot € (0,1) is a known constant denoting the prior
probability that a root node signal coefficient has large magni-
tude, see Fig. 1. In the levels £ = 2,3, ..., L, assign

(6¢)

Ar(i) =

6d
Ar(i) = 0 (6d)

Py,
Pasl gz (1‘%@) - {Pi

where 7 (i) denotes the index of the parent of node . Here,
P € (0,1) and P, € (0,1) are known constants denoting the
probabilities that the signal coefficient s; is large if the corre-
sponding parent signal coefficient is large or small, respectively.

The expected number of large-magnitude signal coefficients
is

E (7a)

Zp:q.,;] i (1 + 3Lzl4fpf>

i=1 =0

where P is the marginal probability that a state variable in the
£th tree level is equal to one, computed recursively as follows:

Pr=P 1Pu+(1—-P )P (7b)
initialized by Py = Proot-

Our wavelet tree structure consists of | 7.0t | trees and spans
all signal wavelet coefficients except the approximation coeffi-
cients; hence, the set of indices of the wavelet coefficients within
the trees is

=v({1,2,....0} x{1,2,....k})\ A (82)
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Define also the set of leaf variable node indices within the tree

structure as
A [{12%}

x{lQ%}]) (8b)

see Fig. 1. We have 5 tuning parameters Proo¢, Pr1, PL, ~2, and
€2, each with a clear meaning. A fairly crude choice of these
parameters is sufficient for achieving good reconstruction per-
formance, see Section V.

The logarithm of the prior pmf pg(g) is

Zln Ug; = 1)]

Troat = v ([{1 2,0k x {1,2,.

It pg(gq) = const +

i€ A
+ Z qllnPIOOt +(1 _QL)ln( Loot)
€T 001
+| > e InPu
€T\ Troot
+ (1 = g¢i)¢r (i) (1 — Pr)
+ ¢ (1 = ¢r(sy) In P
+(1 = qi) (1 = gasy) In(1 — PL)] ©

where const denotes the terms that are not functions of q.

A. Bayesian Inference

Define the vectors of state variables and signal coefficients

T
o=[07 o5 - o] . bi=lwsl" (0

The joint posterior distribution of 8 and &2 is

Do, Uz\y(o UQly)
X Pyls,o2 (y|s a )ps\q a?

(slg ( o2(0%)
2) (P N+2)/2 ( )[ 52 @
2

.exp{—()5”y Asls 5 DQ()] )
a

x (o

which implies

Po2j0.y(0%10.y)

1(41)8>

p+ N
(12a)
Pojo 4(0]0%. y)
-H 2 TD—l
oo ol 47D g
c Oozllq
(5) Pa(®). (120)
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We integrate the noise variance parameter from the joint poste-
rior distribution as follows (see also [16, (5.5) on p. 126]):

2\0? >
pﬂ,az\y(o: 02|y) pq(q) (W_Q)
pG\y(0|y) = 2|9 ‘ PN
pag\ﬂ,y(a | y) lly—Hs||3+s" D1 (q)s ] 2
[
(13a)
For a fixed ¢, (13a) is maximized with respect to 8 at
_ -1
8(q) = D(q)H” [In + HD(@H"] 'y (13b)

which is the Bayesian linear-model minimum mean-square
error (MMSE) estimator of s for a given ¢ [19, Theorem 11.1].
As €% decreases to zero, 8(q) becomes more sparse (becoming
exactly sparse for €2 = 0); as €2 increases, 8(q) becomes less
sparse.

Substituting (13b) into (13a) yields the concentrated (profile)
marginal posterior distribution:

2 0.5211%
Pq(q) (?)
maxpo‘y(ﬂ'y) o —= (13¢)
§ {yT[IN+HD(4)HT1‘1y} 2
p+N

which is a function of the state variables g only.

We wish to maximize (13a) with respect to #, but cannot
perform this task directly. Consequently, we adopt an indirect
approach: We first develop an EM algorithm for maximizing
pejo2 y(flo®,y) in (12b) for a given o (Section III) and
then apply a grid search scheme for selecting the best noise
variance parameter o> so that the estimated signal and state
variables have the largest marginal posterior distribution (13a)
(Section 1V).

III. AN EM ALGORITHM FOR MAXIMIZING pgj,2 4 (8|02, )
Motivated by [13, Sec. V.A], we introduce the following hi-
erarchical two-stage model:
Py|z,02 (y‘z7 02) :N (y|sz 0'2(IN - HHT))
Pais02(2]8,0%) =N (z|s,0°1,)

(14a)
(14b)

where 2 is ap x 1 vector of missing data. Observe that the spec-
tral norm condition (3) guarantees that the covariance matrix
o?(Ix — HH?) in (14a) is positive semidefinite.

Our EM algorithm for maximizing pg),2 ,(#|c?, %) in (12b)
consists of iterating between the following E and M steps (see
Appendix A):2

E step : 20 éEz|a2,y,s [z|02?y,3(j)}

(15)

2If the spectral norm of the sensing matrix H cannot be easily determined or
estimated [and, therefore, (3) cannot be ensured], we can introduce an adaptive
positive step size that multiplies the second summand in the E step (15); we
also need to divide the first summand in (16a) by this quantity. Then, the step
size adaptation can be performed along the lines of [20], with goal to ensure
monotonicity of the EM iteration. Such a step size adaptation (which, in effect,
estimates the spectral norm of H ) is typically completed within the first few EM
iterations.
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2 P
M step : 80+ — 1 1500 (= i
step + 607 = argmascq I rg(@) 4050 5 ) 3

_0_5|z<.n_3||g+sTD1@3}

o2

(16a)

:argmaaxhlpo‘ﬂz’z (0|02,z(j)) (16b)

where 7 denotes the iteration index. See, e.g., [17, Sec. 11.4],
[21], and [22] for a general exposition on the EM algorithm and
its properties and [16, Chapter 12.3] for its Bayesian version.
To simplify the notation, we omit the dependence of the iterates
8 on o2 in this section. Denote by g(+o°) g(+0) and g{+)
the estimates of 8, 8, and ¢ obtained upon convergence of the
above EM iteration.

For any two consecutive iterations 7 and 7 + 1, this EM al-
gorithm ensures that the objective posterior function does not
decrease, i.e.,

Poiory (897010, y) 2 Py (89)10%y)  (17)

see Appendix A. Monotonic convergence is also a key general
property of the EM-type algorithms [22].

Theorem 1: The signal and binary state variable estimates
8(T°°) and ¢(+>°) obtained upon convergence of the EM itera-
tion (15), (16) satisfy

g(+oe) — 3 (q(+00)) ] (18)

Hence, this iteration provides an estimate q{t°°) of the vector of
state variables g as well as finds the solution (13b) of the under-
lying linear system to obtain the corresponding signal estimate.

Proof: See Appendix A. O

Consequently, as €2 decreases to zero, 8(t°°) becomes more
sparse; as €2 increases, 8(T°°) becomes less sparse.

Note that the M step in (16b) is equivalent to maximizing
po‘gg,z(G\rr?, z) for the missing data vector 2 = 2(). In
the following section, we describe efficient maximization of
pejo2 2007, 2).

A. M Step: Maximizing pg),2 .(8|0?, z)

Before we proceed, define

5:(0)

2
‘ 5(1) = —

:—i* :—i 1
1—0—622" l—l—'yQZ (19)

where we omit the dependence of §;(0) and 5;(1) on z; to sim-
plify the notation.
Observe that

Pojo2 20107, 2) X P, |02 2 (84|07, 2)poy |02 - (87]07, 2) (20)

where 8 4 and 87 consist of 8;,7 € A and f;,7 € T, respec-
tively, and

])0A|02,z(0./4|0-2a z) O<H N(zi]s:, 02N (5|0, v 0*)1(g: =1)

€A
(21a)
peT‘azjz(eT |(T2, Z) OC{ H /V(zi|si, 0’2) [,/\/’(81“0., 720'2)] «
€T

- [N (4]0, 6202)] b } Pa, (@7)- (21D)



SONG AND DOGANDZIC: A MAX-PRODUCT EM ALGORITHM FOR RECONSTRUCTING MARKOV-TREE SPARSE SIGNALS FROM COMPRESSIVE SAMPLES

Fig. 2. A HMT, part of the probabilistic model (21b).

Here, (21a) follows from (6a) and (21b) corresponds to the HMT
probabilistic model that contains no loops. Fig. 2 depicts an
HMT that is a part of the probabilistic model (21b). Maximizing
pgA‘Uz,z(0A|O'2, 2)Y in (21a) with respect to 8;, 7 € A yields

0, =151, icA (22)
where we have used the identity (Bla) in Appendix B.

We now apply the max-product belief propagation algorithm
[23]-[25] to each tree in our wavelet tree structure, with the
goal to find the mode of pg, j,2 . (87|07, z). We represent the
HMT probabilistic model for p97|(,27z(07"0'2, z) via potential
functions as [see (21b)]

H Pi(0:)%: ri) (@i n(iy)

€T \Troat
H ¥i (0

1€ o0t

p01\02,2(07|0—27 Z) X

i)] (23)

where

I/JL (OL) = J'\/(Z'i 8y, 02) [./\“S”O, ’}/20'2)] . [N(Sz‘[) 620'2)] L

(24a)

fori € 7\ Zioot,
)i(8:) = N %) [ProotN (510, 7 02>]q’

: [(1 - Proot)J\[( 34

(Z'i,|3ri,n

211" (24b)

for i € Tioot, and

[PHQi(l _ PH)lfq,-]flﬁ(r,:)
RO - PO o)

Wity (G0 de(i)) =

fori € 7\ Tioot-

Our algorithm for maximizing (23) consists of computing and
passing upward and downward messages and calculating and
maximizing beliefs.

1) Computing and Passing Upward Messages: We propa-
gate the upward messages from the lowest decomposition level
(i.e., the leaves) towards the root of the tree. Fig. 3(a) depicts
the computation of the upward message from variable node 6;
to its parent node 6, ;) wherein we also define a child of 6;
as a variable node ;. with index & € c¢h(i), where ch(i) is
the index set of the children of é: for i = w(iy, i), ch(i) =
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/\a

()

\9

(10} J
:L l—)ﬂ(l) (q”(t))
(i)
A o 72%
4 X

RN
J \/ N4 \/
NN AN AN
(e )kEch(t) (q)kemb(t)
(a) (b)

Fig. 3. Computing and passing (a) upward and (b) downward messages.

{U((2I/1 — 1, 2L2 - 1), (2L1 - 1/ 2L2), (2L1 252 - 1)/(2“. 2&2))}
Here, we use a circle and an edge with an arrow to denote a vari-
able node and a message, respectively. The upward messages
have the following general form [24]:

Mi—r (i) (%(i))

(25)

H mkﬁz (_IL

= amax i (0) i x i) (
’ kech(s)

iy A (i )

where o > ( denotes a normalizing constant used for computa-
tional stability [24]. For nodes with no children (corresponding
to level L, ie., i € Tiear), we set the multiplicative term
ITieen(iy mu—i(8:) in (25) to one.

In Appendix B-I, we show that the only two candidates for 8,
in the maximization of (25) are [0,5;(0)]7 and [1,5;(1)]7, see
also (19).

Substituting these candidates into (25) and normalizing the
messages yields (see Appendix B-I)

= [ 0)) 1 [ (1)) (26a)

M (i) (Un(iy)

where [11(0), 2 (1D)]F =

_ [Inax {l/(‘]‘z ® nf} ,max {Vlll,i @ nf}] 4
max {Vb",i ® i} + max {V‘fL ®nd}
[exp (hl (Illax{l/&i@n;‘ ) —1In (max {V‘fﬂn}f})) , 1] 4
~ 14cxp (111 (max {Vb‘:i @r)?}) —In (max {Vlll,i @n?}))

(26b)
vy, =[1- P, PL]" © ¢(z) (26¢)
vy, =[1— Py, Pa]" ©¢(z) (26d)
@k-g }()ll’z /I:ET\,ZIeaf
}‘1 — cli(2 2
ﬂL { [1’ 1}T7 { € ,]ieaf ( 63)

T
exp (—() 5 _faz /3)

exp (—().Sﬁ)
(26f)

$(z)= ;

€ Y

and ¢ = Ve2 > 0 and v = \/7\2 > 0. A numerically stable
implementation of (26b) that we employ is illustrated in the
second expression in (26b). Similarly, the elementwise products
in (26¢)—(26e) are implemented as exponentiated sums of loga-
rithms of the product terms.

2) Computing and Passing Downward Messages: Upon ob-
taining all the upward messages, we now compute the down-
ward messages and propagate them from the root towards the
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lowest level (i.e., the leaves). Fig. 3(b) depicts the computa-
tion of the downward message from the parent 8- ;) to the vari-
able node 8;, which involves upward messages to 0,r( ;) from its
other children, i.e. the siblings of 8;, marked as 8, k € sib(i).
This downward message also requires the message sent to f;)
from its parent node, which is the grandparent of #;, denoted by

0,,(i). The downward messages have the general form [24]:

mﬁ(i)m(qq:) = 1011?}){ {Q./}W(i) (971'(21)) @/Jm(i) ((17:, qﬂ'(i))

Mgp(iyor(i) (@n(i)) H M (i) (An()) (27)

kesib(4)

where @ > 0 denotes a normalizing constant used for compu-
tational stability. For the variable nodes ¢ in the second decom-
position level that have no grandparents (i.e., 7(i) € Zro0t), We
set the multiplicative term 7mgp, (i) (5) (=(s)) in (27) to one.
In Appendix B-II, we show that the only two candidates
for @(; in the maximization of (27) are [(),?W(,L-)(())]T and
[1, %) (1)]7, see also (19). Substituting these candidates into
(27) and normalizing the messages yields (see Appendix B-II)

Mer(iy—i (@) = [/L?(U)]Pqi [/l/?(l)]ql

for 7(i) € T \ Tieat, where [12$(0), pd(1)]T = p and

(28a)

d [max {1/8’1; © 'r)?} , Inax {Vil,qt ©) 7)‘,1}] T
- max {Vg,z‘ ® 'r);l} + max {1/‘11Z ® 17;1}

[cxp (ln (max{l/g’i ® 17;1}) — (ln max{v‘ii @n?})) . 1]T
- 1+exp (ln (max {V&i @'r),‘}}) fln(max {Vi,i © ’17?}))

I

(28b)

Vi, =[1-Pu,1— Pl ©6(2:(5)) @ [ O “J (28¢)
IJcEsib(i) J

vi =P, Pal" 04 ()| O i (284)

ke€sib(t)
7F(L) S ,Z;oot

[1 — Prootv PrOOt]T7 28
7(i) € (T \ Trgon) \ Trea*

d
n = { d
“ﬂ'(i)"

A numerically stable implementation of (28b) that we employ
is illustrated in the second expression in (28b).

The above upward and downward messages have discrete
representations, which is practically important and is a conse-
quence of the fact that we use a Gaussian prior on the signal
coefficients, see (5). Indeed, in contrast with the existing mes-
sage passing algorithms for compressive sampling [6], [9]-[11],
our max-product scheme employs exact messages.

3) Maximizing Beliefs: Upon computing and passing all
the upward and downward messages, we maximize the beliefs,
which have the following general form [24]:

b(0:) = i (0:)mr(iy—i(qs) H mg—i(gi)

kech(i)

(29)
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for each ¢ € 7, where o > 0 is a normalizing constant. [In (29),
we set r(i)—i(g;) = 1if i € Troor and Hk,,ech(i) Mp—i(qi) =
1 if ¢ € 7j.ar.] We then use these beliefs to obtain the mode

5’]’ = arg Ilgaxp67|a2,2(07‘027 z) (30)
T
where the elements of 57 are [see (19)]
0; = [3:,5:(3)]" = arg maxb(8;)
e ) 3.
— { [1ai2(1)]Ta Bi(1) 2 3:(0) . ieT (3la)
[0,5;(0)] , otherwise
and
B = [6:(0), B(1)]"
— { 051[1 - Pl‘OOt:PI‘OOt]T @ ¢(zi> @ "7? Z € Zoot
a1 d(z) © ud © i € T\ Toot
(31b)

Here, a1 > 01is a normalizing constant. The detailed derivation
for the forms of #; and B, in (31) is provided in Appendix B-III.

IV. SELECTING ¢ VIA GRID SEARCH

We can integrate o out, yielding the marginal posterior of
# in (13a), and derive an ‘outer’ EM iteration for maximizing
Pg|y(8|y). Even though it guarantees monotonic increase of the
marginal posterior pg|, (8]y), the ‘outer” EM iteration does not
work well in practice because it gets stuck in an undesirable
local maximum of pg), (f|y). To find a better (generally local)
maximum of pg|,(f]y), we apply a grid search over a? as
follows.

We apply the EM algorithm in Section III using a range of
values of the regularization parameter o2. We traverse the grid
of K values of o2 sequentially and use the signal estimate from
the previous grid point to initialize the signal estimation at the
current grid point (as depicted in Fig. 4): in particular, we move
from a larger o2 (say o2, ) to the next smaller o2, (< 02,,) and
use 8(t°°) (42 ) (obtained upon convergence of the EM itera-
tion in Section I1I for 0% = o2, ) to initialize the EM iteration at

o2 . The largest o2 on the grid and the initial signal estimate

new:

at this grid point are selected as

913 0
OhMAX = P+ N 6 (031ax) = O2px1. (32a)
The consecutive grid points o2, and o2, satisfy
2
. a
Toow = —3° (32b)

where d > 1 is a constant determining the search resolution.
Finally, we select the o> from the above grid of candidates that
yields the largest marginal posterior distribution (13a):

o =arg ‘ _ max pe\y(9(+w)(02)|y)
Uze{”%m\x=Ui/rAX/d="'vU%I.—\X/dKil}

(33)
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Fig. 4. Grid search for selecting o-2.

and the final estimates of § and s as 67> (0%) and s(+>)(02),
respectively, see Fig. 4.

V. NUMERICAL EXAMPLES

We compare the reconstruction performances of the fol-
lowing methods: (a) our proposed max-product EM (MP-EM)
algorithm in Section IIT with the variance parameter o> selected
via grid search using the marginal-posterior based criterion in
Section IV, search resolution d = 2, and zero initial signal
estimate:

80 =0, (34)
with Matlab implementations available at http://home.eng.ias-
tate.edu/~ald/MPEM.html; (b) our MP-EM algorithm in
Section III with o2 tuned manually for good performance
(labeled MP-EMqpr) with d = 2 and zero $(9 in (34),
used as a benchmark; (c¢) the Gaussian-mixture version of
the turbo-AMP approach [6] with a Matlab implementation
in [26] and the tuning hyperparameters chosen as the default
values? in this implementation; (d) the fixed-point continuation
active set (FPCag) algorithm [27] that aims at minimizing the
Lagrangian cost function

0.5]ly — Hs|)3 + 7llsllx (35a)
with the regularization parameter = computed as
7 =10"|H || (35b)

where ¢ is a tuning parameter chosen manually to achieve good
reconstruction performance; (e) the Barzilai-Borwein version
of the gradient-projection for sparse reconstruction (GPSR)
method with debiasing in [28, Sec. III.B] with the convergence
threshold tolP = 10 % and tuning parameter a in (35b)
chosen manually to achieve good reconstruction performance;
(f) the normalized iterative hard thresholding (NIHT) scheme
[29] initialized by the zero (% in (34); (g) the model-based
iterative hard thresholding (MB-IHT) algorithm [7] using a
greedy tree approximation [30], initialized by the zero (%) in

3These default values were designed for a set of approximately sparse wavelet
coefficients of natural images, see [6], which differ from the simulated signals
in Section V-A.

5923

(34). (h) the VB tree-structured compressive sensing [5] with a
Matlab implementation in [31] and the tuning hyperparameters
chosen as the default values in this implementation;* For the
MP-EM, NIHT, and MB-IHT iterations, we use the following
convergence criterion:

|8G+D — g ||§ ‘
—= < (36)
b
where 4 > 0 is the convergence threshold selected in the fol-
lowing examples so that the performances of the above methods
do not change significantly by further decreasing é.
For MP-EM, we set the tuning constants in all following ex-

amples as’

PL=107°
(37

4% =1000, =01, Poor=Pyu=02,
ED Y a
which leads to % = 0.0108.
The sensing matrix H has the following structure:

1
H=—oU
2

(3%

where @ is the N x p sampling matrix and W is the p X p or-
thogonal transform matrix (satisfying W7 = I,,). Note that H
in (38) satisfies the spectral norm condition (3). We set the tree
depth L. = 4.

A. Small-Scale Structured Sparse Signal Reconstruction

We generated the binary state variables ¢ of length p = 1024
using the Markov tree model in Section II. Conditional on ¢;, $;
are generated according to (5a). Here, the matrix-to-vector con-
version operator () corresponds to simple columnwise con-
version, except for VB whose implementation [31] requires the
use of Matlab’s wavedec2 function for this purpose. The sam-
pling matrix ® in (38) have been simulated using

(i) a white Gaussian matrix whose entries are i.i.d. standard

Gaussian random variables,
(i) a row-correlated Gaussian matrix with i.i.d. zero-mean

Gaussian columns (indexed by & = 1,2,...,p) having
covariance matrix whose (i, 7)th element is
cov(®y g, @) =7 i j=1,2,... N (39a)

useful, e.g., in modeling time-series data [32, Sec. 5], and
(iii)) a column-correlated Gaussian matrix with 1i.i.d.
zero-mean Gaussian rows (indexed by & = 1,2,..., N)
having covariance matrices whose (4, 7 )th element is
cov(®p, B ;) =" dij=1,2,...,p.  (39b)
The general column correlation model (iii) for the design
(sensing) matrices is analyzed in [32]-[34], see also [35]-[37],
which employ this correlation structure. Correlations among

4We scaled the sensing matrix H by \/p/tr(HHT) prior to applying the
VB method, which helped improve its performance compared with using the
unscaled H . This scaling is applied in the turbo-AMP implementation [26].

5The selections of 42 and €2 in (37) enforce a purely sparse signal model
because v2 3> €2. When selecting Pyoos, Pu, and Py, we suggest to use (7a)
and check that the expected number of large-magnitude signal coefficients is
roughly of the order of the signal sparsity level that we expect. For example, the
selections in (37) lead to the normalized expected number of large-magnitude
signal coefficients E[}-?_ ¢;]/p = 0.0108.
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columns of the design matrices occur e.g., in genomic ap-
plications [38, Sec. 18.4] and spatially correlated designs are
relevant to functional magnetic resonance imaging (fMRI) [39].

The transform matrix ¥ in (38) is chosen to be identity: ¥ =
I,,. Hence, in this example, the sampling and sensing matrices
® and H are the same up to a proportionality constant.

We simulate the observation vectors % using the measure-
ment and prior models in (2), (5), and (6) and following model
parameters:

(Proot)* = (PH)* = 057
~2 e {10°,10%,10°} (40)
where the subscripts » emphasize that these selections are the
true model parameters employed to simulate the measurements
and are generally different from the tuning constants (37) em-
ployed by the MP-EM method. Here, our goal is to show the
performance of the MP-EM method in the case where there is
a mismatch between the tuning parameters and corresponding
true model parameters. The choices (Py), , (Proot),, and (Fr.)
in (40) correspond to the normalized expected number of large-

magnitude signal coefficients @ = 0.0919, computed
using (7a).

We vary the values of v to test the performances of various
methods at different signal-to-noise ratios (SNRs).

Our performance metric is the average normalized mean-
square error (NMSE) of an estimate s of the signal coefficient
vector (used also in e.g., [40]):

~ 2
NI\/ISE{E} =Egay [|3 3”2} (41)

18113
computed using 500 Monte Carlo trials, where averaging is per-
formed over the random Gaussian sampling matrices P, signal
8, and measurements ¥.

We select the convergence threshold in (36) to 6 = 10719,
For MP-EM and MP-EMgopt, we set the grid length K = 16.
The tuning parameters for MP-EM are given in (37).

The NIHT and MB-IHT methods require knowledge of the
signal sparsity level (i.e., an upper bound on the number of
nonzero coefficients); in this example, we set the signal sparsity
level for these methods to the exact number of large-magnitude
signal coefficients le ¢;. For GPSR and FPC g, we vary o
in (35b) within the set {—1, -2, -3, —4, -5, -6, -7, —8, -9}
and, for each N/p and each of the two methods, we use the op-
timal a that achieves the smallest NMSE.

The turbo-AMP implementation in [26] requires a function
input xRange that corresponds to the range of the input signal
Ws. In this example, we set the value of this tuning constant to
six standard deviations of the signal coefficients in s:

xRange — 60*\/M M) €2
p p
(42)

where o, = \/E ; turbo-AMP with this selection performs
well compared with other choices of xRange that we tested.
Selecting too small or too large xRange would lead to deteri-
orated performance of turbo-AMP. Turbo-AMP is particularly
sensitive to underestimation of this quantity and less sensitive
to selecting larger values than optimal.

73—!—(1

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 61, NO. 23, DECEMBER 1, 2013

1) White and Row-Correlated Sensing Matrices: Fig. 5
shows the NMSEs of different methods as functions of the
subsampling factor N/p for the three choices of v2 in (40),
corresponding to relatively low, medium, and high SNRs, and
white and row-correlated sensing matrices with correlation pa-
rameter = 0.2 in (39a). Here, a larger value of the high-signal
relative variance v2 implies a relatively higher SNR. Indeed, for
each method, the signal with higher SNR can be reconstructed
with a smaller NMSE than the signal with lower SNR: Compare
Figs. 5(a), 5(c), and (5e) as well as Figs. 5(b), 5(d), and 5(f).

For white Gaussian sampling matrices, the methods that
employ the probabilistic tree structure of the signal coeffi-
cients (turbo-AMP, MP-EM, MP-EMgpr, and VB) clearly
outperform all other approaches, see Figs. 5(a), 5(c), and 5(e).
For row-correlated Gaussian sampling matrices, MP-EM and
MP-EMgopr achieve the best overall performances, followed
by the VB method; turbo-AMP is sensitive to introducing
correlation among elements of the sampling matrix ¢ and
performs poorly for smaller N/p, see Figs. 5(b), 5(d), and 5(f).

For white Gaussian sampling matrices, we observe the
following:

+ at low SNR, MP-EM and MP-EMpr outperform other

approaches when N/p > 0.275, see Fig. 5(a);

e at medium and high SNRs, turbo-AMP achieves the
best overall performance, followed by MP-EMgpr and
MP-EM, see Figs. 5(c) and 5(e).

The NIHT method performs relatively poorly for smaller
N/p, but improves as N/p increases. For sufficiently high
N/p, NIHT achieves smaller NMSEs than other methods that
do not exploit the probabilistic tree structure.

In Fig. 5, the NMSEs of MP-EM are close to those of
MP-EMgopt, which implies that the marginal-posterior based
criterion in Section IV selects the noise variance parameter
well in this example.

The performance of turbo-AMP deteriorates with introduc-
tion of correlation among elements of the sampling matrix ®:
The NMSEs of turbo-AMP for some subsampling factors are
more than an order of magnitude larger for row-correlated sam-
pling matrices than for white sampling matrices. In contrast, the
NMSE:s for all the other methods increase only slightly when
we introduce sampling matrix correlation (39a), compare the
left and right-hand sides of Fig. 5. Increasing this correlation by
increasing - to 0.3 in (39a) results in further performance dete-
rioration of turbo-AMP (i.e., turbo-AMP has very high NMSEs
for all N/p in this case), whereas the competing methods con-
tinue to perform well.

The VB method performs well under both white and row-cor-
related sensing matrix scenarios and turbo-AMP has a superior
reconstruction performance under the white sensing matrix sce-
nario. These good performances are likely facilitated by the fact
that VB and turbo-AMP learn the Markov tree parameters from
the measurements.

2) Column-Correlated Sensing Matrices: Fig. 6(a) shows
the NMSEs of different methods as functions of the subsam-
pling factor N/p for column-correlated sampling matrices
having the correlation constant ¢ = 0.2 in (39b) under the
medium SNR scenario. Here, MP-EM and MP-EMgpt have
the smallest NMSEs over nearly the entire range of N/p
considered. Fig. 6(b) shows the NMSEs as functions of ¢ for
N/p fixed at 0.4. Here, only turbo-AMP is very sensitive to
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Fig. 5. NMSEs as functions of the subsampling factor N/ p for (a)-(b) low SNR with 2 = 10%, (c)-(d) medium SNR with 42 = 10*, and (e)-(f) high SNR with

I

~+2 = 10° using [left: (a), (c), (¢)] white and [right: (b), (d), ()] row-correlated sensing matrices with correlation parameter ++ = 0.2, respectively.

the presence of correlations among the elements of the sam- We also observe numerical instability of turbo-AMP when
pling matrix, whereas all other methods vary only slightly as  correlated Gaussian sampling matrices are employed, which is
functions of c. exhibited by the oscillatory behavior of its NMSEs in the right
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Fig. 7. (a) NMSEs and (b) CPU times as functions of the correlation parameter r for the 128 x 128 ‘Cameraman’ image when N/p = 0.3.

side of Fig. 5 and in Fig. 6 [demanding more averaging than the
500 Monte Carlo trials that we employ to estimate (41)].

We simulated sampling matrices ® that have variable column
norms or row norms, which led to deteriorating performances of
turbo-AMP in both cases, whereas the competing methods per-
form well. The fact that turbo-AMP has been derived assuming
Gaussian sensing matrices with i.i.d. elements explains its poor
performance for sensing matrices that deviate sufficiently from
this assumption.

The MB-IHT method, which employs a greedy tree approx-
imation and deterministic tree structure, achieves quite a poor
NMSE performance in Figs. 5 and 6. A relatively poor perfor-
mance of MB-COSAMP (which employs the same determin-
istic tree structure) has also been reported in [6, Sec. I[V.B].

B. Image Reconstruction

We reconstruct 128 x 128 and 256 X 256 test images from
noiseless compressive samples (62 = 0). Here, the matrix-to-
vector conversion operator u(-) is based on the columnwise con-
version for 128 x 128 images, and Matlab wavelet decompo-
sition function wavedec2 with Haar wavelet for 256 x 256
images, which has also been used in [4] and [6]. Before taking

the wavelet transform, we subtract the mean of original image
to ensure that Ws has zero mean.

For turbo-AMP, we set the function input xRange to 255,
which is the difference between the minimum and maximum
possible image values in this example. Observe that the
turbo-AMP implementation in [26] needs additional prior
information about the signal range, which is not required by
other methods.

1) Medium Scale With Row-Correlated Gaussian Sampling
Matrices: We reconstruct the 128 x 128 ‘Cameraman’ image
(cropped from the original 256 x 256 image in Fig. 9(b), as was
also done in [26], [31] and corresponding papers [5], [6]) from
compressive samples generated using row-correlated Gaussian
sampling matrices with covariances between the elements de-
scribed by (39a). Our performance metric is the NMSE in (41)
computed using 10 Monte Carlo trials, where the averaging is
performed only over the random Gaussian sampling matrices ¢.

In this example, the convergence threshold in (36) is set to

= 0.01. For MP-EM and MP-EMgpr, we set the grid length
K = 16. The tuning parameters for MP-EM are given in (37).

The authors thank Dr. Subhojit Som from Microsoft Inc. for the correspon-
dence with regard to setting this parameter.
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We set the sparsity level » for NIHT as 2000N/p and
2500N/p for MB-IHT, tuned for good NMSE performance.

Fig. 7 shows the NMSEs and CPU times of different methods
reconstructing the 128 x 128 ‘Cameraman’ image as functions
of the correlation parameter 7 in (39a) with N/p 0.3.
Since MP-EM and MP-EMgp1 have the same runtime, we
report only that of MP-EM in Fig. 7(b). Turbo-AMP has the
smallest NMSE when N/p < 0.12. However, its NMSE in-
creases sharply as » becomes larger: turbo-AMP has the largest
NMSE when N/p > 0.22. In contrast, the NMSEs for all the
other methods keep nearly constants as we increase r. The
MP-EM, MP-EMgpr, and VB methods have smaller NMSEs
than GPSR, FPC4g, NIHT, and MB-IHT for all the corre-
lation coefficients  considered. The VB approach performs
slightly better than MP-EM, but is slower than MP-EM and
MP-EMgopr. In terms of CPU time, NIHT is the fastest among
all the methods compared and turbo-AMP requires 0.3 s to 8.6
s more than NIHT, both of which are faster than the remaining
methods.” The VB scheme consumes the largest amount of
CPU time among all the methods for all the correlation coef-
ficient 7 considered; MP-EM and MP-EMqpt are faster than
GPSR, FPC 45, MB-IHT, and VB.

As before, the good performance of VB is likely facilitated
by the fact that it learns the Markov tree parameters from the
measurements.

Fig. 8 shows the reconstructed 128 x 128 ‘Cameraman’
image by the best four methods for N/p = 0.3 and r = 0.2
using one realization of the sampling matrix ®. In Fig. 8, we
also report the peak signal-to-noise ratios (PSNRs) of these
methods, where the PSNR of an estimated signal 8 is defined
as [41, eq. (3.7)]:

2
I%NMﬂﬁzlm%m{wmh“X@ﬂMm]}.MQ

18— sl3/p

2) Large Scale With Structurally Random Sampling Ma-
trices: We now reconstruct several 256 x 256 test images
shown in Fig. 9 from compressive samples. The sampling
matrix ® is generated from structurally random compressive
samples [42] and the transform matrix ¥ in (38) is the p X p or-
thogonal inverse Haar wavelet transform matrix, which implies
that the sensing matrix H has orthonormal rows: H H T = JIn
and, consequently, ps = pg = 1. Our performance metric in
this example is the PSNR, see (43).

In this example, the convergence threshold in (36) is set to
6 = 0.1. For MP-EM and MP-EMgupr, we set the grid length
K = 12. The tuning parameters for MP-EM are the same as
before and given in (37).

We set the signal sparsity levels for NIHT and MB-IHT to
10000 N/p and 15000 N/p, respectively, tuned for good PSNR
performance. For FPC g and GPSR, we set the regularization
parameter a = —3 [see (35b)], which yields generally the best
PSNR performance for these two methods.

We do not include the VB method in this example because its
implementation [31] cannot be applied to reconstruct the large-
scale images in Fig. 9.

Fig. 10 shows the PSNRs and CPU times of different methods
reconstructing the 256 x 256 ‘Cameraman’ image, as functions

"Regarding the reported CPU time, note that the turbo-AMP code does not
use Matlab only, but combines Matlab and JAVA codes.
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Fig. 8. The 128 x 128 ‘Cameraman’ image reconstructed by various methods
forr = 0.2and N/p = 0.3. (a) MP-EMopr (PSNR 26.3 dB); (b) VB (PSNR
25.8 dB); (c) MP-EM (PSNR 24.9 dB); (d) turbo-AMP (PSNR 23.8 dB).

TABLE 1
PSNRs FOR N/p = 0.35

NIHT MB-IHT FPCas GPSR turbo-AMP MP-EM MP-EMgpr

Lena 243 24.8 253 255 29.2 27.8 27.9
Cameraman  26.0 26.0 26.8 26.8 30.6 29.9 30.1
House 29.8 29.7 30.5 30.5 334 326 33.1
Boat 225 229 23.7 24.0 27.1 26.1 26.1
Einstein 26.9 274 274 27.7 30.4 30.0 30.0
Peppers 258 262 26.1 262 30.2 292 293
Couple 28.8 29.1 30.3 302 33.6 326 327

of the subsampling factor N/p. Turbo-AMP has the highest
PSNRs for all N/p. The performances of MP-EM and
MP-EMgopr are close to that of turbo-AMP: the PSNRs of
MP-EMgopt are 0.4 dB to 0.7 dB less than those of turbo-AMP.
Moreover, the PSNR improvement for MP-EM against its other
closest competitors varies between 2.1 dB to 3.2 dB. In terms
of CPU time, NIHT is the fastest among all the methods com-
pared; turbo-AMP is the second fastest and takes around 4 s
for each N/p. The MP-EM method requires 3.3 s to 6.5 s more
than turbo-AMP, but is clearly faster than GPSR, FPC4g, and
MB-IHT for nearly all measurement points. As before, MP-EM
and MP-EMqupr have the same runtime and we report only
that of MP-EM in Fig. 10(b).

Table 1 shows the PSNRs of the compared methods for
different images and N/p equal to 0.35. The MP-EM,
MP-EMgopr, and turbo-AMP methods clearly outperform
the other methods for every image. In Table I, turbo-AMP is
better than MP-EMopr and MP-EM for all the images: The
improvement in terms of PSNR varies between 0.3 dB and
1.4 dB.

In Fig. 10 and Table I, MB-IHT achieves a fair performance
and consumes the largest amount of CPU time. Turbo-AMP per-
forms well for all N/p and images and outperforms all competi-
tors, which is likely because
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Fig. 10. (a) PSNRs and (b) CPU times as functions of the subsampling factor
N/p for the 256 x 256 ‘Cameraman’ image.

* it uses a more general prior on the binary state variables
(than our MP-EM method), which allows the tree proba-
bility parameters Py, Pr, 2, and €2 to vary between the
signal decomposition levels, and

e Jearns the tree probability parameters
measurements.

In contrast, our MP-EM method employs the crude choices of
the tree and other tuning parameters in (37).

Fig. 11 shows the reconstructed 256 x 256 ‘Cameraman’
image by the best four methods for N/p = 0.35: In this
case, the turbo-AMP algorithm achieves the best reconstructed
image quality compared with other methods, followed closely

from the

) © @
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Fig. 11. The ‘Cameraman’ image reconstructed by various method for
N/p = 0.33. (a) turbo-AMP (PSNR = 30.59 dB); (b) MP-EMopr
(PSNR = 30.08 dB); (c) MP-EM (PSNR = 29.89 dB); and (d) GPSR
(PSNR 26.83 dB).

by MP-EM and MP-EMgpT; the reconstructions of all other
methods are clearly inferior to these schemes.

VI. CONCLUDING REMARKS

We presented a Bayesian EM algorithm for reconstructing
approximately sparse signal from compressive samples using a
Markov tree prior for the signal coefficients. We employed the
max-product belief propagation algorithm to implement the M
step of the proposed EM iteration. Compared with the existing
message passing algorithms in the compressive sampling area,
our method does not approximate the message form. The simu-
lation results show that our algorithm often outperforms existing
algorithms for simulated signals and standard test images with
different sampling operators and can successfully reconstruct
signals collected by sampling matrices with correlated elements
and variable norms of rows and columns.

Our future work will include the convergence analysis of the
MP-EM algorithm, incorporating other measurement models,
using a more general prior distribution for the binary state
variables, and designing schemes for learning the probabilistic
Markov tree parameters from the measurements.
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APPENDIX A
DERIVATION OF THE MP-EM ITERATION AND PROOFS OF ITS
MONOTONICITY AND THEOREM 1

We first determine the complete-data posterior distribution
and the distribution of the missing data z given the observed
data g and parameters @ and o2. We then use these distributions
to derive the EM iteration in Section III following the standard
approach outlined in, e.g., [16, Sec. 12.3]. Finally, we prove the
monotonicity of the MP-EM iteration in (17) and Theorem 1.

Consider the hierarchical two-stage model in (14). The com-
plete-data posterior distribution for known o2 is

Pe,z|a2,y(9az\02~,?/)
X Pylz,02 (Y12, 0%)Pz1s(2(8)Ds)q 0 (81, 0° )pg(a)
cxp {—0.5(y — Hz)" [C(c?)] ! (y — Hz)}
et [C(0?)]

()
72

- Pq(g) cxp [-0.5]|2 - 8|3 /0

X

—0.58" D ' (q)8/57]

(Ala)

where C(0?) = o?(Ix—HHT). Consequently, the distribution
of the missing data z given the observed data y and parameters
# and o2

pz\aﬂ,y,9(2|02ﬂ Y, 0)
= pz\oz,y,s(zlazv Y, 3)
= N(2|E; o2 y.s(2]0%, 9, 8),cOv 52 4 5 (207, 3, 8)) (Alb)

where

2 T 2471 21t
Fajr ya(2l0” . 8) = {H [C(e®)] ' H+1,/0 }
. {HT [C(e®)] "y + 3/02} (Alc)

coVaion ya(2l0%,y.8) = {HT [C(e*)] " H +1, /02}—1
(Ald)

By using the matrix inversion lemma [43, eq. (2.22), p. 424]
and the following identity [43, p. 425]:
(R+STU)'ST=RS(T'+UR'S) " (A2
we simplify the conditional mean of the missing data in (Alc)
to the familiar backprojection form:

Ero2 yal2lo”,y, 8] =s + H (y— Hs)  (A3)

We now derive the EM iteration in Section III by noting that
the objective function In p9|az,’y(0|02, ) that we aim to maxi-
mize satisfies the following property [see e.g., [16, eq. (12.4)]:
Q (6109) - 7 (86"

In pgjo2 4 (8lo°, y) = (Ada)

where

Q (e 2

z|gz y.0 [lnpg zloty (01 z|r;2’ y)|027 v, 9(_7‘)}
(A4b)
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H(9199) 2

are the expected complete-data log-posterior distribution and
negative entropy of the conditional mlssm% data pdf. The ex-
pected complete-data log-posterior Q{6 follows easily by
taking the logarithm of the complete- data posterior distribution
(Ala), ignoring constant terms (not functions of #), and com-
puting the conditional expectation with respect to the missing
data given the observed data and parameters from the jth itera-
tion. Now, the M step requires maximization of Q(0|0("’)) with
respect to 8:

zlcr- y.8 [ln]’z\(ﬂ yﬂ(z|(f Y 0)|0 Y, 0(7):|
(A4c)

put) = arg max Q (9|9<j)) (A5a)

and (16a) follows.
The monotonicity of the MP-EM iteration in (17) follows
from

In pg|2 (0(‘7+1)|02,y) — lnpo‘,,zﬁy(a(j)|02,y)

— D(pz|a'2,y,0 (Z|o'2’y79(]')> [psio .y (z|a2,y’g(1+1)))
+0Q (a(i+1>|o(:i)) 0 (9<j>|o<j>) -

by the nonnegativity of KL divergence [17, Theorem 2.8.1],
[18, Theorem 8.6.1] and the fact that Q(B(j+1)|0(j>) —
Q(G(j)|0(j)) > 0 because Q(0|0(j)) is maximized at
80U+ Here, (A5b) follows by using the identity H(6)0) —
H(0'18) =D(ps1o2 3,0(210% 4. 8) 210 y 02107, 8)).
Proof of Theorem 1: For a given ¢, (16a) is a quadratic func-
tion of s that is easy to maximize with respect to & [see also

(10)]:
arg max Q (9|0(j)) = [D*l(q) + ]p} 1,0

(ASb)

(A6)

Therefore, the estimates of 8 and ¢ obtained upon convergence
of the EM iteration in Section III to its fixed point satisfy:

s(+oo) = [Dil (q(+°°)) + Ip} e

- [D’l (q(+°°)) + Iprl

. [3(4-00) + HT (y _ HS(-&-OO))} (A7)

where the second equality follows by using (15). Solving (A7)
for 8(+°°) yields

s = [D (¢ 4w H7H]  HTy  (a®)

and (18) follows. O
APPENDIX B
DERIVATION OF THE MESSAGES AND BELIEFS IN SECTION III-A

Before we proceed, note the following useful identities:

arg max N (zis;, 0" )N (5i]0, 7°) = ——— (Bla)
S o T
. CXp( 0.5 =7 _:T )
max N (zisi, 0% )N (si]0,7%) = s BID)
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A. Upward Messages Substituting (B5) into (27) yields

We can use induction to simplify the multiplicative term 7r(i)—i(4i)

. (a1 : (i
IT1ceney mr—ilq:) in (25) as follows: — o max {N(zﬁ(i); Sy, 0) [Mi(i)(l)} ()

| 1™ I
IT me—iley = | T[ wi(o) IT m _ [ ] L-ax)
kEch(i) [k:€cli(i) J IJcEch(i) J(Bz) '[/1;(7:)(0)} (i) [ H /’fii(o)J
see also Fig. 3(a). For leaf nodes i, (B2) becomes an empty qW(ZESih(i)
product and is therefore equal to one by convention.
Substituting (B2) into (25) yields : H (1)
;i) (Gr()) = @ max kesib(i) X
9; \ [Pﬁ'(l _ PH)I—qi](IW(l) [PLq;,(l _ PL)l—ql] (i)
{N(* i ‘72) [N(~5’z‘|0ﬁ202)] ' 2 Qi) 2 1=gx(s)
. . IV (20 0,9209)] " [N (300030, 209] 0
1—q; u u (B6)
N (sil0,20%)] " H 115(0) H (1)
kech(i) kech(s) For ¢; = 0, we have
[PLq,(l _ PL)lqu.:I 1*(1r(i) I:PIf_IIr(l _ PH)l*qi]qW(i)} . 7”77(i)—>i(0) = (1 INax
(B3) ,
1y (0)(1 = PL) H 113 (0)
For g¢;y = 0, we have kesib(i)
Mi—r(i)(0) = cy max 05 ’;r( P
exp | 05510 | /e (D0 - Fe)
(1 - PL) H ﬂz(o) exp (—OSW) /E, ZQ
kech(q) u (1)
[ _| 2 . kel;[(") (1) | exp <—0.5m> [y (B7a)
P H pp(1) | exp (—() 37) /v ¢ (Bda)
IJcECh(i) J +o2y? and for g; = 1, we have
, a1} = .
and, for ¢r(;y = 1, we have (i) —i( 1) = a1 max
hi— 7 (2 1) = d uspe (7
Mien(iy (1) = o max oyOPL| T #k(0) | exp (—0002+(a F2> /¢,
. 22 kesib(i)
o= | I wo) oo (0ozima) e 0 1
ch(i p (1) P i 11 ,il,;(i)J exp| —0. 5(7 +a /7
22 kesib(i)
Pu H pig(1) | exp (0 rm) /v ¢ (B4b) (B7b)
kech(i)
) s where we have used (B1b) with 72 = 6%¢2 and 72 = 62~? and

where we have used (.Blb) with 7'2 =o?¢? and 77 = 077* and «v1 >0 is an appropriate normalizing constant. The only two can-
;> 0 is an appropriate normalizing constant. It follows from  djdates to maximize (B6) are [0, 82 (0 )T and [1,3; (i)(l)]T~
(B1b) that the only two candidates of 8, to maximize (B3) are

[0,5;(0)]" and [1,5;(1)]*. C. Beliefs
Define the vector 8, = [3;(0), 3:(1)]T as
3i(0) = maxb ([0,5]") ., Bi(1)= max b (1, s]") (BY)

B. Downward Messages

Based on the results in Section III-A-1 and Appendix B-I, we
simplify the product of upward messages sent from the siblings

of node i in (27) as follows [see (26a)]: where b(8;) are the beliefs defined in (29).
{ -‘ L—qu(i) 1) Beliefs for the Root Nodes: For root nodes i € T;,q¢, the
u beliefs b(8;) in (29) become
Mip—ni) (Gniiy) = 1 (0 )
A H @) (0n(9) L H il )J b(8;) = aN(z;: 5,0 )[ N(s;0 7202)]%’ [(1 = Proot)
c€sib(7) kesib(d) i PRI root iy Vs root

o | I I’
H Ll (B5) .J\"(si;(),ezaz)]l—qi H 1p(0) H pr(1) . (B9)
! Il ]

kEsib (i) ;ech(i) ccch(s)

see also Fig. 3(b). Note here that for nodes # (i) € Zro0t, we set  and (B8) simplify to [see (B1b)] [5:(0), B;(1)]F = aq[1 —
the message mgp(.;)_,w(i)((]ﬂ(i)) to one by convention. Pioot, mot] © ¢(z;) @



SONG AND DOGANDZIC: A MAX-PRODUCT EM ALGORITHM FOR RECONSTRUCTING MARKOV-TREE SPARSE SIGNALS FROM COMPRESSIVE SAMPLES 5931

2) Beliefs for the Non-Root Nodes: Fori € (T \ Tio0t ), the
beliefs b(8;) in (29) become

b(8:) = N (243 56,0%) [ ()] [ud (1))
N (50,7207 " - [N (540,267

1—q; qi

I wio) IT =) @10

kech(i) kech(i)

and (B8) simplify to [see (B1b)] [3;(0), 3:(1)]T = ca1¢(2:) ®
w o n R
Consequently, the mode 8; is computed as

a9 _, _ [ L)), A1) = Bi(0)
B = arg X b(6:) = { [0,5;(0)], otherwise. (B11)

7

which follows from (Bla).

Note that the normalizing constants < and «¢; in the above up-
ward and downward messages and beliefs have been set so that
My r(i) (0) + M7 (i) (1) =1, Myr(i)—i (0) + mﬂ'(z)ﬂz(l) =1,
and 3;(0) + 3;(1) = 1 respectively.

REFERENCES

[1] M. S. Crouse, R. D. Nowak, and R. G. Baraniuk, “Wavelet-based sta-
tistical signal processing using hidden Markov models,” IEEE Trans.
Signal Process., vol. 46, no. 4, pp. 886-902, Apr. 1998.

[2] J. K. Romberg, H. Choi, and R. G. Baraniuk, “Bayesian tree-structured
image modeling using wavelet-domain hidden markov models,” I[EEE
Trans. Image Process., vol. 10, no. 7, pp. 1056-1068, 2001.

[3] V. Cevher, P. Indyk, L. Carin, and R. G. Baraniuk, “Sparse signal re-
covery and acquisition with graphical models,” IEEE Signal Process.
Mag., vol. 27, no. 6, pp. 92-103, Nov. 2010.

[4] L. He and L. Carin, “Exploiting structure in wavelet-based Bayesian
compressive sensing,” IEEE Trans. Signal Process., vol. 57, no. 9, pp.
3488-3497, Sep. 2009.

[5] L. He, H. Chen, and L. Carin, “Tree-structured compressive sensing
with variational Bayesian analysis,” IEEE Signal Process. Lett., vol.
17, no. 3, pp. 233-236, 2010.

[6] S. Som and P. Schniter, “Compressive imaging using approximate
message passing and a Markov-tree prior,” [EEE Trans. Signal
Process., vol. 60, no. 7, pp. 3439-3448, 2012.

[7] R. G. Baraniuk, V. Cevher, M. F. Duarte, and C. Hegde, “Model-based
compressive sensing,” [EEE Trans. Inf. Theory, vol. 56, no. 4, pp.
1982-2001, Apr. 2010.

[8] Z. Lu, D. Y. Kim, and W. Pearlman, “Wavelet compression of ECG
signals by the set partitioning in hierarchical trees algorithm,” /JEEE
Trans. Biomed. Eng., vol. 47, no. 7, pp. 849-856, 2000.

[9] D. Baron, S. Sarvotham, and R. G. Baraniuk, “Bayesian compressive
sensing via belief propagation,” IEEE Trans. Signal Process., vol. 58,
no. 1, pp. 269-280, 2010.

[10] D. L. Donoho, A. Maleki, and A. Montanari, “Message-passing algo-
rithms for compressed sensing,” Proc. Nat. Acad. Sci, vol. 106, no. 45,
pp. 18 914-18 919, 2009.

[11] P. Schniter, “Turbo reconstruction of structured sparse signals,” in
Proc. Conf. Inf. Sci. Syst., Princeton, NJ, USA, Mar. 2010, pp. 1-6.

[12] S. Rangan, “Generalized approximate message passing for estimation
with random linear mixing,” ArXiv e-prints, Aug. 2012, arXiv: 1010.
5141 [cs.IT] [Online]. Available: http://arxiv.org/abs/1010.5141

[13] M. A. T. Figueiredo and R. D. Nowak, “An EM algorithm for wavelet
based image restoration,” IEEE Trans. Image Process., vol. 12, pp.
906-916, 2003.

[14] Z. Song and A. Dogandzi¢, “A Bayesian max-product EM algorithm
for reconstructing structured sparse signals,” in Proc. Conf. Inf. Sci.
Syst., Princeton, NJ, USA, Mar. 2012, pp. 1-6.

[15] K. Qiu and A. Dogandzi¢, “Sparse signal reconstruction via ECME
hard thresholding,” [EEE Trans. Signal Process., vol. 60, pp.
4551-4569, Sep. 2012.

[16] A. Gelman, J. B. Carlin, H. S. Stern, and D. B. Rubin, Bayesian Data
Analysis, 2nd ed. London, U.K.: Chapman & Hall, 2004.

[17] K.P.Murphy, Machine Learning: A Probabilistic Perspective. Cam-
bridge, MA, USA: MIT Press, 2012.

[18] T. M. Cover and J. A. Thomas, Elements of Information Theory, 2nd
ed. Hoboken, NJ, USA: Wiley, 2006.

[19] S. M. Kay, Fundamentals of Statistical Signal Processing: Estimation
Theory. Englewood Cliffs, NJ, USA: Prentice-Hall, 1993.

[20] A. Dogandzi¢, R. Gu, and K. Qiu, “Mask iterative hard thresholding
algorithms for sparse image reconstruction of objects with known con-
tour,” in Proc. Asilomar Conf. Signals, Syst. Comput., Pacific Grove,
CA, Nov. 2011, pp. 2111-2116.

[21] A.P. Dempster, N. M. Laird, and D. B. Rubin, “Maximum likelihood
from incomplete data via the EM algorithm,” J. Roy. Statist. Soc. Ser.
B, vol. 39, no. 1, pp. 1-38, 1977, with discussion.

[22] G.J. McLachlan and T. Krishnan, The EM Algorithm and Extensions,
2nd ed. New York, NY, USA: Wiley, 2008.

[23] D. Koller and N. Friedman, Probabilistic Graphical Models. Cam-
bridge, MA, USA: MIT Press, 2009.

[24] Y. Weiss and W. Freeman, “On the optimality of solutions of the max-
product belief-propagation algorithm in arbitrary graphs,” IEEE Trans.
Inf. Theory, vol. 47, no. 2, pp. 736-744, 2001.

[25] J. Pearl, Probabilistic Reasoning in Intelligent Systems: Networks
of Plausible Inference. San Mateo, CA, USA: Morgan Kaufmann,
1988.

[26] Compressive Imaging Using Turbo AMP. ver. 1.1, Feb. 2013
[Online]. Available: http://www2.ece.ohio-state.edu/~schniter/tur-
boAMPimaging/

[27] Z. Wen, W. Yin, D. Goldfarb, and Y. Zhang, “A fast algorithm for
sparse reconstruction based on shrinkage, subspace optimization, and
continuation,” SIAM J. Sci. Comput., vol. 32, no. 4, pp. 1832-1857,
2010.

[28] M. A. T. Figueiredo, R. D. Nowak, and S. J. Wright, “Gradient projec-
tion for sparse reconstruction: Application to compressed sensing and
other inverse problems,” IEEE J. Sel. Topics Signal Process., vol. 1,
no. 4, pp. 586-597, 2007.

[29] T. Blumensath and M. E. Davies, “Normalized iterative hard thresh-
olding: Guaranteed stability and performance,” IEEE J. Sel. Topics
Signal Process., vol. 4, no. 2, pp. 298-309, 2010.

[30] R. G. Baraniuk, “Optimal tree approximation with wavelets,” in Proc.
SPIE Wavelet Appl. Signal Image Process. VII, Denver, CO, USA,
1999, pp. 196-207.

[31] Bayesian Compressive Sensing, Aug. 2009 [Online]. Available: http://
people.ee.duke.edu/~Icarin/BCS.html

[32] G. Raskutti, M. J. Wainwright, and B. Yu, “Restricted eigenvalue prop-
erties for correlated Gaussian designs,” J. Mach. Learn. Res., vol. 11,
pp. 2241-2259, Aug. 2010.

[33] M. J. Wainwright, “Sharp thresholds for high-dimensional and
noisy sparsity recovery using. 1-constrained quadratic programming
(Lasso),” IEEE Trans. Inf. Theory, vol. 55, no. 5, pp. 2183-2202,
2009.

[34] M. J. Wainwright, “Information-theoretic limits on sparsity recovery in
the high-dimensional and noisy setting,” I[EEE Trans. Inf. Theory, vol.
55, no. 12, pp. 5728-5741, 2009.

[35] F. R. Bach, “Consistency of the group Lasso and multiple kernel
learning,” J. Mach. Learn. Res., vol. 9, pp. 1179-1225, 2008.

[36] G. Obozinski, M. J. Wainwright, and M. L. Jordan, “Support union re-
covery in high-dimensional multivariate regression,” Ann. Statist., vol.
39, no. 1, pp. 147, 2011.

[37] N. Nguyen and T. Tran, “Robust Lasso with missing and grossly
corrupted observations,” IEEE Trans. Inf. Theory, vol. 59, no. 4, pp.
2036-2058, 2013.

[38] T. Hastie, R. Tibshirani, and J. Friedman, The Elements of Statistical
Learning, 2nd ed. New York, NY, USA: Springer, 2009.

[39] G. Varoquaux, A. Gramfort, and B. Thirion, “Small-sample brain map-
ping: Sparse recovery on spatially correlated designs with randomiza-
tion and clustering,” in Proc. 29th Int. Conf. Mach. Learn., Edinburgh,
Scotland, Jun.—July 2012.

[40] P. Schniter, L. C. Potter, and J. Ziniel, “Fast Bayesian matching pur-
suit,” in Proc. Worksh. Inf. Theory Appl. (ITA), La Jolla, CA, USA, Jan.
2008, pp. 326-333.

[41] J.-L. Starck, F. Murtagh, and J. M. Fadili, Sparse Image and Signal
Processing: Wavelets, Curvelets, Morphological Diversity. New
York, NY, USA: Cambridge Univ. Press, 2010.

[42] T. Do, L. Gan, N. Nguyen, and T. Tran, “Fast and efficient compres-
sive sensing using structurally random matrices,” /EEE Trans. Signal
Process., vol. 60, no. 1, pp. 139-154, 2012.

[43] D. A. Harville, Matrix Algebra From a Statistician's Perspective.
New York, NY, USA: Springer-Verlag, 1997.

Zhao Song, photograph and biography not available at the time of publication.

Aleksandar DogandZi¢, photograph and biography not available at the time of
publication.



