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Abstract—We consider the min-cost multicast problem (under
network coding) with multiple correlated sources where eak
terminal wants to losslessly reconstruct all the sources. Ais
can be considered as the network generalization of the clasal
distributed source coding (Slepian-Wolf) problem. We stug the
inefficiency brought forth by the selfish behavior of the ternminals
in this scenario by modeling it as a noncooperative game amgn
the terminals. The solution concept that we adopt for this geme
is the popular local Nash equilibrium (Waldrop equilibrium)
adapted for the scenario with multiple sources. The degradéon
in performance due to the lack of regulation is measured by tk
Price of Anarchy(POA), which is defined as the ratio between the
cost of the worst possible Waldrop equilibrium and the socilly
optimum cost. Our main result is that in contrast with the case
of independent sources, the presence of source correlati®rcan
significantly increase the price of anarchy. Towards estalighing
this result we make several contributions. We characterizehe
socially optimal flow and rate allocation in terms of four intuitive
conditions. This result is a key technical contribution of his paper
and is of independent interest as well. Next, we show that the
Waldrop equilibrium is a socially optimal solution for a dif ferent
set of (related) cost functions. Using this, we construct gkicit
examples that demonstrate that the POA> 1 and determine near-
tight upper bounds on the POA as well. The main techniques
in our analysis are Lagrangian duality theory and the usage
of the supermodularity of conditional entropy. Finally, all the
techniques and results in this paper will naturally extend b
a large class of network information flow problems where the
Slepian-Wolf polytope is replaced by any contra-polymatrad (or
more generally polymatroid-like set), leading to a nice clas of
succinct multi-player games and allow the investigation obther
practical and meaningful scenarios beyond network coding &
well.

I. INTRODUCTION

independent. In this paper we initiate the study of network
optimization issues related to the transmission of cotedla
sources over a network when the agents involved are selfish.
In particular, we concentrate on the problem of multicagtin
correlated sources over a network to different terminalgne
each terminal is interested in losslessly reconstructihthe
sources. We assume that the network is capable of network
coding. Under this scenario, a generalization of the dassi
Slepian-Wolf theorem of distributed source coding [8] hold
for arbitrary networks. In particular when the network per-
forms random linear network coding each terminal can recove
the sources under appropriate conditions on the Slepiah-Wo
region and the capacity region of the terminals with respect
the sources, thereby allowing distributed source codingr ov
networks. The selfish agents in our set-up are the terminals
who pay for the resources. Each terminal aims to minimize
her own cost while ensuring that she can satisfy her demands.
It is important to note that this is a generalization of the
problem of minimum cost selfish multicast of independent
sources considered by Bhadra et al. [3].

Our Results: In this work, we model the scenario as
a noncooperative game amongst the selfish terminals who
request rates from sources and flows over network paths such
that their individual cost is minimized (i.e. with no regard
for social welfare) while allowing for reconstruction ofl al
the sources. We investigate properties of the sociallynuggti
solution and define appropriate solution concepts (Nash equ
librium and Waldrop equilibrium) for this game and investig
properties of the flow-rates at equilibrium. We briefly déser

our contributions below.

In large scale networks such as the Internet, the agentsinCharacterization of social-optimality condition§he prob-

volved in producing and transmitting information often sih

lem of computing the socially optimal cost is a convex pro-

selfish behavior e.g. if a packet needs to traverse the netwgram. We present a precise characterization of the optiynali
of various ISP’s, each ISP will behave in a greedy manneonditions of this convex program in terms of four intuitive
and ensure that the packet spends the minimum time on dtinditions, using Lagrangian duality theory and by judisiy
network. While this minimizes the ISP’s cost it may not be thexploiting the super-modularity of conditional entropy.

best strategy from a overall network cost perspective. Selfii) Demonstrating the equivalence of flow-rates at equilibrium
routing, that deals with the question of network performeanavith social-optimal solutions for alternative instancesle
under a lack of regulation has been studied extensively (semnsider certain meaningful market models that split resu
[15], [20]) and has developed as an area of intense reseacolts amongst the different terminals and show that the flows
activity. However, by and large most of these studies haamad rates under the game-theoretic equilibriums are in fact
considered the network traffic injected into the network aocially optimal solutions for a different set of cost fuoas.

various sources to be independent.

This characterization allows us to quantify the degradatio

From an information theoretic perspective there is no needused by the lack of regulation. The measure of performance

to consider the sources involved in the transmission to

begradation due to such loss in regulation that we adopt is



the Price of Anarchy(POA), which is defined as the ratio Il. THE MODEL

between the cost of the worst possible equilibrium and the ~gnsider a directed grapii = (SUTUV, E). There is a
socially optimum cost [9], [17], [21], [20]. _ set of source node§ that may be correlated and a set of
iii) Showing that source correlation induces anarchiye main gjnks7 that are the terminals (i.e. receivers). Each source node
result of this paper is that the presence of source comeiti 5psarves a discrete memoryless soukce The Slepian-Wolf

can significantly increase the POA under reasonable coglgion of the sources is assumed to be known and is denoted
splitting mechanisms. This is in stark contrast to the cédse Rsw. For notational simplicity, letNg = |S|, Ny = |T]

multicast with independent sources, where for a large @éssg _ (1,2 Ns}, and T = {ti,t tny}. The set
) y 1 ) ) 9 TJ"

cost functions, cost-splitting mechanisms can be desigmtd paths from sources to terminal ¢ is denoted by?, ;.

ensure that the price of anarchy is one. We construct ekpligi, ther defineP, — U,csP., i.e. the set of all poséible
. | ) = UsesPst .

examples where the POA is greater than one and also Obtﬁéﬁhs going to terminal, and P = U;crP;, the set of all

an upper bound on the POA which is near tight. possible paths. Alow is an assignment of non-negative reals

Finally, we expect that the techniques developed in thi@ €ach path? c F. The flow onP is denotedfr. A rate
paper will be applicable to a large class of network inforiorat IS @ functionR : .5 x 7' — R, i.e. the rate requested by
flow problems with correlated sources where the Slepiafit® terminalt from the sources is R.,. We will refer to a
Wolf polytope is replaced by polymatroid-like objects. Bhe flow and rate pai( f, R) asflow-rate Also, let us denote the
include multi-terminal source coding with high resolutj@s] ate vector for terminat by R, and the vector of requested
and the CEO problem [18]. rates at source by p, i.e. R, = (R1,, R2y, ..., Rng ) and

Ps = (Rs,tl Y RSﬂfNT )-
Background and Related Work: Distributed source  Associated with each edgec F is a costc,, which takes
coding (or distributed compression) (see [5], Ch. 14 for as argument a scalar variablg that depends on the flows to
overview) considers the problem of compressing multipkearious terminals passing through Similarly, let d, be the
discrete memoryless sources that are observing corretated cost function corresponding to the sourgewhich takes as
dom variables. The landmark result of Slepian and Wolf [2Zrgument a scalar variablg that depends on the rates that
characterizes the feasible rate region for the recovenhef tvarious terminals request from These functions:.’s and
sources. However, the problem of Slepian and Wolf considetss are assumed to beonvex, positive, differentiable and
a direct link between the sources and the terminal. Moreonotonically increasingFurther, the functionq’# dx
generally one would expect that the sources communicake witre also convex, positive, differentiable and monotohjcal
the terminal over a network. Different aspects of the Slkepiaincreasing. In particular, these conditions are satisfigd b
Wolf problem over networks have been considered in ([2], [6lunctions likez®,a > 1 andzeb®,b > 0 among others.
[19]). Network coding (first introduced in the seminal workk 0 The network connection we are interested in supporting is
Ahlswede et al. [1]) for correlated sources was considesed bne where each terminal can reconstruct all the sources. i.e
Ho et al. [8]. They considered a network with a set of sourcég need to jointly allocate rates and flows for each terminal
and a set of terminals and showed that as long as the minimeothat it can reconstruct the sources. We now present a forma
cuts between all non-empty subsets of sources and a particdlescription of the optimization problem under considerati
terminal were sufficiently large (essentially as long as the
Slepian-Wolf region of the sources has an intersection thith Min-Cost Multicast with Multiple Sources: Let us
capacity region of a given terminal), random linear networkall the quadrupléG, c, d, Rs\) aninstance The problem of
coding over the network followed by appropriate decoding atinimizing the total cost for the instandé€, c, d, Rsw) can

the terminals achieves the Slepian-Wolf bounds. be formulated as
The problem of minimum cost multicast under network minimize C(f,R) = Zce(ze)""zds(ys)
coding has been addressed in the work of [13], [12]. The e€E s€S

multicast problem has also been examined by considering subject to fpP>0 VP e?
selfish agents [3], [10], [11]. Our work is closest in spirit (NIF — CP) Z fp>Ry, VseSVteT (1)

to the analysis of Bhadra et al. [3] that considers selfish PeP, .

terml_nals. In this scenario, fo_r a large cl_ass of edge gost R € Rew VEET

functions, they develop a pricing mechanism for allocating

the edge costs among the different terminals and show thawhere z.,Ve € E is a function ofzc s, , ety ..., Tety,.,
leads to a globally optimal solution to the original optiation  that we shall denote. (e i, , Te,ty; - - - Te iy, ) With Te; =

problem, i.e. the price of anarchy is one. Their POA analysEPe%eeP fp Ve € E;, Vt € T,andy,,Vs € S is a

is similar to that in the case of selfish routing [21], [20].rOufunction of p, that we will denotey,(p,).

model is more general and our results do not generalize fromThe formulation above is similar to the one presented in
theirs in a straightforward manner. In particular, we need {3]. However since we consider source correlations as well,
judiciously exploit several non-trivial properties of t8&epian- their formulation is a specific case of our formulation. ®inc
Wolf polytope in our analysis. network coding allows the sharing of edges, the penalty at



an edge is only the maximum and not the sum kg.is In this work we wish to characterize flow-rates that représen

the maximum flow (among the different terminals) acrosan equilibrium among selfish terminals while they act strate

the edgee. Similarly, the penalty at the sources for highegically to minimize their own costs. Furthermore, we shall

resolution quantization is also driven by the maximum levelystematically study the loss that occurs due to the midgmatc

requested by each terminal i.g, is also maximum. In this between the social goals and terminal’s selfish goals.

work, for differentiability requirements the maximum fuion Towards this end, we now formally model the game orig-

will be approximated ag,,, norm withp — co. Nevertheless, inating from the selfish behavior of the terminals. We model

most of our analysis is done wherg and y, are non- this game as aormal formal gamg6], i.e. a static one shot

decreasing functions partially differentiable with respéo strategic game of complete information, which we refer to as

their arguments, such that.(z.) and d(ys) are convex, Distributed Compression Game(DCG)

positive, differentiable and monotonically increasingt®lthat A normal form game, denotedN, {A;}ien, {=:}ien),

in the formulation above, the objective function is convexd a consists of the set gflayersN, the tuple ofset of strategies;

all constraints are linear which implies that this is a convefor each playei € N, and the tuple opreference relationg-;

optimization problem. for each playeti € N on the setd = x;cnA;. Fora,b € A,
The constraint (1) above models the fact that the total flow>=; b means that the playerprefers the tuple of strategies

from the sources to a terminalt needs to be at leask, ;. « to the tuple of strategies. In the context ofDistributed

Finally, the rate point of each termin&t, needs to be within Compression Gamegiven an instancéG, c, d, Rsw), these

the Slepian-Wolf polytope. A flow-ratéf, R) satisfying all parameters are defined as follows.

the conditions in the above optimization problem ((HIF- 1) The Distributed Compression Game:

CP) ) will be called afeasible flow-rate for the instance Players: N = T, i.e. the terminals are the players. This is

(G,¢,d,Rsw) and the costC(f, ) will be referred t0 as pecayse, as mentioned above, the terminals are the users and

social costcorresponding to this flow-rate. Also, we will Ca"they are the ones who pay for the network resources they are

a solution( f*, R*) of the above problem as @PT flow-rate being provided.

for the instanceG, ¢, d, Rsw). Strategies: The strategy set of a player € T consists of
Consider a feasible flow-ratgf, R) for the above tuples(f;, R;) where

optimization problem. It can be seen that the value

of the flow from A C S to a terminalt € T is

ZPGUS“TM fp > > ,caRs: Since Ry € Rsw the

result of [8] shows that random linear network coding

followed by appropriate decoding at the terminals can recov

« f; is the vector of flows on paths goingtpi.e. the vector
of values fp for all P € P;, and recall thatR; denotes
the rate vector for terminat

e fp >0 VP c ?t,zpeysyt fp > Rsy Vs € S and

the sources with high probability. Conversely the resulf2pf Ry € Rsw.

shows the necessity of the existence of such a flow. Therefore,

Terminals Incer]t|ves and the Distributed Com- 4 _ ) (4, R,). Spep., fp>Res V€S, 5. (2)
pression Game: The above formulation for social cost R, € Rsw

minimization for the instanc€G, c,d, Rsw) disregards the

fact that the agents who pay for the costs incurred at thiote that a feasible flow-rate(f, R) for the instance
edges and the sources may not be cooperative and may h@vec, d, Rsw) is an element of the set = x,cr A, defined
incentives for strategic manipulation. In this work we ddes for the same instance.

the scenario where the terminals pay for the network ressur®reference Relations:To specify the preference relation of
they are being provided. The terminals are noncooperatige germinal¢ € 7', we need to know how much does she pay
will behave selfishly trying to minimize their own respeetiv given a feasible flow-ratéf, R) i.e. what fractions of the costs
costs without regard to the social cost, while ensuring that various edges and sources are being paitPbjo this end,
they can reconstruct all the sources. We have the followimge need market models, i.e. mechanisms for splitting thiscos
assumptions. among various terminals.

(i) Let (f,R) denote a feasible flow rate for the instanc&dge CostsAt a flow f, the cost of an edge € E is c.(z.).
(G,c,d,Rsw). The network operates via random linear nett is split among the terminals € T', each paying a fraction
work coding over the subgraph @ induced by the cor- of this cost. Let us say that the fraction paid by the player
responding{z.} for ¢ € E. The terminals are capable oft is ¥..(x.) i.e. the playert pays c.(z.)¥.:(x.) for the
performing appropriate decoding to recover the sources. edgee wherex. denotes the vectdize i, Te iy, - - -, Te,tn,, )-

(i) Each terminak € T can request for any specific set ofOf course,) , . V. (z.) = 1 to ensure that the total cost
flows on the paths® € P, and ratesR; as long as such ais borne by someone or the other. The total cost borne by
request allows reconstruction of the sources.athere is a across all the edges)§ ., ce(ze) Ve t(xe), denotecC’g)(f).
mechanism in the network by means of which this requeSburce CostsAt a rateR, the cost for the sourceis d,(ys),

is accommodated i.e. the subgraph over which random lineelich is split among the terminals € T, such thatt pays
network coding is performed is adjusted appropriately. a fraction®, ,(p,) i.e. the playert paysds(ys)®s,.(p,) for



the sources. Of course,), . @, :(p,) = 1. Therefore, the more appropriate under such situations is that of local Nash
total cost borne byt for all sources, denoted)g)(R), is equilibrium or Waldrop equilibrium that is widely adopten i

> ses ds(ys)Ps i (py)- selfish routing and transportation literature[20], [14]]. [We
Thus, with the edge-cost-splitting mechanisnt and the note that this solution concept has also been utilized in&
source-cost-splitting mechanisii the total cost incurred by first present the precise definition of the Waldrop equilibri

the playert € T at flow-rate(f, R) denotedC")(f, R) is in our case and then provide an intuitive justification. Toga
® ® this end, we need to define the marginal cost of a path.
CO(f,R) = Cy(f)+C(R) Definition 2: (Marginal Cost of a Path) For aP € P, its

Ce(ze) Ve t(xe) .

= Z Ce(ze)We (o) + st(ys)¢s,t(ps)- marginal cost isCp(f) := > .cp -
e€E s€S Therefore, for the terminal the total cost for the edge@,g),
Now, each terminalt would like to minimize its own can be equivalently written a@g)(f):zpeyt Cp(f)fp-
cost i.e. the functionC(f,R) and therefore the pref- Definition 3: (Waldrop flow-rate) A flow-rate(f, R) feasi-
erence relations{>,} are as follows. For two flow-rates ble for the instancéG, ¢, d, Rsw) is at local Nash equilibrium,
(f,R) € A and (f,R) € A, (f,R) = (f,R) if and oris a Waldrop flow-rate for instand€, c, d, Rsw, ¥, @), if
only if CW(f,R) < C(f,R). Also, (f,R) =, (f,R) iff it satisfies the following conditions.

cW(f,R) < CW® (ﬁ R). (1) VteT, VseS, wehaved peyp | fr= Rs;.
We will call (G,c,d,Rgw, ¥, ®) as an instance of the (2) Vi € T', we have)_ g R, = H(Xs).
Distributed Compression Game. (B)Vt €T, Vs € S, P,Q € Py, with fp > 0, Cp(f) <

2) Solution Concepts for the Distributed Compressioﬁ@(f)-
Game: We now outline the possible solution concepts ifd) For ¢ € T, let j € S participates inall tight rate
our scenario. These are essentially dictated by the level iBgqualities involving: € S (ie. if A € S, such that
sophistication of the terminals. Sophistication refersthie @ € A and 37,y Ry = H(X4|X_4)!, thenj € A) and
amount of information and computational resources avigiladet P € Pis, @ € P; with fp > 0 then we have

to a terminal. In this work we shall work with two different 60(“(1%) oc®) (R)
solution concepts that we now discuss. Cp(f) + #t < Colf)+ ﬁ
1y s

a) Nash Equilibrium.The solution concept of Nash equlib-
rium requires the complete information setting and requiréntuitively, conditions (1) and (2) require that each temalire-
each terminal to compute her best response to any given tugkests as little rate and flow as possible. Condition (3) exssu
of strategies of the other players. For notational simpli¢et that an infitesimally small change in flow allocations frontpa
f—: be the vector of flows on paths not going to terminal P (wherefp > 0) to path@Q whereP, Q) € P, will increase
i.e. the vector of valuegp for all P € P — P,, therefore the sum cost along paths #. Now, consider an infitesimally
f = (f—¢, f:). Similarly, R_, is the vector of rates corre-small change in flow allocation frol® € P; ; (wherefp > 0)
sponding to all players other thanthereforeR = (R_,, R;). 10 Q € P, ;. This also requires a corresponding change in the
In our setting, the best response problem of a terminalrates requested from sourcésand j by terminal¢. Under
is to minimize her cost functio®® (f_;, f;, R_;, R;) over certain constraints on the sourgeCondition (4) ensures that
(f:, R;) € A; given any(f_;, R_;). Therefore a Nash flow- the overall effect of this change will serve to increase teah
rate is defined as follows. t's cost. The conditions on the sourgere well-motivated in

Definition 1: (Nash flow-rate) A flow-rate (f, R) feasible light of the characterization of Nash flow-rate at the end of
for the instancdG, ¢, d, Rsw) is at Nash equilibrium, or is a section Il in the case when the best response problem oy ever

Nash flow-rate for instancé?, c,d, Rsw, ¥, ®), if Vt € T, ~ terminal is convex.
® ® - - <. We remark that a Nash flow-rate may not always be a Wal-
CU(f, R) < OV (fts frs Rty Re) Y(fi, Re) € Ay drop flow-rate and vice versa. When sources are independent,

We note that computing the best response will in geneffﬂnqitipn ) impl_ies thaiR,,; = H(X;) fc_)r allseSteT
require a given terminal to know flow assignments on all posﬁnd it is not required to check the condition (4). Also we can
ble paths and rate vectors for all the terminals. Moreowan; ¢ '€COVer condition (3) by setting= j in condition (4). They
vexity of the objective function iV F — C'P (i.e. social cost 2r€ Stated separately for the sake of clarity.

C(f, R)) does not imply convexity o€® (f_,, f;, R—s, Ry) WAI\(Sj we dis_rg;sed earlier, the so_IutL?n concept based og
in the variables(f;, R;) € A; in general. Therefore the V@ldrop equilibrium seems more suitable to our scenario an

computational requirements at the terminals may be lar _nsequently we define the_ price of anarchy [9], [17], [20] in
Consequently Nash equilibrium does not seem to be an appfdms Of Waldrop flow-rate instead of Nash flow-rate.

priate solution concept for the Distributed Compressiomé&a Definition 4: Erice of Anarchy(POA): Let € be a clafss of
when we look through the algorithmic lens. edge cost functionsD be a class of source cost functiors,

b) Waldrop Equilibrium. From a practical standpoint, abe a class of networks/graphd, be an edge cost splitting

terminal may only hgve partial knc_)W|edge of t_he system e useH (X 4|X_4) and H(X 4| X ac) interchangeably in the text to
and may be computationally constrained. A solution concegnote the joint entropy of the sources in segiven the remaining sources.
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mechanism,® be a source cost splitting mechanism, anthen given by the following equations that hald € St € T,
M be a set of Slepian-Wolf polytopes. We will refer to oL , )

(6,C,D,¥,®, M) as ascenario The price of anarchy for Ey Z Ce(2e)2e () —pp — Ast =0 VP € Py, (3)
the scenarid§, C,D, ¥, ®, M), denotedo(§, €, D, ¥, &, M), fr =

is defined as

oL .
= d, )y (p) + A= Y var=0 (4
1 aRst
’ ACS:scA

max
GEG,c€C,dED, RgypeM (COPT(G7 c,d, Rsw) ) .

along with the feasibility of the flow-ratdf, R) and the
c(f, R)) ; complementary slackness conditignsfp = 0 for all P € P,
Ast(Rst — Zpeg,stfp) =0foral s e St¢te T, and
. vay (H(Xa|Xae) =Y ,caRix) =0forall AC S, teT.
where Copr (G, c,d, Rsw) refers to the optimal cost of /" = interpret the KKT conditions at ti@PT flow-

NIF — CP for the instancéG, ¢, d, Rsw). Let us denote the rate (f*, R*). Suppose thafs > 0 for P € P, ;. Then due to

set of Slepian-Wolf polytopes corresponding to the caserevhe -
there are no source correlations ((X 4| X 4) = H(X) complementary slackness, we have = 0 and consequently

for all A € S) by M;,,4 (subscriptind denotes independent _ffrotrrr: equat_lotn ) \;\;]e gegeep Ceéze)ze’t(:ﬁezh_t )*‘S’t "%’
and the set of Slepian-Wolf polytopes corresponding to the e emsl S an9 er patty e St Suc/ atfq >

case where sources are correlated (i.e. there existsS with then > e p ce(20)2e,(T0) = Deeq Cel(20)ze, (). On fur-

H(X4|X_4) < H(X4)) by M.. Also, we useS,; to denote ther |_n_vest|gat|0n we can obtain four necessary and _sufrllm_e
the class of all graphs where everg 7' is connected to every conditions for opt|mallt3_/. Due to lack of space we W'”, omit
s € S, andS,.., (subscriptdsw denotes direct Slepian-Wojf the pro_of of the necessity of thesg four coqd|t|ons undéctstr
to denote the class of complete bipartite graphs betweesetheCONVeXity of the various cost functions and instead conegat

of sources and the set of terminals. Note at, corresponds on the proof of sufficiency of these conditions for optimalit

to the case where every terminals is directly connected to! "€0rém 5:A feasible flow-rate(f, R) for the instance
, ¢, d, Rsw), which satisfies the following four conditions is

every source by an edge and no network coding is requiréé;.

A question we will be most concerned with in this papein OPT flow-rate for the instandér, ¢, d, Rsw). Also, there
is whether p(S,€,D, ¥, &, M) > p(S,C,D, ¥, ®, Mina), is always an OPT flow-rate that satisfies these four condition

and in particular whethep(S, €, D, ¥, ®,M,) > 1 but Further, when the edge cost functionsfor all e € E and the
(G, C.D, W, & Ming) = 1 for’ rr;ez;nir;gfijl cclasses of costSource cost functiond; for all s € S are strictly convex, that
functions €,D and reasonable splitting mechanismisand 1S When the optimization problegNIF-CP)is strictly convex,
& i.e. does correlation induce anarchy? these conditions are also necessary for optimality.
1) VieT, VseS, we haveZPe?S P =Ry

I1l. CHARACTERIZING THE OPTIMAL FLOWS AND RATES 2) VteT, we have) g Rsr = H(Xs).
3y vi € T, Vs € S, P,QQ € Ps+ with fp > 0,

ZeEP ce(ZE)Ze,t(me) S ZeGQ Ce(ze)ze,t(me)'
4) Fort € T, suppose that there exigtj € S that satisfy

p(9,C. DU, &, M) =

max
(f, R) is aWaldrop flow-rate fo(G, ¢, d, Rg, ¥, ®)

In this section, we investigate the properties ofZHIT flow-
rate via Lagrangian duality theory [4]. Since the optimizat
problem (NIF-CP) is convex and the constraints are such the following property. IfA C S. such thati € A and
that the strong duality holds, th€arush-Kuhn-Tucker(KKT) S R 7915 Xp Y- A _

" . o ea Rie = H(X4|X_4), thenj € A. For suchi and
conditions exactly characterize optimality [4]. Therefowe . _ S
o . jletPe®;;, Qe P with fp > 0. Then
start out by writing the Lagrangian dual biiF-CP, ' ’

N ez (@) + di(yi)s o ()
L=> ce(z)+Y ds(ys) = > purfr =

c€E s€s PEP < Z Cel2e)Ze i (Te) +d;(y5)y;4(p;)-
YD AR — > fr) e€Q
s€SteT PEP,

Proof: We prove that the above four conditions imply
)] optimality of (f, R). Our assumptions guarantee that the opti-

>

teT

Z VAt (H(XA|XAC) - Z Riq

mization problem lIF-CP) for the instancedG, ¢, d, Rsw) is
ACS i€A

convex and since all the feasibility constraints are lins@ong

_ duality holds [4]. This implies that the KKT conditions are
~whereup >0,y > 0andv,, > 0 are the dual variables g cegsary and sufficient for optimality. We show that a féasi
(i.e. Lagrange multipliers). For notational smphmtye(glus flow-rate (f, R) with the above four properties satisfies the
den?te the partial derivative af. with respect taz. ., 5. KKT conditions for the instancéd, ¢, d, Rsw) for a suitable
by z 1+ Note that the partial derivative of, ; w.r.t. to fp is1  choice of the dual variables given below.

for a P € P;. Similarly, we dethe the partial derivative 9f  Choosing \;;'s: \i; = minpep,, > .cp c/e(ze)z;_t(me).
with respect toR; ;, aaR—ﬂ by v, ;. The KKT conditions are Note that, usingCondition 3, for i € S, if there exist




a b € P;+ such thatfp, > 0 then we have),;

ZeEP (Ze) ;,t(me)'
Choosrrrg /LPS For P
ZEGP e( )Ze t(we) - /\l t.
Choosingva ,'s: Leth;, == =d, (yl)yl +(p;)+Xi,.. Letw denote
a permutation such that < h, 1y, < hy2)¢ <.
Now take

€ P take pup

chr(Ng)

hraye i A= {m(1),
h

w(2),...,7(Ng)}
hﬂ-(ifl)_’t if A= {ﬂ'(l), ce ,W(NS)}

and2 <7 < Ng
otherwise.

()t —
VAL = (4)

0

Now, with the above choice of dual variables we will chec

all the KKT conditions one by one.
Dual Feasibility:
e )\, > 0 asc. and z. are non-decreasing functions i.e
c.(z) > 0andz, ,(xz.) > 0.
epup > 0 by the definiton because);
ZBGP C/e(ze)ze,t(we) VP € P;;.
e v4: > 0 by definition.
KKT Conditions as per equation 3:
oL

<

’

T2 =3 clze)ze (@) — Aie — pp

ofr %,

= Z C;(Ze)z:s,t(we) - /\z},t - (Z C;(Ze)z:s,t(we) — Ai,t) =0
ecP ccP

KKT Conditions as per equation 4:

oL / !
= (i) (Y ()Y (0).t (P (y) + Am(i e — Z VAt
7 (i),t ACS:m(1)€EA
=heu= D, Vau
ACS:m(i)€EA
=haiye = D, Vir(G)aGD).m(Ns) bt
je{1,2,...,i}
= iyt = [her)e + (a0 = hr(r).0)
+ (hr(),e = Br(2),e) + 0+ (Biy,e = Bn(io1),1)]
= hw(i),t - hw(i),t =0

Complementary Slackness Conditions:

o upfp 0 for al P € P. Let P € ?;;, and
fp > 0 then usingCondition 3 and definition of \; ;
we gety . .p c/e(ze)z;_’t(cce) = X+ and thereforeup
Deep c.(2e)z et(we) —Aie =0,

o N\ (Rsy — ZPGT tfp) =0 forall s € S,t € T. This

follows from the Condition 1.

o vay (H(XalXae) =Y ,cqRiy) =0forall AC St eT.

Note that v 0 except for A {m(@),m(i +

1),...,m(Ng)}, fori = 1,2,..., Ng. Therefore the only
condition that needs to be checked is thabif ", R.(;) . >

H (X (i) Xn(ig1)s - - - » Xn(vs) [ Xn(i=1)s - - - X)), then
ha@y,e — M1y, =0
Towards this end lej € {7 (i), (i + 1),...,7(Ng)}, and

let A; be the minimum cardinality set such thaEe A; and
ZZGA]‘ Rl,t = H(XAj|X_Aj) i.e.

Aj:ar

min

g . |A].
AgS:;eA,ZZeA Ry +=H

(XalX-a)

Such a setd; always exists because fro@ondition 2 we
have Zl]isl R, = H(X1,...,Xng) and therefore the set
{ACS:je AN caRie=H(Xa|X_4)} is not empty.

We claim that there exists a* € {n(i),n(i +
1),...,m(Ng)} such thatd;- N {=x(1),7(2),...,7(i — 1)}
is not emEty If this is not true then clearly we
have UTT0A; = {x(i),7(i + 1),...,7(Ns)} and
using the supermodularity property of conditional
entropy (ref. Lemma 10), we obtain ZJ “)) R;;
H('Xﬂ(l) 'X7T(’L+1) 7T(Ns)|X (i—1) . er(l))

which is a contradiction, therefore we must have
ﬁuch aj* € A{w(i),7(@ + 1),...,7(Ng)} such that
i+ N{mr(1),7(2),...,7(i — 1)} is not empty.
Next we show that there exists a sourde ¢

{r(1),7(2),...,m(: — 1)} such that if j* € A and
DieaRiy = H(XalX_4), thenk € A. Towards this
end suppose that there exist subséts and S, of such
that j* € S; NS, and Zlesl R, = H(Xs,|X_s,) and
Sies, Rie = H(Xs,|X_s,), then using the supermodular-
ity property of conditional entropy we can show that rate
inequality involvingS; N S, is also tight (Lemma 10 i.e.
Yiesing, Bt = H(Xs,ns,|X_(s,ns,)). This implies that
Aj~, being of minimum cardinality, is the intersection of all
sets that havg* as a member on which the rate inequality is

tight i.e.
=) {A:j"€A> R,=H

ACS leA

Aj- (XalX_a)}

Moreover note thatd;- is not a singleton set sincd;- N
{n(1),7(2),...,7(i — 1)} # ¢. Therefore there exists fla e
A~ such that # j*. By our above arguments this implies that

if AC Sissuchthat* €¢ Aand) ., Ry = H(XA|X_4)
thenk € A.
Clearly, R;« , > H(X;+«|X_;-) ask does not participate

in this rate inequality. ThereforeR?;- ; > 0 which implies

that there exists aP < P;-, with fp > 0, therefore

using Condition 3 and the definition ofA;-, we have

YoecpC e(ze) Ze, t(ace) = A~ ¢. Also, by the defmrtron (o] AVA

there is aQ) € Py such thatzeeQ c,(2e)z e,t(me) Akt
Now usingCondition 4, we get

D celze)ze (@) + dje (950 )y 1 ()
ecP
<> el

ecq
which implies that

Nt e (Y )Y 1 () < At + di (Yn)Ug. (P

and therefore we geh;-; < hi,. Now note thatk e
{r(1),7(2),...,7(: — 1)} while j* € {x(7),...,7(Ng)}.
This implies in turn that,;y ; < hj- ¢ < hy. ;. But, we know
thathy ; < hﬂ.(i,l)yt ie. hﬂ.(i)yt—hﬂ.(i,l)_’t < 0 but we already
havehﬁ(l-)_,t — hﬂ.(i,l)yt >0 and henceh,,(i)yt — hﬂ.(i,l)_’t =0.
Corollary 6: If the sources are independent (iRsyw €
Mina), there is a feasible flow-rate for instan@®, c, d, Rsw)

Zet (xe) + dk(yk)yk ((pr) VQ € Pry



i - acd (R ' ’ acy (R
that is an OPT flow-rate for both the instandé€s c, d, Rsw) éﬁ%ii ) = NLTdi(yi)yi7t(pi). ThereforeCp(f) + 8§%i,(t ) —

and (G, ¢, Cz7fR~gw), where ¢.(z) = ac.(z) for constant L[ N/ / PN
a > 0, and d, is any convex, differentiable, positive and Nt 2ecp Ce(%)ze’t(%)+di(yz>yivt(pi)!.'. The _result
itions coming from

non-decreasing function. Further, this OPT flow-rate fafis follows from the equivalence of con

the four conditions in Theorem 5 for both the instancégeﬁnition 3 and.Theorem 5. .
(G, ¢,d, Rgw) and (G, & d Rsro) In contrast with the result of [3] that holds for a single

purce with the edge cost splitting mechanism used above,
m Theorem 7, we can note that for most reasonable cost
splitting mechanisms, the POA will not equal one for all

implies thatR, , = H(X,) forall s € S,¢ € T, and therefore, il d ‘ - Wi lici |
there is no pair(s, j) such thatj participates in all tight rate monomial edge cost .unct|ons. N construct. exp Icit exauP
for POA > 1 in the Figure 1. The example in Figure 1(a) is

inequalities involving; and consequently it is not required to . . )

cheqck Condition (4)gl g 4 g near tight as will be evident from an upper bound on POA
We conclude this section with an important note th‘,ﬂerlv.ed n Theqrem 9. hat in th h

whenever the best response problem of each terminal iét_'sd mterzstmg_ tohno\tﬁ Itd at in tOeP_IE:as? when ﬁources

convex, using an approach essentially similar to the pro?)'fe indepen ent_, In the Wa rop or SO utions, t e rates

of Theorem 5. it can be shown that the four conditions i guested at various sources will equal their respectiweio

the definitions of Waldrop flow-rate but with'(f) replaced ound_s (i.e. their entropy)._Therefore, the cost term eorre
ac®) (1) sponding to the sources will be fixed, and one only needs

by =7~ characterizes the Nash flow-rate. Further, undgf finq flows that minimize the edge costs. In this situation, i
similar convexity conditions, we can also show that a Nas8 ot hard to see that the POA will again equal one dbr
flow-rate always exists for thBistributed Compression Game i qnomial edge cost functions. iieis the correlation among
The proofs are omitted due to space constraints. the sources that is responsible for bringing more anarahg
formalize this below.

) ) ) ) o Let €, = {c : ce(z) = acz*, a. > 0,Ye € E} be

In this section, we investigate the inefficiency broughtifor e et of edge cost functions where all edge cost functions

by the selfish behavior of terminals. First, we will show that.o 1onomial of the same degréepossibly with different
the Waldrop equilibrium is a socially optimal solution for a.,afficients ande = Up>1Cy. Similarly, Dy, = {d :
different set of (related) cost functions. Using this, wdl Wid»(y) _ b,x’k b, :08 Vs € g}_ Also IetD' = {d:

construct explicit examples that demonstrate that the BOA dl» is convexvi € S1.

and determine near-tight upper bounds on the POA as Weﬂ'CoroIIary 8: Correlation Induces Anarchy: Let z,(z.) =
We start out with the characterization of Waldrop flow-rate. e,

L o %1 U, e = ) s =
Theorem 7:Let zo(@.) = (Xjeris)™ Yes(@e) = Sier ao) () Crer i)’ Vo(Ps)

e N JET “e,j
et and &, 4(p,) = ~. A Waldrop flow-rate for (Xier REY) ™, and @i (p,) = NLT then we have
(Cjerety) " T 1) p(Saits Conoms D U, 0, Ming) =1

(G,C, d, :st,\y,q)) is an OPT flow-rate fOI(G7é, d’ :RSW)a ) p( ally Ymony < convexy ¥ ¥, 1nd> = 1.

where ¢.(z) = Nr [<dz. Further, when the edge 2) p(Sau, Cnr, Deonveas ¥, €, Mc) = 1.

cost functionsc. for all e € E and the source cost 3) P(Sait; Cmon, Deonver, ¥, ®, M) > 1 for Iargel\ia]!]ties
functions d, for all s € S are strictly convex, an OPT of m andn. In fact, p(Sau, €1, D, ¥, &, Mc) > =5,

flow-rate for (G, c,d, Rsw) is also a Waldrop flow-rate for 4) P(Sasw, Cmon, Deonvea, ¥, ®, Me) > 1 for large values

We omit the proof due to lack of space. The idea is th
when the sources are independent, Condition (2) in Theore

IV. WALDROP FLOW-RATE AND THE PRICE OFANARCHY

(G, ¢,d, Rsw, U, ®), whereé, (z) = 1xc, (). of m andn. .

Proof: We will show that the definition of a Waldrop flow- Proof: Let ¢ € Cpon i.€. co(x) = aca® for a. > 0
rate for instanceG, ¢, d, Rsw, ¥, ®) exactly corresponds to for all e € E, therefore,f#dx = fae:ck’l_ dor =
the four conditions for the instanc&’, ¢, d, Rsw) in Theorem aczz® = fce(z). Also, d € Deopvea. Now, since the
5. ) sources are independent (i.8sw € M;,q), from The-

1_q .
We have, 2. (z.) = 1( ‘ n )n n-1 _ orem 7 _and Corollary 6 it foIIows_ that a Waldrop flow-
o Zeu(@e) w \Zjer e et rate for instancgG, ¢, d, Rsw, ¥, ®) is also an OPT flow-
Ze = Therefore, rate for the instance(G,c,d, Rsw) which implies that
e,t Z]€T e,j
n—1 P(Sall, emona gconvema \I/a (I)vMind) =1
. Tet Even if the sources are correlated, when we have Nr,
= (Z-GTCCZJ') we have Np [ == z = ce(x) and using eorem 7, a
) I ’ Waldrop flow-rate for instancé, ¢, d, Rsw, ¥, ®) is also an
B Ze 1 (Te) 1 o / OPT flow-rate for the instanc&s, ¢, d, Rgw) which implies
=2 cele) T = 2 Gl that (S, o Do, W, B = 1
ecP eeP

We prove p(Sau, C1, D2, ¥, &, M.) > T and conse-
where the last e%uality follows from the fact thaguently p(S.u, Conon, Deonves, ¥, @, M.) > 1, by explicitly
Ce(x) = Np[=Bdz = c(x) = Nre. constructing an example as provided in Figure 1(a). Al
Also, Cg) (R) = NLT Y ics di(yi), - sources are identical with entrogy therefore,Rsw € M..




Further,ds(y) = Cy1y? for all s € S, therefore,d € Ds. All 1
edge cost functions are (z) = x except for the edgéu, v)

for which c.(z) = Cy z. Therefore,c € €;. Let us consider 2
the following flow-rate(f, R)

Riy=hVteT, Ry =0VseS—{1},teT
f(l,t) =hVteT, fp=0VPe Py — {(1,t)},t€ T. Ns -1

Clearly, (f, R) is feasible for the instancéG,c,d, Rsw). Ns

We claim that(f, R) is a Waldrop flow-rate for the instance

(G,c,d, Rsw, ¥, @) when 281h < 1 4 Cy. To see this, first @ (®)

note that(f, R) satisfies the Conditions (1) and (2) in thesig. 1. (a) Example of a network where POA is linearNfy. (b) Classical

definition of Waldrop flow-rate (Definition 3) for the instasmc Slepian-Wolf network with appropriate costs also has POA.

(G, c,d,Rgw, ¥, ®). To check the conditions (3) and (4) in

the definition, we compute the marginal cost for the various Clearly, (f*, R*) is feasible for the instancg?, c, d, Rsw).

paths and the differential cost for various sources. Nott tHurther, we geC(f*, R*) = h(1 + C2 + Nr) + 01h2 asm —

U, t(xe) = NL wheneverz,, = « for all ¢t € T for some oo,n — oo.

2 > 0 and by continuity this is true even if = 0. Therefore, Thus When”cc2 < h(1- NLS), we haveC(f*, R*) <
C(f,R). As OPT(G,c,d,Rsw) < C(f*,R*), this im-

ce(ze)Wei(xe) h.1 plies that the POA is greater than one. In particular,
Can(f) = Z - =—— =1 i+ B
ee{(1,t)} Te,t p(gall, el, DQ, \I/, q), Mc) > W NOW takeh
Cltmmn (f) = 3 ce(2e)Ve,t(e) I,Ns = Np > 4,1+ Cy = 3NT,C1 = N2, and note
T e {(Lu) (oo (o)} et that 2% = 2N < 3Ny = 1+ Cs, as well as 5% =
o [2(UND) | Ca (UNp) @ 1] 14 » < (1—§-) = (1 - ;) asNr > 4. Therefore, we get
= - T - T T Y TN p(Sen, €1, D2, W, @, M) > N This is near tight as evi-
14+ Cs dent from Theorem 9. To establish (4), we will prove a strange

seS—{1}. result, p(Sasw, Cs, D3, ¥, ®,M,) > 1, by constructing an

example as described below. As shown in Figure 1(b) there are
Clearly, the condition (3) is satisfied a8, (f) < two sources and two terminals which are directly connected
Clruwn(f). Also, to each source. Both sources are identical with entrbpy
di(y) = Cry?,da(y) = Coy® with C1,Cy > 0,01 # Cy
and c.(z) = 23 for all edges. We now outline the argument

(t) / ’ ’
80#@ = Nidi(yi)yiyt(pi) = NLQClyiyiyt(pi) that. shows that the POA- 1. _ o
ot T T, . First, observe that the instance is symmetric with respect t
_2Ch RYS 20 SR RY terminals and all cost functions are strictly convex. Tene
Nr ¥ Yier By Nr \%& Yier R the OPT flow rate for the instance, denotgtf, R*) is such
¢ _ that RY, = R, for s=1,2. Next, by the characterization
aCY(R) 201 K™t 204k i 8:t2
# N (Nrh™)*/™ N = N2 of Waldrop as per Theorem 7, the Waldrop flow-rate, denoted
Lt T ” T T (f,R) is an OPT flow-rate fof.(z) = Zz* with the source
asm — oo, and 9Cs (R) 0,Vs €S —{1}. cost functions remaining the same. This new instance with
IRt Ce(z) = 223 is also symmetric with respect to the terminals

and the cost functions remain strictly convex. Therefore we
Therefore, When% <1 + Ca, we getC(4)(f) + conclude that for the Waldrop flow-rate as wéll ;, = R, ,,
acP(R) acP(R) fors=1,2. Let Ry, = R14, = handRj, = Ry, = h".

< f Il
( 18}R1V\'/h|ch_|mcilse1; ”t‘z;{ )thTa cgﬁ 4ttion o(r4)als ;SS sit|sf|e dUsmg the properties of Waldrop flow-rate and OPT flow rate
P as per Condition (2) in Theorem 5, we hake ;, = Ry ¢+, =

Thus, (f, R) is indeed a Waldrop flow-rate for the mstance handRi, = R, — 1—h* We argue below that
- 2,1 T 1,t2 -

((i fc d) RSV]‘(]’\I;L i) CF;:Qrthaesr afte_r) Slmp,lleov%a:grlsgocno\r’:’; d%?t # h*. Consequently, by uniqueness of the OPT flow-rate
another flow-fate(f* 1R*3 m o (due to strict convexity of the objective function) we wike
’ (fa ) > C(f* R*) Implylng p(gdswae&Di’n\Ija@aMc) >

YR ’ ’
1. We have fort = ty,ts, aRl(t L= L d(y)yaley) =

. h
Riy=— VseSteT

—1
Ns h Cly1y1 22 i Ry 101h2 asm — oo.
o =0VteT,and [l vy = — VseS,teT.
T cTandfiuon = 75 VSESTE Similarly, 2 aR (R = 30, (1 — h)%. By the definition of
Waldrop flow- rate we hav¢ = h, f2,4) = (1—h). Thus,



(2]
(3]
[4]

(t)
C(lyt)(f) = h2,C(27t)(f) = (1 — h)z. Further,%ﬁ%) +
(t)
Can(f) = 2 1 b (f) implies that3Cyh2 + b2 =

6R2,t
3Co(1 — h)? + (1 — h)%. Therefore, 2. = %gjﬁ

from Theorem 7,(f*, R*) is a Waldrop flow-rate for the [5]
instance where everything remains the same except for trﬁﬁ
edge cost functions which are no}/rﬁ instead ofz? and per-
forming the similar calculations as above {gf, R), we obtain

o [3%%2  Clearly, sinceCy # Cs, we geth # h*.

1-n~ 301+3 ' '

In particular, takeC;, = 4,Cy = 8, thenh = 0.5695 and

h* = 0.5635. Thus,C(f, R) = 1.9061,C(f*, R*) = 1.9052

implying that POA > 1.004 > 1, in this example. B |9
We now state an upper bound that is nearly attained by the

example of Figure 1(a). (10]

Now,

(7]

(8]

3=

Theorem 9:Let ze(z.) = (X,cral,)™, Veulme) = [11
xy, i 12
Soy 4 wle) = Fn Then
P(Sall, Gk, gconvema \I/a (1)7 Mc) S max{%, NLT} 3]

Proof: Omitted due to lack of space.
Now we consider another splitting mechanignthat looks [14]
more like the edge cost splitting mlechanisIn Specifi-

cally, take ys(p,) = (X,er(Rse)™)™ and @;4(p,)

m Arguing in a manner similar to Corollary 8(1)
o (Ryt

(rétes need to equal their corresponding entropies) we ¢4

tain p(gallvGmonv'Dconvezvqjv(I)aMnc) = 1. NOW; we will

1
argue that withy,(p,) = (X ,cr(Rs)™)™ and ®;(p,) = [18]
% we havep(gdswa emon7 Dconvewa \117 (I)’ Mc) > 1
ZjeT(Rmt) .
for large values ofm and n. Let us consider the same[19]
example as in Figure 1(b) but with the new source COPZ]
splitting mechanism. The previously calculated OPT flotera
for this instance(f*, R*) is giveq by Ry, = f(*l_’_t) = h* o [21]
andR;, = f,,) = 1—h*. We will argue that this is not a [22]
Waldrop flow-rate and since the OPT flow-rate is unique (by
strict convexity) we will obtainPOA > 1. After some simple [23]
calculations we get

[15]

[16]

(9Cét)(R)_ NI di(yi) . |
TR, —di(yZ)Ri’t(I)i,t(pi)—"_m Ris Pii(p;) (1 — Piilp;)) - for
(t) (o=
Therefore, 2% — (4 3)(Np)¥/mCr(h*)2 we
® (- :
and 780532(,?) = (m + 3)(Np)¥™<x(1 — h*)2. Also,
Can(f*) = (h)? and C14(f*) = (1 — h*)%. Note

] E. Koutsoupias and C. H. Papadimitriou.
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APPENDIX

Lemma 10:Let Ry € Rsw i.€. ) ;4 Rt > H(Xa|X_4a)

al A C S. If §1,5 € S satisfy Zlesl R =
H(X52|X_52) then
H(Xs,ns.|X—(sins,)) and

have > /cq s, fiit

Y iesius, Bt = H(Xs,08, 1 X (5,08,))-

Proof: We have, >, g ns, Bit + > ics,0s, Bt

ih%t, NT_ :8 2 inh this hfxanleo. 5?3%\,\/’ V\gthtgl f: Zlesl Ry + ZZGS2 Ry = H(Xs,|X_5,) +
, L2 = ac(ta)(R\iV)e ave . an ererore H(X5‘2 |X—S2) < H(XslﬁSQ |X7(Slﬂ52)) +
Can(f I —Fm— (h*)2+(m+3)(N7)/ ™ L (h*)? _ H(Xs,0s,|X_(s,us,)) Where in the second step we have used
Co )(f*)Jrac(S“(R*) (1—h*)24(m+3)(Ng)3/m G2 (1-h*)? the supermodularity property of conditional entropy. Now w
i) U ORg ¢ .
(m+3)(NT)3/mjl 0.5635°  _ 1_05635>  _ (18333 £ ] are also given thad ;g g, Rit > H(Xsns,| X (5,n52))
2(m+3)(Nr)3/m+1 (1-0.5635)2 2 (1-0.5635)2 _ - # and ZlesluS2 Ry; > H(Xs,0s,|X_(s,us,))- Therefore we
asm — 0. can conclude thad, g 5. Rt < H(Xs,08,|X_(s,0s,))
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consequently thagleslus2 Rip = H(Xs,05,|X_(s,0s,))
and Ezesmsz Rt = H(X5,n5,|X_(5,n5,))- u



