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Abstract

Given a matrix of observed data, Principal Components Analysis (PCA) computes a small number
of orthogonal directions that contain most of its variability. Provably accurate solutions for PCA have
been in use for decades. However, to the best of our knowledge, all existing theoretical guarantees for it
assume that the data and the corrupting noise are mutually independent, or at least uncorrelated. This is
valid in practice often, but not always. In this paper, we study the PCA problem in the setting where the
data and noise can be correlated. Such noise is often referred to as “data-dependent noise”. We obtain a
correctness result for the standard eigenvalue decomposition (EVD) based solution to PCA under simple
assumptions on the data-noise correlation. We also develop and analyze a generalization of EVD, called

cluster-EVD, and argue that it reduces the sample complexity of EVD in certain regimes.

I. INTRODUCTION

Principal Components Analysis (PCA) is among the most frequently used tools for dimension reduction.
Given a matrix of data, PCA computes a small number of orthogonal directions that contain all (or most)
of the variability of the data. The subspace spanned by these directions is called the “principal subspace”.
In order to use PCA for dimension reduction, one projects the observed data onto this subspace.

The standard solution to PCA is to compute the reduced singular value decomposition (SVD) of the
data matrix, or, equivalently, to compute the reduced eigenvalue decomposition (EVD) of the empirical
covariance matrix of the data. If all eigenvalues are nonzero, a threshold is used and all eigenvectors with
eigenvalues above the threshold are retained. This solution, which we henceforth refer to as simple-EVD,
or sometimes just EVD, has been used for many decades and is well-studied in literature, e.g., see [1]

and references therein. However, to the best of our knowledge, all existing results for it assume that the
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true data and the corrupting noise in the observed data are independent, or, at least, uncorrelated. This
is valid in practice often, but not always. In this paper we study the PCA problem in the setting where
the data and noise vectors can be correlated (correlated-PCA). Such noise is sometimes referred to as
“data-dependent” noise. Two example situations where this problem occurs are the PCA with missing
data problem and a specific instance of the robust PCA problem described in Sec. I-B. A third example
is the subspace update step of our recently proposed online dynamic robust PCA algorithm, ReProCS
[2], [3], [4]. This is discussed in Sec. VII-A. These works inspired the current work.

Contributions. (1) We show that, under simple assumptions, for a fixed desired subspace error level,
the sample complexity of simple-EVD for correlated-PCA scales as f?r?logn where n is the data vector
length, f is the condition number of the true data covariance matrix and r is its rank. Here “sample
complexity” refers to the number of samples needed to get a small enough subspace recovery error with
high probability (whp). The dependence on f? is problematic for datasets with large condition numbers,
and especially in the high dimensional setting when n itself is large. As we show in Sec. III-A, a large
f is common. (2) To address this issue, we also develop a generalization of simple-EVD that we call

LIS

cluster-EVD. Under an eigenvalues’ “clustering” assumption, and under certain other mild assumptions,
we argue that, cluster-EVD weakens the dependence on f. This assumption can be understood as a
generalization of the eigen-gap condition needed by the block power method, which is a fast algorithm
for obtaining the k top eigenvectors of a matrix [5], [6]. As we verify in Sec. III-A, the clustering
assumption is valid for data that has variations across multiple scales. Common examples of such data
include video textures such as moving waters or moving trees in a forest. (3) Finally, we also provide
a guarantee for the problem of correlated-PCA with partial subspace knowledge, and we explain how
this result can be used to significantly simplify the proof of correctness of ReProCS for online dynamic
robust PCA given in [3].

Other somewhat related recent works include works such as [7], [8] that develop and study stochastic
optimization based techniques for speeding up PCA; and works such [9], [10], [11], [12] that study
incremental or online PCA solutions.

Notation. We use the interval notation [a, b] to mean all of the integers between a and b, inclusive,
and similarly for [a,b) etc. We use J* to denote a time interval of length « beginning at ¢t = ua, i.e.
J& := [ua, (u+ 1)a). For a set T, |T| denotes its cardinality. We use ' to denote a vector or matrix
transpose. The [,,-norm of a vector or the induced /,-norm of a matrix are both denoted by || - ||,. When
the subscript p is missing, i.e., when we just use ||.||, it denotes the [, norm of a vector or the induced

l5 norm of a matrix.
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I denotes the identity matrix. The notation Iy refers to an n x |7 | matrix of columns of the identity
matrix indexed by entries in 7. For a matrix A, Ay := AIy. For a Hermitian matrices H and Ho,
H "YP UAU’ denotes its reduced eigenvalue decomposition with the eigenvalues in A arranged
in non-increasing order; and the notation H < Hy means that Hy — H is positive semi-definite.
diag(Aq, A2, A3) defines a block diagonal matrix with blocks A1, Ao, As.

A tall matrix with orthonormal columns, i.e., a matrix P with P’ P = I, is referred to a basis matrix.

For a basis matrix P, P; denotes a basis matrix that is such that the square matrix [P P, ] is unitary.

For basis matrices P and P, we quantify the subspace error (SE) between their range spaces using
SE(P, P) := |[(I - PP))P]. (1)

Paper Organization. We describe the correlated-PCA problem next followed by example applications.
In Sec. I, we give the performance guarantee for simple-EVD for correlated-PCA. We develop the cluster-
EVD algorithm and its guarantee in Sec. III. The results are discussed in Sec. IV. We prove the two
results in Sec. V and VI respectively. The main lemma used here is proved in Appendix A. In Sec. VII,
we explain how the same ideas can be extended to correlated-PCA with partial subspace knowledge and
to analyzing the subspace tracking step of ReProCS [2], [3], [4]. Numerical experiments are given in

Sec. VIII. We conclude in Sec. IX.

A. Correlated-PCA: Problem Definition
We observe the data matrix Y := L + W of size n X m, where L is the low-rank true data matrix

and W is the noise matrix. We assume a column-wise linear model of correlation, i.e., each column w;

of W satisfies w; = M;¥#;. Thus,
vy = €y + wy, with wy, = M€, forallt =1,2,...,m )

In Sec. III-D, we also give guarantees for a generalized version of this problem where there is another

noise component, v, that is independent of £; and wy, i.e.,
Yy = by + wy, with w, = wy + vy = My + 1, 3)

The goal is to estimate the column space of L under the following assumptions on £; and on the

data-noise correlation matrix, M;.

Model 1.1 (Model on €;). The true data vectors, £, are zero mean, mutually independent and bounded

random vectors, with covariance matrix X EVD PAP' and with
O< A < )\mm(A) < )\max(A) < )\+ < o0.
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Let f := i‘—f and let r := rank(X).

Since the £,’s are bounded, for all j = 1,2, ..., there exists a constant ~y; such that max; | P’ £;| < ~;.
Define
2
= max i
n j=120r A

Thus, (P]’ Et)z < nA;. For most bounded distributions, 77 will be a small constant more than one. For

example, if the distribution of all entries of a; := P’#; is iid zero mean uniform, then n = 3.

Model 1.2 (Model on M;, parameters: ¢, o, 3). Decompose M; as M; = My ;M ;. Assume that

[Moll < 1, [MiPl| < q <1, @
Also, for any sequence of positive semi-definite Hermitian matrices, A, and for all time intervals J* C
[1,m], the following holds with a <

1
— Y My, AM,/| < b max | Aqll- (5)
a te e atege

We will need the above model to hold for all o > o and for all 8 < ¢y with a ¢g < 1. We set «
and cg in Theorems 2.1 and 3.5; both will depend on q.

To understand the last assumption of this model, notice that, if we allow 5 = a, then (5) will always
hold and it is not an assumption. Let B = é Zte Jo M27tAtM27t/. One example situation when (5) will
hold with a § < « is if B is block-diagonal with blocks A;. In this case, in fact, (5) will hold with
B = 1. The matrix B will be of this form if M>; = I, with all the sets 7; being mutually disjoint. This
means that the matrices A; will be of size [T;| x [T, and that n > 3, 7. |T¢| (necessary condition for
all the « sets, T¢, to be mutually disjoint).

More generally, even if B is block-diagonal with blocks given by the summation of A;’s over at most
Bo < « time instants, the assumption holds with 5 = 3y. This will happen if My ; = I, with T; = Tk
for at most 3 time instants and if the distinct sets 7% are mutually disjoint. Finally, the 71%!’s need not
even be mutually disjoint. As long as they are such that B is a matrix with nonzero blocks on only the
main diagonal and on a few diagonals near it, e.g., if it is block tri-diagonal, it can be shown that the
above assumption holds. This example is generalized in Model 1.3 given below. Lemma 1.4 relies on

the above intuition to prove that it is indeed a special case of (5).

B. Examples of correlated-PCA problems
One key example of correlated-PCA is the PCA with missing data (PCA-missing) problem. Let T;

denote the set of missing entries at time ¢. Suppose, for simplicity, we set the missing entries of y; to
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zero. Then y; can be expressed as
yr = & — IT 7). (0)

In this case My, = I7; and M, = —I7;" and ¢ is an upper bound on ||I7;’P||. Thus, to ensure that ¢
is small, we need the columns of P to be dense vectors. For the reader familiar with low-rank matrix
completion (MC), e.g., [13], [14], [15], [16], [17], PCA-missing can also be solved by first solving the
low-rank matrix completion problem to recover L, followed by PCA on the completed matrix. This would,
of course, be much more expensive than directly solving PCA-missing and may need more assumptions.
For example, recovering L correctly requires both the left singular vectors of L (columns of P) and the
right singular vectors of L be dense [14], [17]. We discuss this further in Sec. IV.

Another example is that of robust PCA (low-rank + sparse formulation) [18], [19], [20] when the
sparse component’s magnitude is correlated with £;, but its support is independent of £;. Let 7; denote
the support set of w; and let ; be the |7;|-length vector of its nonzero entries. If we assume linear

dependency, we can rewrite y; as
Yy = & + Iy, T = M 414y (N

Thus Ms; = I7, and M, ; = M,;. In this case, a solution for the PCA problem will work only when
the corrupting sparse component wy = I, M £, has magnitude that is small compared to that of
£;. In the rest of the paper, we refer to this problem is “PCA with sparse data-dependent corruptions
(PCA-SDDC)”.

One key application where this problem occurs is in video analytics of videos consisting of a slow
changing background sequence (modeled as being approximately low-rank) and a sparse foreground image
sequence consisting typically of one or more moving objects [18]. This is a PCA-SDDC problem if the
goal is to estimate the background sequence’s subspace. For this problem, #; is the background image at
time ¢, 7T; is the support set of the foreground image at ¢, and «; is the difference between foreground
and background intensities on 7; '. For PCA-SDDC, again, an alternative solution approach is to use
an RPCA solution such as principal components’ pursuit (PCP) [18], [19] or Alternating-Minimization
(Alt-Min-RPCA) [21] to first recover the matrix L followed by PCA on L. As demonstrated in Sec. VIII,
this approach will be much slower. Moreover, it will work only if the required incoherence assumptions

hold, e.g., as shown in Sec. VIII, Tables I, III, if the columns of P are sparse, this will fail.

'Tf all the entries in «; are large, so that the foreground support is easily detectable, 77 can be assumed to be known. This

application then becomes an instance of the PCA-missing problem.
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A third example is the subspace update step of ReProCS for online robust PCA [2], [4]. We discuss
this in Sec. VII-A.

In all three of the above applications, the assumptions on the data-noise correlation matrix given in
Model 1.2 hold if there are “enough” changes in the set of missing or corrupted entries, 7;. One example
situation, inspired by the video application, is that of a 1D object of length s or less that remains static
for at most 8 frames at a time. When it moves, it moves by at least a certain fraction of s pixels. The

following model is inspired by the object’s support.

Model 1.3 (model on T;, parameters: «, 3). In any interval J := [uc, (u+1)a) C [1,m], the following
holds.

Let | denote the number of times the set T; changes in this interval (so 0 <1 < a —1). Let t° := ua;
let tk, with t* < t*t1 denote the time instants in this interval at which T¢ changes; and let T denote
the distinct sets. In other words, T; = Tkl fort e [tk, tk“) C JZ foreach k =1,2,...,1. Assume that

the following hold with a f < «:

1) (tF+Y — %) < B and |TH| < s;
2) p?B < B where p is the smallest positive integer so that, for any 0 < k < I, T and TH+ gre
disjoint;

3) for any ki, ko satisfying 0 < ky < ko <1, the sets (T*I\ T4y gnd (T=I\ T2+ gre disjoint.

An implicit assumption for condition 3 to hold is that 22:0 \T[k] \T[k“]\ < n. As will be evident from

the example given next, conditions 2 and 3 enforce an upper bound on the maximum support size s.

To connect this model with the moving object example given above, condition 1 holds if the object’s
size is at most s and if it moves at least once every 5 frames. Condition 2 holds, if, every time it moves,
it moves in the same direction and by at least % pixels. Condition 3 holds if, every time it moves, it
moves in the same direction and by at most dg > % pixels, with dpav < n (or, more generally, the motion
is such that, if the object were to move at each frame, and if it started at the top of the frame, it does

not reach the bottom of the frames in a time interval of length «).

The following lemma taken from [3] shows that, with this model on 7z, both the PCA-missing and
PCA-SDDC problems satisfy Model 1.2 assumed earlier.

Lemma 1.4. [[3], Lemmas 5.2 and 5.3] Assume that Model 1.3 holds. For any sequence of |T;| x | Ty
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symmetric positive-semi-definite matrices Ay, and for any interval J& C [1,m],

1Y IR Adr || < (p°5) max || Al < 5 max | Ad|
tedo teJe teJge

Thus, if || I7,'P|| < q < 1, then the PCA-missing problem satisfies Model 1.2. If || M P|| < q < 1, then
the PCA-SDDC problem satisfies Model 1.2.

1) Generalizations: The above is one simple example of a support change model that would work.
If instead of one object, there are k objects, and each of their supports satisfies Model 1.3, then again,
with some modifications, it is possible to show that both the PCA-missing and PCA-SDDC problems
satisfy Model 1.2. Moreover, notice that Model 1.3 does not require the entries in 7; to be contiguous
at all (they need not correspond to the support of one or a few objects). Similarly, we can replace the
condition that 7; be constant for at most 3 time instants in Model 1.3 by |[{t: 7, = TH| < 3.

Thirdly, the requirement of the object(s) always moving in one direction may seem too stringent. As
explained in [3, Lemma 9.4], a Bernoulli-Gaussian “constant velocity with random acceleration” motion
model will also work whp. It allows the object to move at each frame with probability p and not move
with probability 1 — p independent of past or future frames; when the object moves, it moves with an
iid Gaussian velocity that has mean 1.1s/p and variance o2; o2 needs to be upper bounded and p needs
to be lower bounded.

Lastly, if s < cja for ¢; < 1, another model that works is that of an object of length s or less moving
by at least one pixel and at most b pixels at each time [3, Lemma 9.5].

II. SIMPLE EVD

Simple EVD computes the top eigenvectors of the empirical covariance matrix, é > v yryy, of the

observed data. The following can be shown. This, and all our later results, use SE defined in (1) as the

subspace error metric.

Theorem 2.1 (simple-EVD result). Let P denote the matrix containing all the eigenvectors of
éZ?:l Yy, with eigenvalues above a threshold, \iyyesh, as its columns. Pick a ¢ so that v < 0.01.
Suppose that y,’s satisfy (2) and the following hold.

1) Model 1.1 on £, holds. Define

32
0.012°

r?11logn
Qg = CUQT)Qg maX(fa qf, q2f)2, C:=

2) Model 1.2 on M, holds for any o > «g and for any [ satisfying
B_(1=r¢\* ([ Q) (rQ)
2= (%) mo (e 7)
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3) Set algorithm parameters Aipresh = 0.95A7 and o > «y.

Then, with probability at least 1 — 6n'°, SE(P, P) < r(.

Proof: The proof is given in Section V.

Consider the lower bound on «. We refer to this as the “sample complexity”. Since ¢ < 1, and 7
is a small constant (e.g., for the uniform distribution, n = 3), for a fixed error level, r(, aq simplifies
to C'f?r?logn. Notice that the dependence on n is logarithmic. It is possible to show that the sample
complexity scales as logn because we assume that the £;’s are bounded random variables (r.v.s). As a
result we can apply the matrix Hoeffding inequality [22] to bound the perturbation between the observed
data’s empirical covariance matrix and that of the true data. The bounded r.v. assumption is actually a
more practical one than the usual Gaussian assumption since most sources of data have finite power. The
dependence on f? can be problematic when it is large.

Consider the upper bound on 3/a. Clearly, the smaller term is the first one. This depends on 1/(gf)?2.
Thus, when f is large and q is not small enough, the bound required may be impractically small. As will
be evident from the proof (see Remark 5.3), we get this bound because wy is correlated with £; and so

E[6;w,'] # 0. If w; and £; were uncorrelated, f would get replaced by M

in the upper bound
on /a. If w; is small, this would be much smaller than f.

2) Corollaries for PCA-missing and PCA-SDDC: Using Lemma 1.4, we have the following corollaries.

Corollary 2.2 (PCA-missing). Consider the PCA-missing model, (6), and assume that max; || I, P| <
q < 1. Assume that everything in Theorem 2.1 holds except that we replace Model 1.2 by Model 1.3 with
a > ag and with B satisfying the upper bound given there. Then, with probability at least 1 — 6n~1°,
SE(P,P) < r(.

Corollary 2.3 (PCA-SDDC). Consider the PCA-SDDC model, (7), and assume that max; | M, P|| <
q < 1. Everything else stated in Corollary 2.2 holds.

III. CLUSTER-EVD
To try to relax the strong dependence on f? of the result above, we develop a generalization of

simple-EVD that we call cluster-EVD. This requires the clustering assumption.

A. Clustering assumption
To state the assumption, define the following partition of the index set {1,2,...r} based on the

eigenvalues of 3. Let \; denote its ¢-th largest eigenvalue.
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Definition 3.1 (g-condition-number partition of {1,2,...7}). Define Gi = {1,2,...r1} where 11 is the
index for which ;‘—11 < g and ﬁ > g. In words, to define Gy, start with the index of the first (largest)
eigenvalue and keep adding indices of the smaller eigenvalues to the set until the ratio of the maximum
to the minimum eigenvalue first exceeds g.

For each k > 1, let r, = (Zf;ll ;). Define Gy, = {r« + 1,7« +2,..., 74 + 1} where ry, is the index
such that ﬁ < g and ﬁ > g. In words, to define Gy, start with the index of the (r. + 1)-th
eigenvalue, and repeat the above procedure.

Keep incrementing k and doing the above until A\, 4r,+1 = 0, i.e., until there are no more nonzero

eigenvalues. Define 9 = k as the number of sets in the partition. Thus {G1,Ga,...,Gy} is the desired

partition.

Definition 3.2. Define Gy = |.] and Gy, := (P)g

Definition 3.3. Define A := max;cg, \i (A) and A, := mineg, Ai (A).

By definition,

We quantify the “distance” between consecutive sets of the partition using
+
— Alg1
X ‘= max ———.
k=1,2,...,0 /\k

Clearly, g > 1 and x <1 always.

Model 3.4 (Clustered eigenvalues, parameters: g, x 7,9, 7.’s). Foral < g* < fand a x* < 1, assume
that there exists a g satisfying 1 < g < g* for which we can define a g-condition-number partition of
{1,2,...7} that satisfies x < x*. The number of sets in the partition is 1.

When g and xT are small, we say that the eigenvalues are “well-clustered” and we refer to the sets

Gy as the “clusters”.

We expect the eigenvalues of the data covariance matrix to be clustered for data that has variability
across different scales. The large scale variations would result in the first (largest eigenvalues’) cluster
and the smaller scale variations would form the later clusters. This is true for video “textures” such as
moving waters or waving trees in a forest. We tested this assumption on some such videos. We describe
our conclusions here for three videos - “lake” (video of moving lake waters), “waving-tree” (video

consisting of waving trees), and “curtain” (video of window curtains moving due to the wind). For each
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Fig. 1: Eigenvalue clusters of the three low-rankified videos.

video, we first made it low-rank by keeping the eigenvectors corresponding to the smallest number of
eigenvalues that contain at least 90% of the total energy and projecting the video onto this subspace.
Even for the “low-rankified” versions of these videos, f is large: f = 74 for lake, f = 107 for curtain,
f =180 for waving-tree.

For the lake video, the clustering assumption, Model 3.4, holds with ¥ = 6 clusters, g7 = 2.6 and
xT = 0.7. For the waving-tree video, it holds with ¥ = 6, g = 9.4 and x™ = 0.72. For the curtain

video, ¥ = 3, g™ = 16.1 and x* = 0.5. We show the clusters of eigenvalues in Fig. 1.

B. Cluster-EVD algorithm

The cluster-EVD approach is summarized in Algorithm 1. It is related to, but significantly different
from, the ones introduced in [2], [4] for the subspace deletion step of an online dynamic RPCA algorithm.
The one introduced in [2] assumed that the clusters were known to the algorithm (which is unrealistic).
The one studied in [4] has an automatic cluster estimation approach, but, its cluster-estimation step needs
averaging over significantly more data points o compared to what Algorithm 1 needs.

The main idea of Algorithm 1 is as follows. We start by computing the empirical covariance matrix
of the first set of o observed data points, D, = é > iy Yey;. Let \; denote its i-th largest eigenvalue.
To estimate the first cluster of eigenvalues, G1, we start with the index of the first (largest) eigenvalue
and keep adding indices of the smaller eigenvalues to it until the ratio of the maximum to the minimum
eigenvalue exceeds ¢ or until the minimum eigenvalue goes below a “zero threshold”, A¢presh. In other

M

words, we find the index 71 for which £ < ¢ and either ERSENES g or 5\7:1+1 < Athresh- We set

1 7141

G1 = {1,2,...,71}. Then, we estimate the subspace corresponding to the first cluster, range(G1) by
computing the top 7; eigenvectors of D;. To get the second cluster and its subspace, we project the next
set of a y,’s orthogonal to G, followed by repeating the above procedure. This is repeated for each

k> 1 until As, 1 < Athresh-
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Algorithm 1 Cluster-EVD

Parameters: «, g, Athresh-
Set G + [.]. Set the flag Stop « 0. Set k « 1.
Repeat

1) Let édet,k = [éo, él, e ékfl] and let W .= (I — édet,kédet,k/)- Notice that ¥; = I. Compute

1 ko
Dy, = - !
R=We | Z Yy | Wi
t=(k—1)a+1

2) Find the k-th cluster, Gy: let \; = )\i(f)k);
a) find the smallest index 7, for which /\’\—1 < g and either - Ay > g or 5\7:,#1 < Athresh’
L P41

b) set Gp = {fu + 1,7y +2,..., 7\ + 7} Where ', 1= Y i_| 73

c) if S\fk+1 < Athresh, update the flag Stop < 1
3) Compute G, + eigenvectors(f)k, 7y ); increment k
Until Stop == 1.
Set 1) + k. Output P « [G} - -~CA¥1§].

eigenvectors(M, r) returns a basis matrix for the span of the top r eigenvectors of M.

C. Main result

We give the performance guarantee for Algorithm 1 here. Its parameters are set as follows. We set §

to a value that is a little larger than g. This is needed to allow for the fact that i is not equal to the i-th

eigenvalue of A but is within a small margin of it. For the same reason, we need to also use a nonzero

“zeroing” threshold, Atnresh, that is larger than zero but smaller than A\~. We set « large enough to ensure

that SE(P, P) < r¢ holds with a high enough probability.

Theorem 3.5 (cluster-EVD result). Consider Algorithm 1. Pick a ¢ so that v*>¢ < 0.0001, and > f <

0.01. Suppose that y;’s satisfy (2) and the following hold.

1) Model 1.1 and Model 3.4 on £; hold with x* satisfying x* < min(1 — r{ — %8 g7 —0.0001

257 T.01g¥+0.0001

0.0001). Define

oy e Cn2r2(1110(§?)j log 1) max(g+, gg*,
@ 1,qrO) £, (rO2F, v/ Fat, (rONFa )2, C = 302.61126'
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2) Model 1.2 on M, holds with o > «g and with [ satisfying
et v\ 2 2
B (A b G Y G (/19 ’ (re€) )
o 2 4.1(qg")*" ¢*f
3) Set algorithm parameters § = 1.01g" + 0.0001, Athresh = 0.95A~ and o > «y.

Then, with probability at least 1 — 12n19, SE(P, P) < r(.
Proof: The proof is given in Section VI and a key lemma for it is proved in Appendix A.

Remark 3.6. In the above result, for simplicity, we have given one specific value for g and Aipnyesh. Note,
however, that one can set § to be anything that satisfies (13) given later and one can set Aihresh 10 be

anything satisfying 57(A7 < Athresh < 0.95A7.

With some changes to the proof (needed to apply the matrix Azuma inequality instead of the
matrix Hoeffding), it is also possible to replace the mutual independence assumption on £;’s with an

autoregressive model assumption. This will be studied in future work.

Remark 3.7. We can also get corollaries for PCA-missing and PCA-SDDC for cluster-EVD by using

Lemma 1.4.

D. Added uncorrelated noise case
So far, we only stated results for when y; satisfies (2). If, instead vy, satisfies (3), i.e., if y: = £; +

M, ¢, + v, where v, is independent of £;, then our results change as follows.

Corollary 3.8 (cluster-EVD, with v;). Assume that y; satisfies (3). Let b, = 0.01. If v; is independent
of £y and satisfies |E[v]|| < byri¢\~ and ||vi||? < rgA\~; if the following tighter bounds on x* and
on B/a hold:

1) xt < 1—%—(14—%)7‘(, and

2 (1) (5 59)

and if everything else in Theorem 3.5 holds, then its conclusions hold.

Proof. This follows in the same fashion as Theorem 3.5. The claims in the first two items of Lemma
6.6 will change to incorporate the new noise term. See Appendix B-3 (Supplementary document) for the

changed lemma. X

Corollary 3.9 (EVD, with v;). The corresponding result for EVD is Corollary 3.8 with 9 = 1,r, =

r,xT=0,g=f
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IV. DISCUSSION

1) Comparison of simple-EVD and cluster-EVD (c-EVD) results: Consider the lower bounds on «. In
the c-EVD result (Theorem 3.5), if ¢ is small enough (e.g., if ¢ < 1/1/f), and if (r?¢)f < 0.01, it is
clear that the maximum in the max(.,.,.,.) expression is achieved by g2. Thus, in this regime, c-EVD
needs o > C W{f and its sample complexity is Y. In the EVD result (Theorem 2.1), g
7211 1lo,

L f2. In situations where the

condition number f is very large but g is much smaller and ¥ is small (the clustering assumption holds

gets replaced by f and ¥ by 1, and so, its sample complexity, o > C

well), the sample complexity of c-EVD will be much smaller than that of simple-EVD. However, notice
that, the lower bound on « for simple-EVD holds for any ¢ < 1 and for any ¢ with r{ < 0.01 while
the c-EVD lower bound given above holds only when ¢ is small enough, e.g., ¢ = O(1/y/f), and ( is
small enough, e.g., 7¢ = O(1/f). This tighter bound on ( is needed because the error of the k-th step of
c-EVD depends on the errors of the previous steps times f. Secondly, the c-EVD result also needs y™©
and 19 to be small (clustering assumption holds well), whereas, for simple-EVD, by definition, ™ = 0
and ¥ = 1. Another thing to note is that the constants in both lower bounds are very large with the
c-EVD one being even larger.

Consider the upper bounds on 5. To compare these, assume that the same « is used by EVD and ¢c-EVD.
Suppose that one uses o = max(ao(EVD), ap(c-EVD)). In this case, as long as ry, is large enough, x™
is small enough, and g is small enough, the upper bound on 3 needed by the c-EVD result is significantly
looser. For example, if x™ = 0.2, ¥ = 2, r;, = r/2, then c-EVD needs 3 < (0.5-0.79 - 0.5)24'(1"52);(1

while simple-EVD needs 5 < (0.5 - 0'99)24.(:{;2);2@' If g = 3 but f = 100, clearly the c-EVD bound is

significantly looser.

2) Comparison with other results for PCA-SDDC and PCA-missing: To our knowledge, there is no
other result for correlated-PCA. Hence, we provide comparisons of the corollaries given above for the
PCA-missing and PCA-SDDC special cases with works that also study these or related problems. An
alternative solution for either PCA-missing or PCA-SDDC is to first recover the entire matrix L and then
compute its subspace via SVD on the estimated L. For the PCA-missing problem, this can be done by
using any of the low-rank matrix completion techniques, e.g., nuclear norm minimization (NNM) [14] or
alternating minimization (Alt-Min-MC) [17] or greedy techniques [15]. Similarly, for PCA-SDDC, this
can be done by solving any of the recent provably correct RPCA techniques such as principal components’
pursuit (PCP) [18], [19], [20] or alternating minimization (Alt-Min-RPCA) [21].

However, doing the above will have some disadvantages. The first is that it will be much slower. The

difference in speed is most dramatic when solving the matrix-sized convex programs such as NNM or
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PCP. As we demonstrate in Sec. VIII for the PCA-SDDC problem, even Alt-Min-RPCA is significantly
slower than EVD or c-EVD. See Tables I, III, IV. If we use the time complexity from [21, footnote 3],
then finding the span of the top k singular vectors of an n x m matrix takes O(nmk) time. Thus, if 9 is
a constant both simple-EVD and c-EVD need O(nar) time, whereas, for each iteration, Alt-Min-RPCA
needs O(nar?) time [21].

The second disadvantage is that the above methods for MC or RPCA need more assumptions to
provably correctly recover L. For example, all the above methods need an incoherence assumption on
both the left singular vectors, P, and the right singular vectors, V', of L. Of course, it is possible that,
if one studies these methods with the goal of only recovering the column space of L correctly, the
incoherence assumption on the right singular vectors is not needed. From simulation experiments, the
incoherence of the left singular vectors is definitely needed. On the other hand, for the PCA-SDDC
problem, simple-EVD or c-EVD do not even need the incoherence assumption on P. In Sec. VIII, in
Tables I, III, IV, we show the results of simulation experiments in which the matrix P has sparse columns.
As can be seen, PCP and Alt-Min-RPCA fail but EVD or c-EVD work well (of course only as long as
q is small).

The disadvantage of both EVD and c-EVD compared with PCP or Alt-Min-RPCA is that they will
work only when ¢ is small enough (the corrupting noise is small compared to £;). Another disadvantage
of c-EVD is that it needs the clustered eigenvalues’ assumption.

At this point we should mention a result for a problem with a different notion of RPCA studied in [23].
This developed an approach to recover the column space of L when it is corrupted by column-sparse
outliers. Its performance guarantee does not need incoherence of the left singular vectors of L, but does

need incoherence of the right singular vectors.

V. PROOF OF THEOREM 2.1

This result also follows as a corollary of Theorem 3.5. We prove it separately first since its proof is
short and and less notation-ally intensive. It will help understand the proof of Theorem 3.5 much more

easily. Both results rely on the sin 6 theorem reviewed next.
A. sin 0 theorem
Davis and Kahan’s sin § theorem [24] studies the rotation of eigenvectors by perturbation.

Theorem 5.1 (sin # theorem [24]). Consider two Hermitian matrices D and D. Suppose that D can be
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decomposed as

A 0 FE’
0 A, E’

p-[s ]

where [E E|] is an orthonormal matrix. Suppose that D can be decomposed as

A O F’
0 Ay F’

b-lr

where [F F\| is another orthonormal matrix and is such that rank(F) = rank(E). Let H := D — D
denote the perturbation. If Ayin(A) > Amax(A 1), then

| H |

H(I - FF/)EH S )\mm(A) - )\max(AJ_) '

Let » = rank(E). Suppose that F' is the matrix of top r eigenvectors of D. Then A and A are
diagonal and Apax (A1) = Ary1(D) < Apy1(D) + || H||. The inequality follows using Weyl’s inequality.
Suppose also that Apin(A) > Amax(A1). Then, (i) A\.(D) = Amin(A) and A\, 41(D) = Apax(A) and
(ii) range(FE) is equal to the span of the top r eigenvectors of D. Thus, Amax(A 1) < Amax(A L)+ || H]|.

With this we have the following corollary.

Corollary 5.2. Consider a Hermitian matrix D and its perturbed version D. Suppose that D can be

decomposed as

A 0 E'
o~ n [0 ][

where E is a basis matrix. Let F' denote the matrix containing the top rank(E) eigenvectors of D. Let

H := D — D denote the perturbation. If Apin(A) — Amax(A1) — | H|| > 0, then

|H ||
I(I - FF)E| < :
)\min(A) - )\max(AJ_) - HHH

and range(E) is equal to the span of the top rank(E) eigenvectors of D.

B. Proof of Theorem 2.1

We use the sin f theorem [24] from Corollary 5.2. Apply it with D= é > yys and D = é Yo bty
Thus, F = P. Let a; := P'¢,. Then, D can be decomposed as P(% > awa;)P' + P, 0P/, and so
we have F = P,

S
I

iZt a;a;/ and A, = 0. Moreover, it is easy to see that the perturbation

H = éZt Yy — é > el satisfies
1 1 1
H = azt:&w,’f—l—azt:wtég—ka;wtw;. ()
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Thus,

A

SE(P, P)

2|15 X bewi + |5 X wewy|
TN (G e) — (25 X, ewill + 115 32, wewi])
if the denominator is positive.

Remark 5.3. Because w; is correlated with £, the £,w) terms are the dominant ones in the perturbation
expression given in (8). If they were uncorrelated, these two terms would be close to zero whp due to

law of large numbers and the wyw, term would be the dominant one.

In the next lemma, we bound the terms in the bound on SE(IA3 , P) using the matrix Hoeffding inequality

[22].

Lemma 5.4. Let ¢ = 0.01rCA™.
1) With probability at least 1 — 2n exp (—aW),

||é ztzetwtlﬂ < q/\+\/§+ €= [qf\/z—k 0.01r¢I\™

2) With probability at least 1 — 2n exp(—%),

1 _
Ha ;wtwt'H < §q2/\Jr + €= [qug + 0.01r¢]A

2

3) With probability at least 1 — 2n exp(—%),

MG Sl > (- 0N e

Proof. This follows by using Lemma 6.6 given later with Gy, = P, Gaet = [.], Gundet = [.]s Cdet = 0,
TCEO’TCur:lr’gEf’XEO’ﬁE]-- x

Using this lemma to bound the subspace error terms, followed by using the bounds on 3/« and

¢, we conclude the following: w.p. at least 1 — 2nexp (—aW) —2n exp(—m) —

21 exp(— 532572

SE(P, P)
2qf\/§ +¢2fE +0.03r¢

<
1— (r¢)? = 0.01r¢ — (zqf\/g + 2 f2 +0.03r¢)
< 07501 = rQ)r¢ +0.03r¢ rC
1—7C
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Using the bound o > o from the theorem, the probability of the above event is at least 1 — 6n~1Y.

We get this by bounding each of the three negative terms in the probability expression by —2n~10.
. 2 11 p2r2(l 0.017¢A7)?
We work this out for the first term: « 32(77:q/\ oF > (?).201)12 ui T(T(C()’Qg") (q f)2§2n2r’;€12 /\32 = 11logn. Thus,

2n exp (—aW) < 2nexp(—11logn) < 2n~10,
VI. PROOF OF THEOREM 3.5
We explain the overall idea of the proof next. In Sec. VI-B, we give a sequence of lemmas in generalized
form (so that they can apply to various other problems). The proof of Theorem 3.5 is given in Sec. VI-C
and follows easily by applying these. One of the lemmas of Sec. VI-B is proved in Appendix A while

the others are proved there itself.

A. Overall idea
We need to bound SE(P, P). From Algorithm 1, P = [G1, G, ..., Gy] where G}, is the matrix of
top 74 eigenvectors of Dy, defined in Algorithm 1. Also, P = [G1,Go,...,Gy] where G}, is a basis

matrix with r; columns.
Definition 6.1. Define (i, := SE([G1, Go, ..., Gi], Gy) and (s = 0. Define C,:r :=1,C. Let g = 0.

It is easy to see that

9
SE(P,P) <> SE(P,Gy)
k=1
¥ 9
< SE([G1, Gy, ..., G, Gr) =D G 9)
k=1 k=1
The first inequality is triangle inequality, the second follows because [Gl, Go, ..., G’k] is orthogonal to

[ék+1, ... Gyl. Since 7 = >, ry, if we can show that ¢ < {,j = r,C for all k¥ we will be done.
We bound (j, using induction. The base case is easy and follows just from the definition, (§ =
SE([.],[.]) = 0 = r¢¢. For bounding (j, assume that for all i = 1,2,...,k — 1, ¢; < r;¢. This implies

that

<Y Gy ri¢<nrC (10)
Using this, we will first show that 7, = 7, and then we will use this and the sin § result to bound (.
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Before proceeding further, we simplify notation.

Definition 6.2.

1) Let
Gdet = [G17 G27 vy Gk—l]a chr = Gk7
G undet := [ék—i-l, ... G,ﬂ]

2) Similarly, let Gaet = [G’l, Go,... ,é’k_l], Gouwr := Gy
3) Let Gget := G1 U Ga - --UG_1 and Gewr = G

4) Let reyy := 1 = rank(Gy) and Teyy 1= T.

5) Let N = A, A = Ay Ader = M

6) Let t, = k.

B. Main lemmas - generalized form

In this section, we give a sequence of lemmas that apply to a generic problem where y; = €; + w; =
Ly + M€, with £; satisfying Model 1.1; M, satisfying Model 1.2; and with P split into three parts as
P = [Gyet, Geurs Gundet]- We can correspondingly split A as A = diag(Aget, Acur, Aundet)-

We are given Gdet that was computed using (some or all) y,’s for ¢ < ¢, and that satisfies (get < (.
The goal is to estimate range(Gy,) and bound the estimation error. This is done by first estimating 7y,

and then computing éwr as the top 7.y, eigenvectors of

tta

A 1

D= — P,
=Y Yywv an
t=t.+1

To bound the estimation error, we first show that, whp, 7cyy = 7cyr and so écur = Geur; and then we use

this to show that (eur < TeurC.

Definition 6.3.

1) Define @ :=I — G et Gaet-

2) Define Caer = SE(Guaet, Gaet) = ¥ Gaet|| and (o = 1¢

3) Define (e := SE([Gaet, Gen, Gewr).

4) Let (¥Geyr) o Ec.y Ry, denote its reduced QR decomposition. Thus E.,. is a basis matrix
whose span equals that of (Y Gy,) and Ry, is a square upper triangular matrix with ||Rey|| =
[PGeul < 1.

5) Let Ay = Amax(Acur), Agur = Amin(Acur)s AL 1oc = Amax(Aundet)-
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6) Let 1y = rank(Geyy). Clearly, reyy <.

Remark 6.4. In special cases, Gqey (and hence édet ) could be empty; and/or Gynget could be empty.

o Since A contains eigenvalues in decreasing order, when G ,get is not empty, A~ < AT <AL <

undet cur —
AE <At

cur —

e When G4et 1S empty, AT

undet

Using HRcurH = H‘I'chrH <1,

=0and A\~ < M. <AL <t

cur — cur
CCur = H(I - chchur/)‘I’chrH

= ”(I - chchur/)EcuchurH

S ”(I - chchur/)EcurH = SE(chnEcur)-
Thus, to bound (., we need to bound SE(G’CM, E..). chr is the matrix of top 7y, eigenvectors of D.
From its definition, E.,, is a basis matrix with 7.y, columns. Suppose for a moment that 7cy;, = 7cyur-
Then, in order to bound SE(G’Cur7 E..,), we can use the sin 6 result, Corollary 5.2. To do this, we need
to define a matrix D so that, under appropriate assumptions, the span of its top r¢, eigenvectors equals

range(Ee;). For the simple EVD proof, we used 1 3"1*% | We,£,¥ as the matrix D. However, this

will not work now since E¢,; is not orthonormal to WGy or to WG nget- But, instead we can use

D = EcurAEcur, + Ecur,J_AJ_Ecur,J_/a where

1 tta
A= Ecur/(& Z WLl W) E,,, and
t=t.+1
1 t.t+a
A = Ecur,L,(a t;rl ‘IletEQ‘I’)ECllr,i (12)

Now, by construction, D is in the desired form.

With the above choice of D, H := D — D satisfies> H = terml + terml’ + term2 +
term3 + term3’ where terml = 13 Wlw], term2 := 13 Www, and term3 =
EcwEew' (23, 9L ¥)Ecyy, | By, 1 '

Thus, using the above along with Corollary 5.2, we can conclude the following.

Fact 6.5.

*This follows easily by writing H = (D — 2 3", W€,£,%) + (1 3°, ®£,£,% — D) and using the fact that M = (EE’ +
E\E,'YM(EE' + ELE,’) for 1 Y, W, W.
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1) If Feur = Teurs and Amin(A) — Amax(AL) — | H| > 0,

< ) |
- )\min(A) — )\maX<AJ_) - ”HH

Ccur S SE(écum Ecur)
2) Let Q := EoyEow/ (23, WL, W) By | Ecyr, 1. We have
1 / 1 /
|H| <201~ el + [~ wewy]| +2]Q).
t t

The next lemma bounds the RHS terms in the above lemma and a few other quantities needed for

showing 7cyr = Tcur-

Lemma 6.6. (1) Assume that y, = £; + wy = €, + M€, with €; satisfying Model 1.1 and M, satisfying
Model 1.2.

(2) Assume that we are given G’det that was computed using (some or all) y;’s for t < t, and that
satisfies Cgot < 7C.

Define g := Ay /Acue X = A qee/Aeur Set € := 0.017cur Ay,

Then, the following hold:

1) Let p1 = Znexp(—#fb where bprop = nrq((rOAT + My + (TC)\/AJ’_A(—;H‘ + \/)\+)\<J:rur)-
Conditioned on {(qet < r(}, with probability at least 1 — py

IS whw | < a(rON + 2y 2 e

t
< [Q(ré)f\/g + qg\/z + 0.017cur ] Agsr-

2) Let py :=2n exp(—%). Conditioned on {(get < r(}, with probability (w.p.) at least 1 — pa,
p 7

1 _
”& zt:wtwt’ﬂ < §q2/\+ +e< [E F 4 0.017¢ueC] Amy -

3) Let p3 := 2n exp(—32ab§i0b) with byrop = nr((r¢)*AT + A, + 2(rQ) VAt Adw). Conditioned on

{Caet < rC}, with probability at least 1 — ps,

1
H EcurEcur/ ( E ‘I"et‘eit ‘Il)Ecur,LEcur,i/ ||

(r¢)?
< (T‘C)z)\+ + \/ﬁ)\jndet +e€
2
< [(TC)QJC + I(T—CETC)QX + 0.017¢ur (] Agyy -
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4) Conditioned on {(get < r(}, w.p. at least 1 — ps,

)\min(A) > (1 - (TC)Q))‘(?ur — €

- [1 - (TC)Z - O'Olrcurd)‘;lr
5) Conditioned on {(get < r(}, w.p. at least 1 — ps,

Amax(A1) < ((TO2>‘+ + A4 ) te

undet

<O f + X + 0.017euC A sy
6) Conditioned on {(qet < r(}, with probability at least 1 — ps,
Amax(A 1) = (1= (r¢)? —
7) Conditioned on {(get < 7(}, w.p. at least 1 — ps,

Amax(A) > (1= (r()*)Ad

cur — €

= [(1 - (rg)Z)g - 0'01TcurC]>‘(?ur'
8) Conditioned on {(get < r(}, w.p. at least 1 — ps,

1 2
1— 7,2<=2 (TC) )\jndet

2
< [g + (TC)Qf + 1(_’r(C,r)_C)2X + O‘Olrcurg])‘;ur'

Arnau((14) < )\+ + (TC)ZAJF -+

cur

+e€

Proof. The proof is in Appendix A. X

Corollary 6.7. Consider the setting of Lemma 6.6. Assume

1) r(r¢) <0.0001, and r(r¢)f < 0.01. Since reyr < 7, this implies that r¢y¢ < 0.0001, and

(A== 2 o (((rew)® (rewC)
2) B S <#) min (4i1q2927 quf )a'

Using these and using g > 1, g < f, x < 1 (these hold by definition), with probability at least
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1 —p1 —p2 —4ps3,

|H|| < [2-02qg\/§ + équ + 0.087cur (] Agur

a

< [075(1 — TC - X)Tcurc + 0-08rcur§])\c_ur

< 0.83rcur (AL

cur’

Amax(dAJ_) S [X + O'OQTCUYC]A;urv
Amax(AL) > [X - O-OQTcurC]A;uru

Amin(A) > [1 = 0.01017¢C]A

Amax(A) < [g + 0.02027curC] A cyrs

Amax(A) > [g — 0.02r¢u, CJA

cur*

Lemma 6.8. Consider the setting of Corollary 6.7. In addition, also assume that
1) g =1.01g + 0.0001 and

. —0.0001 0.08
2) X < min (m — 00001, 1-— 7ﬁcuI“C - W)

Let \j := X\i(D). Then, with probability at least 1 — py — py — 4ps, the following hold.
1) When Gynget is not empty: /\L <g, = Ay > g, and S\TCMH > Athresh-

Tcur >\7‘cur+1

2) When Gundet is empty: <2 < § and Ay, 41 < Athwesh < Are..

3) If Four = Teur, then (eyr < )\min(A)_)\‘r‘nI:cllAL)_llH” < 0.757¢u € + % < Tew-

Tcur

Proof.

Fact 6.9. From the bound on x, x < 1 —0.0001 < 1 — rey (. Thus, using Corollary 6.7, Apin(A) >
Amax (A1) and so Ay, (D) = Apin(A), A, +1(D) = Aax(A1), and \1(D) = Apax(A). Recall: A\ (.)
is the same as Amax/(.).

Proof of item 1. Recall that D and D are defined in (11) and (12). Using Weyl’s inequality, Fact 6.9,

and Corollary 6.7, with the probability given there,
M _ Aumax(A) + | H|| _ g+ 0.86reu¢

~

A Amin(A) = [[H|| = 1 —0.85rcu(
and
M Amax(A) = [H| g~ 0.85reud
Aot Amax(AL) + [H| ™ X+ 0.85reuC
Thus, if
9+085rewC _ 9= 085rcuC a3)
1 —0.857cu( X + 0.857curC
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holds, we will be done. The above requires x to be small enough so that the lower bound is not larger
than the upper bound and it requires ¢ to be appropriately set. Both are ensured by the assumptions in

the lemma.

cur

Since Gunget is not empty, A . = xAZ,. > A~ Thus, using Weyl’s inequality followed by Corollary

undet

6.7, with the probability given there,

)‘rcur+1 > >‘Tcur+1(D) - HH” = )‘maX(AL) - ||HH

— 0.837eur( AL

cur

> [x — 0.02r¢u, (A

cur
> (1 — 0.85TCurC>)\_ > Athresh

+

undet

Proof of item 2. Since Gunget 1S empty, A = 0 and so x = 0. Thus, using Corollary 6.7, with

probability given there,

)‘rc.,r—&-l < )\rcur+1(D) + HH” = )\maX(AJ_) + ||HH
<0+ 0.02rcq, CA™ + HHH < 0.857r¢urCA™

< )\thresha

Mo 2 Moy (D) = [ H|| = Anin(A) — || H |
> Aur — 0.0857curCAgyr > (1 — 0.857¢ur{) A~

> )\thresh ’

and

A)\l < )\max(A) + ||H|| < g+ 0-85Tcurc

.
S Amin(A) — [HI| = 1 0.85reuC

Proof of item 3. Using Fact 6.5 and Corollary 6.7, since ¢y = Teyr 1S assumed, we get

[075(1 — TcurC - X)Tcurc + 0'08TCUYC] )‘C_ur

CCUI‘ S —
Acur[1 — 0.01017¢ye ¢ — x — 0.027¢yr ¢ — 0.837(]
. 1 - - cur . cur
< 0.75(1 — ¢ — x)rcurC + 0.08r <§7‘cur( (14)
(1 - TcurC - X)
The last inequality used the bound on . X

C. Proof of Theorem 3.5

The theorem is a direct consequence of using (10) and applying Lemma 6.8 for each of the & steps
with the substitutions given in Definition 6.2; along with picking « appropriately. A detailed proof is in
Appendix B-1(Supplementary document).
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VII. EXTENSIONS: CORRELATED-PCA WITH PARTIAL SUBSPACE KNOWLEDGE

The three main lemmas given above can also be used to provide a correctness result for the problem of
correlated-PCA with partial subspace knowledge (correlated-PCA-partial). Consider the problem given
in Sec. I-A, but with the following extra information. Split P as P = [Py Ppew) and A as A =
diag(Ag, Apew). Assume that P, is available and is such that SE(PO,PO) < ro¢ and that Py was

computed using y,’s before t,. The goal is again to estimate range(P).

Let r := rank(P)), Tnew = rank(Phew)s AMlew = Amax(Anew)s Apew = Amin(Anew). Let ¥

I — PyPy. Recall that eigenvalues in A are in non-increasing order and hence A\~ < Anew < Aoy
Amin(Ao) < Amax(Ag) < AT

We recover range(P) by recovering range(Ppey) using Projection-EVD given in Algorithm 2 and
setting P = [Py Pyey]. Also, instead of assuming || M ;P|| < ¢, assume the following generalization:
| My +Po|| < qo and || M ¢ Phewl|| < gnew- As we will see below, this generalized bound helps us analyze
dynamic robust PCA [2], [3], where, as we will see gg is much smaller than gyev. We have the following

result for correlated-PCA-partial.

Algorithm 2 Projection-EVD

Recover P, as the eigenvectors of é

i*:tf“H(I — PPy Yyry; (I — B,P ) with eigenvalues larger

than Aipresh-

Theorem 7.1. Assume that 130 is available and is such that SE(PO, Py) < roC and that 130 was computed
using y,’s before t.. Recover Pnew by Algorithm 2 and set P= [150 Pnew]. Pick a small scalar C so
that r(r¢) < 0.0001, and r(r¢)f < 0.01. Suppose that y; satisfies (2) and the following hold.

1) Model 1.1 on £, holds and ;‘i& < g*. Define

2
ri.logn
ap = C??QLQ max(g, Gnewd qgewg’ q(%fv
(TneWC)

QO(rneWC).ﬂ (rneWC)2f7 qO \/E? QHGW(rC) \/5)27
C:=32-11-9/0.01%

2) Model 1.2 on M, holds with the following generalization: | M +Py|| < qo and || M + Pew | < Gnew.
for any o > «ap

3) Set algorithm parameters Agpresh = 0.95A7 and o > «p.
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Let numer := 2.02qnewg\/§ + qgewgg +2.02¢q (rog)f\/g + q%fg + 0.087new(. Then, with probability

at least 1 — 20n19,
numer
<
~ 1—0.04rpew( — numer

SE([PO7 pnew]> Pnew)
and SE(P, P) < r( + SE([Py, Paew], Prew)-

Proof. This follows by generalizing Corollary 6.7 to incorporate the separate bounds on ||M; ;Py|| and
HMl,tPnewH- X

A. Application to dynamic robust PCA

As we explain next, the above result can be used to obtain guarantees for the subspace update step
of a recently proposed online dynamic robust PCA algorithm called ReProCS (Recursive Projected
Compressed Sensing) [2], [3]. In fact, the entire proof of correctness of ReProCS can be significantly
shortened by applying this result. ReProCS assumes that the initial subspace is accurately known, and
that the subspace changes over time, albeit slowly. To track the changes, ReProCS first projects the
observed data vector y; := £; + I1,x; orthogonal to the previous subspace estimate. This mostly nullifies
£; and gives us projected measurements of the sparse outlier I7;x;. It then solves a sparse recovery
problem followed by support estimation and least squares estimation to recover 7; and x;. Finally, Iﬁ Ty
is subtracted out from y; to get an estimate of £;, denoted @t. The current and previous ét’s are used to
update the subspace estimate every « frames. Under simple assumptions, one can argue that 7; is exactly

recovered and x; is accurately recovered. With this, £, can be expressed as
b, =4, — e, where e, = I (B &) I/, (15)

We specify ® below. If the support of the sparse outlier, 7;, satisfies Model 1.3, then, recovering range(P)
from £,’s satisfying (15) is clearly a correlated-PCA problem. The subspace update step consists of a
subspace addition step and a subspace deletion step. In each subspace addition step, we estimate the newly
added subspace, denoted P, and we use Py to denote the existing subspace. This is assumed to have

been estimated accurately with SE(PO, Py) < roC. We estimate P, using projection-EVD applied K

CEVD EVD PCP A-M-RPCA
MEAN ERROR 0.0908 0.0911 1.0000 1.0000
AVERAGE TIME 0.0549 0.0255 0.2361 0.0810

TABLE I: Comparison of SE(P, P) and execution time (in seconds): n = 500, oz = 300. A-M-RPCA: Alt-Min-RPCA.
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cEVD EVD
MEAN ERROR 0.0189633 0.0189705
AVERAGE TIME 111.9170 52.8464

TABLE II: Table for n = 10000 case.

times. In the k-th proj-EVD step, one computes Pnew’k using Algorithm 2 with ¢, = (k—1)a. It is assumed
that we have a (not necessarily very accurate) estimate of Py, denoted Pnew,k_l. It can be shown that
@ & =1 — PPy — Piowj—1Pucwi-1"s (0) Prewi—1 satisfies SE([Po, Paew k1], Prew) < (e ko1
with ¢

new,

o = 1; (c) ® satisfies the restricted isometry property and ||(®7,/®7.)7!|| < ¢ = 1.2 (this
follows using a denseness assumption on the columns of P and |7;| < s). With these facts, we are in the
setting of Theorem 7.1. We can apply it with y; = by, wy = ey, My, = Ir,, My, = (®7,/®7,) I,/ ®
and with Model 1.2 replaced by Model 1.3. From the above facts, we have qo = 79( - 07, quew =

:few’k 1 - ¢T. Moreover, if B is such that \/; < 5690 029

SE([POaPneW 1] Pnew) < 1 = 067 that SE([P07PneW k] Pnew) <

— new — Snew,k

1.1-0.11- ¢ new k1 + 1.1+ 0.06rnew(. Thus, after K = f%} projection-EVD steps, the

< rnew( and hence SE(P P) < (rg + rnew)C.

then, using Theorem 7.1, it can be shown that
< 0.6 and that C

new,k —

subspace error SE([PO, Pnew’K], Pyey) < new K

In the subspace deletion step, one re-estimates the entire subspace in order to remove the deleted
directions. This is done using either EVD or cluster-EVD. At this time qpew = C;; T < TpewC - BT
and gy = 79( - ¢ are both of the same order. So one can apply Theorem 2.1 or Theorem 3.5 with

q = (70 + Thew)C - ¢ to obtain a guarantee for this step.

VIII. NUMERICAL EXPERIMENTS
We use the PCA-SDDO problem as our case study example. Thus, y; satisfied (7). We compare EVD
and cluster-EVD with PCP [19], solved using [25], and with Alt-Min-RPCA [21] (implemented using code
from the authors’ webpage). For both PCP and Alt-Min-RPCA, P is recovered as the top r eigenvectors
of of the estimated L.To show the advantage of EVD or cluster-EVD, we let £, = Pa; with columns
of P being sparse. These were chosen as the first » = 5 columns of the identity matrix. We generate

a;’s iid uniformly with zero mean and covariance matrix A = diag(100, 100,100, 0.1,0.1). Thus the

CEVD EVD PCP A-M-RPCA
MEAN ERROR 0.1615 0.1618 0.9932 1.0000
AVERAGE TIME 0.0541 0.0254 1.0705 0.6591

TABLE III: Table for case with added v;. A-M-RPCA: Alt-Min-RPCA.
August 8, 2016 DRAFT



27

Fig. 2: A low-rankified escalator video overlaid with a moving object (shown with a blue arrow). Frames 2, 50,

100 are shown.

condition number f = 1000. The clustering assumption holds with 9 = 2, g™ = 1 and x™ = 0.001. The
noise wy is generated as w; = I, M, ;£; with T; generated to satisfy Model 1.3 with s =5, p = 2, and
5 = 1; and the entries of M, ; being iid N (0, ¢?) with ¢ = 0.01.

For our first experiment, n = 500. EVD and c-EVD (Algorithm 1) were implemented with a = 300,
Athresh = 0.095, ¢ = 3. 10000-time Monte Carlo averaged values of SE(P, P) and execution time are
shown in Table I. Since the columns of P are sparse, neither of PCP or Alt-Min-RPCA work. Both have
average SE close to one whereas the average SE of c-EVD and EVD is 0.0908 and 0.0911 respectively.
Also, both EVD and c-EVD are much faster than even Alt-Min-RPCA, which is known to be a fast
algorithm for RPCA. In our second experiment, we used n = 10000 and o = 5000. Everything else is
the same as above. The results are shown in Table II.

We also did an experiment with the settings of the first expt, but P dense. In this case, EVD and
c-EVD errors were similar, but PCP and Alt-Min-RPCA errors were less than 107°.

In the third experiment, we generate data using (3) with £; and w; as above and with v, being iid zero
mean uniform with variance 0.001. The results are in Table III. Once again, PCP and Alt-Min-RPCA
fail because P is sparse.

We do our last experiment, with a low-rankified real video sequence. We chose the escalator sequence
from http://perception.i2r.a-star.edu.sg/bk_model/bk_index.html since the video changes are only in the
region where the escalator moves (and hence can be modeled as being sparse). We made it exactly low-
rank by retaining its top 5 eigenvectors and projecting onto their subspace. This resulted in a data matrix
L of size n x r with n = 20800 and » = 5. We overlaid a simulated moving foreground block on it. The
intensity of the moving block was controlled to ensure that g is not too large. Three frames of this video
are shown in the rows in Fig. 2. We estimated p using EVD, c-EVD, PCP and Alt-Min-RPCA. We let
P as the eigenvectors of the low-rankified video with nonzero eigenvalues and computed SE(P, P). The
errors are displayed in Table IV. Since n is very large, the difference in speed is most apparent in this

case.

August 8, 2016 DRAFT



28

CEVD EVD PCP A-M-RPCA
LEVEL-1 ERROR 0.3626 0.3821 0.4970 0.4846
LEVEL-2 ERROR 0.6204 0.6319 0.4973 0.6942
EXEC. TIME 0.0613 0.0223 1.6784 5.5144

TABLE IV: SE comparison for real video data, with two settings of the moving object’s intensity. A-M-RPCA: Alt-Min-RPCA.

From all the above experiments, cluster-EVD outperforms EVD. The advantage in averaged error is
not as much as our theorems predict. As explained in Sec. IV, one reason is that the constant in the
required lower bounds on « is very large. It is hard to pick an « that is this large and still only O(logn)

(it will need n to be extremely large). Secondly, both guarantees are only sufficient conditions.

IX. CONCLUSIONS

We studied the problem of PCA in corrupting noise that is correlated with the data (data-dependent
noise). We showed that, under simple assumptions on the data-dependency (or data-noise correlation),
for a fixed desired subspace error level, the sample complexity of the simple-EVD based solution to PCA
scales as f272logn where f is the condition number of the true data’s covariance matrix and r is its rank.
We developed and analyzed a generalization of EVD, called cluster-EVD. Under a clustered eigenvalues’
assumption, we argued that its guarantee has a much weaker dependence on f. To our knowledge, there
is no other result on this problem. Hence, we provided a detailed comparison of the two results with other
approaches to solving the example applications of this problem - PCA in missing data and PCA with
sparse data-dependent corruptions. We also obtained guarantees for correlated-PCA with partial subspace
knowledge; and we briefly explained how this result can be used to significantly simplify the correctness

proof of the ReProCS algorithm for online robust PCA given in [3].
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APPENDIX A

PROOF OF HOEFFDING LEMMA, LEMMA 6.6

The following lemma, which is a modification of [2, Lemma 8.15], will be used in our proof. It is

proved in Appendix B-2 (Supplementary document). The proof uses [2, Lemma 2.10].

Lemma A.l. Given (4o < 7.

1) |[®Gye|| < r¢ and || O Gy || < 1.

2) V1= (r¢)? < 0i(Rewr) = 0i(®Genr) <1 and \/1 = (r()? < 0i(¥ G yaer) < 1
2
3) ||Ecur/‘IlGundet” < (TC)

1—(r¢)
4)

ryw = [‘I’Gdet ‘I’chr ‘IlGundet]

/

Adet 0 0 ‘I’Gdet
0 Acur \I’chr
0 0 Aundet ‘I'Gundet
with )‘maX(Adet) < )\+’ )‘c_ur < )\min(Acur) < )\max(Acur) < )‘;:tlr’ )\maX(Aundet) < )\jndet'

5) Using the first four claims, it is easy to see that

@) || Eeur, . " OIS Eur 1 || < (rC)*AT + A et
b) | Bour s B B | < (r)°AT + LLNE
c) O3 < (rOAT + Ay and [[ @M 4[| < g((rOAT + Adyy)
d) | M2 < g\t and |M1;ZM; || < ¢?AF
If Gaet = Gaet = [.], then all the terms containing (r¢) disappear.
6) Amin(A+ B) > Amin(A) + Amin(B)
7) Let a; := P&y, atdet = Gaet' b, Gt cur = Gew' s and aiyndet := Gundet bi. Also let @y rest :=
[atcu’s @t undet/]' Then ||agrest||* < ryAdy, and (g qel| < [lag]|* < rpAt.

8) O'min(Ecur,L/\IlG"undet)2 >1- (rg)z N \/%7:()2

The following corollaries of the matrix Hoeffding inequality [22], proved in [2], will be used in the

proof.

Corollary A.2. Given an a-length sequence {Z.} of random Hermitian matrices of size n X n, a rv. X,

and a set C of values that X can take. For all X € C, (i) Z;’s are conditionally independent given X;
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(ii) P(byI = Zy 2 boI|X) =1 and (iii) bsI < E[1 >, Z;|X] < byI. For any € > 0, for all X € C,
1 —ae?
P()\max (azt:Zt> §b4—|-eX> >1—nexp <8(bg—bl)2>’
1 —ae?
]P’()\min (ozzt:Zt> zbg—eX) >1—nexp <8(b2—bl)2)

Corollary A.3. Given an a-length sequence {Z,} of random matrices of size ny X na. For all X € C, (i)

Z,’s are conditionally independent given X; (ii) P(||Z|| < b1|X) = 1 and (iii) ||E[§ Y Zi X]|| < bo.
For any € > 0, for all X € C,

P 1§ Z X|>1-(n+na)e <“€2>
— — n X — | .
o™ SR a2

t
Proof of Lemma 6.6. Recall that we are given G’det that was computed using (some or all) y;’s for ¢t < ¢,

<by+e€

and that satisfies (4ot < 7¢. From (2), y; is a linear function of £;. Thus, we can let X := {€1,£s,...4; }
denote all the random variables on which the event {(4et < 7} depends. In each item of this proof, we
need to lower bound the probability of the desired event conditioned on (gt < 7¢. To do this, we first
lower bound the probability of the event conditioned on X that is such that X € {(get < r(}. We get a
lower bound that does not depend on X as long as X € {(get < r(}. Thus, the same probability lower

bound holds conditioned on {(get < 7(}.

Fact A.4. For an event £ and random variable X, P(E|X) > p for all X € C implies that P(E|X €
C) > p.

Proof of Lemma 6.6, item 1. Let
term := l Z \Ilét'wt’ = l Z ‘I’Eteng t,Mg t,
a t a t b b

Since W is a function of X, since £;’s used in the summation above are independent of X and E[£,£,'] =

27
1
Elt X|=— UM, M,
[term|X] = — zt: 1 Mo
Next, we use Cauchy-Schwartz for matrices:

[0} 2 (07 Q
> XY < Amax (Z XtXt’> Amax (Z Yth’> (16)

t=1 t=1 t=1
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Using (16), with X; = XM, and Y; = My, followed by using \/Hé > Xe X < maxy || X,
Model 1.2 with A; = I, and Lemma A.1,

[Efterm|X]| < max [ @50, /]y
(0%

< g(rON + Ay 2

for all X € {Ciet < 7(¢}. To bound [ Wlw;|, rewrite it as Wlw; = [PGaerardet +

\IlGrestamest][a£7dCtGﬁiCt + ag’rethiest]MLtMé,t. Thus, using || My, < 1, |M+P| < g < 1, and

Lemma A.1,

@]l < qr((rON + M, + (FOVA M + VAT AL

holds w.p. one when {(4et < r(}.

Finally, conditioned on X, the individual summands in term are conditionally independent. Using
matrix Hoeffding, Corollary A.3, followed by Fact A.4, the result follows.

Proof of Lemma 6.6, item 2.

Zwtwt|X ZMz My SMy ) My

By Lemma A.1, |l < ¢*A\T. Thus, using Model 1.2 with A; = M, XM, /,

1 B
E[—- X< Zg2at.
| [a Et wywy] X]|| < .4
Using Model 1.2 and Lemma A.1,
|wiw|| = || Moy My Pay|* < ¢*nrat.

Conditional independence of the summands holds as before. Thus, using Corollary A.3 and Fact A.4, the
result follows.

Proof of Lemma 6.6, item 3.

1
E[* Z EcurEcur/‘I’tht/‘I’Ecur,J_Ecur,J_/H |X]
o t

= EcurEcur,‘IllelEcur,L Ecur,J.,

e OEUE o By '] < (rQ)2AT + \/1(()702)‘1-11—ndet when {Cger < ¢}
Also, || Eew OLL/ W Ecy, 1 || < [[CLL/ || < nr((rQ)? AT + A + 2(rQ) VAT Adur) == bprop holds w.p.

cur

Using Lemma A.1,

cur

one when {(get < r(}. In the above bound, the first inequality is used to get a loose bound, but one that
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will also apply for the proofs of the later items given below. The rest is the same as in the proofs of the
earlier parts.

Proof of Lemma 6.6, item 4. Using Ostrowski’s theorem,
)\mln(E[A’X]) - )\min(Ecur/‘I’(E)‘IlEcur)
2 Amin(-Ecur/‘I’C"Ycur—/\curC""cfufr/‘:[’-Ecur)
- Amin(Rcur/\curl%cur/)

2 )\min(Rcuchur,))\min(Acur) Z (1 - (T<)2))\c_ur
for all X € {(qet < 7(}. Ostrowski’s theorem is used to get the second-last inequality, while Lemma
A.1 helps get the last one.

As in the proof of item 3, ||Ecy’ W€l WE || < ||[®£L,¥|| < b,p holds w.p. one when {(ger <
r(}. Conditional independence of the summands holds as before. Thus, by matrix Hoeffding, Corollary

A.2, the result follows.

Proof of Lemma 6.6, item 5. By Lemma A.1,
)\max(E[AL’XD = Amax(Ecur,L/\I’E‘IlEcur,L)

< ((rO* A" + M aer)

undet

when {(qet < 7(}. The rest of the proof is the same as that of the previous part.

Proof of Lemma 6.6, item 6. Using Ostrowski’s theorem, Apn.x(E[AL|X]) >
Amax (Eeur, | "C G undet Aundet Gundet ¥ Eeur, 1) > Amin(Eeur, | ' Gundet Gundet’ ¥ Ecur, 1) Amax (Aundet ) -
By definition, Apax(Aundet) = )\:ndet' By Lemma A.1, Amin(Ecur, 1 ¥ GundetGundet’ ¥ Ecur, 1) =

Umin(Ecur,J_/‘I’Gundet)Q > (1—(r¢)? - \/%) when {(get < 7¢}. The rest of the proof is the same

as above.
Proof of Lemma 6.6, item 7. Using Ostrowski’s theorem and Lemma A.l, Apax(E[A]X])
Amax(-Ecur/‘I’C;(:ur-Acur(;Cur,‘]:’-Ecur) Z Amin(-1%cur-Rcur,))\max(j\cur) Z (1 - (TC)Q))\+ when {gdet

cur

Y

N

X

r(}. The rest of the proof is the same as above.
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APPENDIX B

SUPPLEMENTARY MATERIAL

1) Detailed Proof of Theorem 3.5: Recall that we need to show that ;, < r(. Assume the substitutions
given in Definition 6.2. We will use induction.
Consider a k < ¢. For the k-th step, assume that {; < r;¢ for ¢ = 1,2,...,k — 1. Thus, using (10),

Cdet < ¢ and so Lemma 6.8 is applicable. We first show that 7, = 7, and that Algorithm 1 does not

stop (proceeds to (k + 1)-th step). From Algorithm 1, 7, = r if ;‘le < g, and T 3,:11 > g. Also it will
not stop if A\r,+1 > Athresh. Since k < ¥, Gypget 18 not empty. Thus, item 1 of Lemma 6.8 shows that
all these hold. Hence 7, = r and algorithm does not stop w.p. at least 1 —p; — p2 — 4ps. Thus, by item
3 of the same lemma, with the same probability, (i < r(.

Now consider k = ¢). We first show 7, = r; and that Algorithm 1 does stop, i.e., 9 = 9. This will be
true if /\)‘—1 < g and S\Tk+1 < Athresh- For k = 19, Gyndet s empty. Thus, item 2 of Lemma 6.8 shows that

Tk

this holds w.p. at least 1 — p; — p2 — 4p3. Thus, by item 3 of the same lemma, with the same probability,
Ce < 7€

Thus, using the union bound, w.p. at least 1 — ¥ (p1 + p2 +4p3), 7, = 71 and ( < ri( for all k. Using
(9), this implies that SE < r{ with the same probability.

Finally, the choice o > v, implies that p; < $2n710, p < 22710, p3 < 221719 Hence SE < r(
w.p. at least 1 — 12n~10. We work this out for p; below. The others follow similarly.

Recall that p; = 2n exp(—aﬁ;w), € = 0.01(rQ)A™ and bprop = nrg((rOAT+ A+ (rO) VAT Adur +
VAN, Thus, (22 < (4nr max(g(r€) £, a9, /79, a(rO)V/F9))? < 169°r> max(q(rC) f.qg,4v/T9)

Thus, agmiz— > gt G max(a(rO)f a9 VIS s Ot T
11logn + log¥. Thus, p; < $2n*10.

2) Proof of Lemma A.1: The first claim is obvious. The next two claims follow using the following

lemma:

Lemma B.1 ([2], Lemma 2.10). Suppose that P, P and Q are three basis matrices. Also, P and p
are of the same size, Q' P = 0 and ||(I — PP')P|| = (.. Then,

1) |(I - PP)PP'| = (I - PP)PP'| =|(I-PP)P|=|I-PP)P|=c¢

2) ||[PP' — PP'|| <2|(I - PP"P| =2,

3) 1PQ| <<

4) JT-( <o ((I-Pﬁ’)Q) <1
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Use item 4 of Lemma B.1 and the fact that Gget'Gewr = 0 and Gaet’ Gundet = 0 to get the second
claim.

For the third claim, notice that Eey' ¥ Gunaet = Rok Gen ¥ Gundet = RoLGowr' Gaet Gaet’ Gundet -

cur

since ¥2 = ¥ and Gy’ Gundet = 0. Using the second claim,

Rl < a,,,i,,(chm) < 1_(102. Use item
3 of Lemma B.1 and the facts that Gy’ Gaey = 0 and Gypget’ Gaet = 0 to bound |Gy’ G’detH and
|Gaer’ Gune | Tespectively.

The fourth claim just uses the definitions. The fifth claim uses the previous claims and the assumptions
on M; from Model 1.2. The sixth claim follows using Weyl’s inequality.

The second last claim: We show how to bound @irest: [|atrest]> = ll@tcurl|* + [|@tundet]]* <
DG TN 2 e G MG < 1AL, (since Aj < A, for all the j’s being summed over). The other
bounds follow similarly.

Last claim:

Omin(Beur, . ¥ Gundet)?

= Amin(Gundet' ¥ Ecur, | Ecur, 1" Gundet)
= Amin(Gundet' (I — EeurEcu' )P Gundet)
> Amin(Gundet' ¥ ¥ Gundet ) —
Amax(Gundet' ¥ Eeur Ecur' ¥ Gundet)

= Umin(\IlGundet)Q - ||Ecur,‘IlGundetH

G
VI= (02

The last inequality follows using the second and the third claim.

>1—(r¢)? -

3) Proof of Corollary 3.8: Corollary 3.8 follows in exactly the same fashion as Theorem 3.5 with the

following lemma being used to replace Lemma 6.6.

Lemma B.2. (1) Assume that y; = £; + w;, where w; = w; + vy = M€y + vy with £; satisfying
Model 1.1, M, satisfying Model 1.2, and v, independent of £; and satisfying ||E[viv//]]| < byreueCA™
and ||v)|? < b2,r A~

(2) Assume that we are given G’det that was computed using (some or all) y;’s for t < t, and that
satisfies Cgot < 7C.

Define g := N /Auer X = Mgt

D, A, A, be as defined in (12) and below it. Also, let H := D — D. Then,

[Aaw and € := 0.01rqu (Ao, Let D be as defined in (11) and let

cur*

August 8, 2016 DRAFT



36

o e <

]) Let D1 : 2n exp < 32(2q7‘77((7‘<)>\++)\cu +\/r77(('r'C))\++)\$u)'rb2,,)ﬁ )2 ) >
_ €2 . . .

2n exp ( a P e TP FEW oW Cro ST o R ) . Conditioned on {(iet < 7}, with

probability at least 1 — p,

Hé zt:wtu?t I <q((rOAT + Aiur)\/ﬁjt 2¢ < [q(r() f\[Jr qg\er 00rcur

2 2 ..
2) Let py = 2nexp(—32(q2nm‘fib2ym,)2) < 2n exp(—32((q2ani€b2vT)Ac_l‘r)2). Conditioned on {(get <

r(}, with probability at least 1 — po,

1 . _
||a Z wtwt,H < §q2>\+ + bu""curc/\ +3e < [5 2f + bllrcurc + 0. 03rcur<] cur
t

In the lower bound on «, in the max(.) term we will also have max(., /52, (r¢)f, vb2,g,b2,)
b2, < g, all these will be smaller than terms already in the max(.). And hence the bound on « will not
get affected.

The bound on |[H| changes as follows. If the bounds on ( hold and if 5 <

2 2
<(1_(1+b”2)7"““r<_")) min (Eflqrcg)z , (e fC)) «, then with probability given earlier,

|H| < [2.02619\/B p P f 4 byrewC + 0.057u:C 4 0.03¢] Ao,

< 10.75(1 = (L + b,)r¢ — X)TewrC + (by 4 0.08)rcurCJAcyy < (by 4+ 0.83)rewrCAcy, (17)

(| H|] (b, +0.08)rcurC .
Thus, Cewr < = Inmx(AL) THT] < 0.75rcwm( + I—(1+b, )7’:1( X) < rewC if B0 <

<(1_(1+b”2)’"c“"< X ) min (4“1“(; 27 TC?} ) a, and y < 1 — (8+0.08) (3508) — (14 by)rewC.

Notice from above that the most stringent requirement is the bound on x. It shows that b, cannot

be much more than 0.25 — 0.08 and, in fact, to allow x to be large, b, should be much smaller than
0.25 — 0.08. To keep things simple, we assume b, = 0.01. Also, we let b2, = ¢ since that works as well
as any other small value. It does not change the lower bound on «.

Thus, with our assumption that 4 independent of £; and satisfying ||E[v:v4]]| < 0.017r¢u:¢A™ and
llv¢||? < rgA~, the result follows in a fashion exactly analogous to Theorem 3.5.

4) Proof of Theorem 7.1: Theorem 7.1 follows in exactly the same fashion as Theorem 3.5 with the
following changes to Lemma 6.6.

Instead of |[M;.P| < ¢ assume the following generalized version: | M ;Gqet|| qo and

|| M ¢Ghrest|| < gi1. In applications where we use this generalized form, gy will be much smaller than ¢;.

Then the first two items of Lemma 6.6 change as follows.
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1) Let = 2 —
) Let py := 2nexp ( @ 522 (rO) F 019 e+ (23 FOT+2/8) A )?
with probability at least 1 — py,

||7 Z ‘I’Etwt H < (QO(TC))‘JF + Q1)‘cur)\/ﬁ+ 2e < q0 T< f\/7 + (J1g\/7+ 0. O2rcur€ cur

2) Let py :=2n exp(—32(qgnr)\+°‘jq%m/\c+m)2) < 2nexp(—

r(}, with probability at least 1 — pa,

). Conditioned on {(qet < 7C},

3200 e f +nr qlg) EWE >). Conditioned on {{ges <

||—Z'wtwt | < ’Bcfﬁ b ~Gi A G T 36 < [5 a3 f + BQ19+0 037eurC] Acur

Recall that ps := 2n exp(— g6 —) With byrop := 1r((rQ)PA™ + Ad,) < 200((rQ)2f + 9) Ao

Thus, in the lower bound on «, we need

maX(97 (TC)2f’ q(%fv Q%ga QO(TC)fa Q19) = maX(g, q19, Q%gv qgfv QO(TC)fa (T<)2f)

2
1— cur§ — 3 cur 2 cur
We also need 8 < (%) min (4.1(q1(;+q§27()f)2’ qé7}+§%)g) a,and x <1— 38 — (14b,)rcwd.

Apply this lemma with ¢y = qg and q1 = qpew, © = 7o to get the theorem.
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