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Abstract

This work studies the recursive robust principal components analysis (PCA) problem. Here, “robust” refers to robustness to
both independent and correlated sparse outliers. If the outlier is the signal-of-interest, this problem can be interpreted as one of
recursively recovering a time sequence of sparse vectors, St, in the presence of large but structured noise, L:. The structure that
we assume on L is that L; is dense and lies in a low dimensional subspace that is either fixed or changes “slowly enough”. We
do not assume any model on the sequence of sparse vectors. Their support sets and their nonzero element values may be either
independent or correlated over time (usually in many applications they are correlated). The only thing required is that there be
some support change every so often. A key application where this problem occurs is in video surveillance where the goal is to
separate a slowly changing background (L:) from moving foreground objects (S:) on-the-fly. To solve the above problem, we
introduce a novel solution called Recursive Projected CS (ReProCS). Under mild assumptions, we show that, with high probability
(w.h.p.), ReProCS can exactly recover the support set of S; at all times; and the reconstruction errors of both S; and L; are upper
bounded by a time-invariant and small value at all times.

Keywords: robust PCA, sparse recovery, compressive sensing
This version has the following changes: (a) Algorithm 1 and the proof of the main result, Theorem 4.2, have been reorganized

to make them shorter and easier to follow; (b) the undersampled case has been removed.

I. INTRODUCTION

Principal Components’ Analysis (PCA) is a widely used dimension reduction technique that finds a small number of
orthogonal basis vectors, called principal components (PCs), along which most of the variability of the dataset lies. It is
well known that PCA is sensitive to outliers. Accurately computing the PCs in the presence of outliers is called robust PCA
[31, [4], [5], [6]. Often, for time series data, the PCs space changes gradually over time. Updating it on-the-fly (recursively)
in the presence of outliers, as more data comes in is referred to as online or recursive robust PCA [7], [8], [9]. “Outlier” is a
loosely defined term that refers to any corruption that is not small compared to the true data vector and that occurs occasionally.
As suggested in [10], [5], an outlier can be nicely modeled as a sparse vector whose nonzero values can have any magnitude.

A key application where the robust PCA problem occurs is in video analysis where the goal is to separate a slowly changing
background from moving foreground objects [4], [5]. If we stack each frame as a column vector, the background is well modeled
as lying in a low dimensional subspace that may gradually change over time, while the moving foreground objects constitute
the sparse outliers [10], [5] which change in a correlated fashion over time. Other applications include sensor networks based
detection and tracking of abnormal events such as forest fires or oil spills; or online detection of brain activation patterns from
functional MRI (fMRI) sequences (the “active” part of the brain can be interpreted as a correlated sparse outlier). Clearly, in
all these applications, an online solution is desirable. In this work, we focus on this case, i.e. on recursive robust PCA that is
robust to both independent and correlated sparse outliers.

The moving objects or the active regions of the brain or the oil spill region may be “outliers” for the PCA problem, but in
most cases, these are actually the signals-of-interest whereas the background image is the noise. Also, all the above signals-of-

interest are sparse vectors that change in a correlated fashion over time. Thus, this problem can also be interpreted as one of
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recursively recovering a time sequence of correlated sparse signals, .S;, from measurements M; := S; + L, that are corrupted
by (potentially) large magnitude but dense and structured noise, L;. The structure that we require is that L, be dense and lie
in a low dimensional subspace that is either fixed or changes “slowly enough” in the sense quantified in Sec III-B. For the
fMRI application, one would also like to study the following more general problem: recover .S; from M; := AS; + L, where
L, = AL, and A is a matrix with more columns than rows (fat matrix). Since L; is low-dimensional, so is L;. This is done

in ongoing work [11].

A. Related Work
There has been a large amount of work on robust PCA, e.g. [4], [S], [6], [3], [12], [13], [14], and recursive robust PCA

e.g. [71, [8], [9]. In most of these works, either the locations of the missing/corruped data points are assumed known [7] (not
a practical assumption); or they first detect the corrupted data points and then replace their values using nearby values [8]; or
weight each data point in proportion to its reliability (thus soft-detecting and down-weighting the likely outliers) [4], [9]; or
just remove the entire outlier vector [13], [14]. Detecting or soft-detecting outliers (S;) as in [8], [4], [9] is easy when the
outlier magnitude is large, but not otherwise. When the signal of interest is S;, the most difficult situation is when nonzero
elements of S; have small magnitude compared to those of L; and in this case, these approaches do not work.

In a series of recent works [5], [6], a new and elegant solution to robust PCA called Principal Components’ Pursuit (PCP)
has been proposed, that does not require a two step outlier location detection/correction process and also does not throw out
the entire vector. It redefines batch robust PCA as a problem of separating a low rank matrix, £; := [L1,..., L], from a sparse
matrix, S := [S1,. .., S, using the measurement matrix, M; := [My, ..., My] = L; + S;. Other recent works that also study
batch algorithms for recovering a sparse S; and a low-rank £; from M; := £; + &; or from undersampled measurements
include [15], [16], [17], [18], [19], [20], [21], [22], [23], [24].

It was shown in [5] that one can recover £; and S; exactly by solving

rg}gnﬁn* + A||S||1 subject to £ +S = M, (1)
provided that (a) £, is dense (its left and right singular vectors satisfy certain conditions); (b) any element of the matrix S; is
nonzero w.p. g, and zero w.p. 1 — g, independent of all others (in particular, this means that the support sets of the different
Sy’s are independent over time); and (c) the rank of £; and the support size of S; are small enough. Here ||A]|. is the nuclear
norm of A (sum of singular values of A) while || A||; is the ¢; norm of A seen as a long vector.

As explained earlier, a key application where the robust PCA problem occurs is in video layering where the foreground
sequence is sparse while the background sequence is approximately low dimensional. In this case, it is fair to assume that the
background changes are dense (i.e. £; is dense). However, the assumption that the foreground support is independent over
time is not a valid one. Foreground objects typically move in a correlated fashion, and may even not move for a few frames.

This often results in S; being sparse as well as low rank.

B. Motivation for Proposed Algorithm

The question then is, what can we do if £, is low rank and dense, but S; may be both sparse and low rank? Clearly in this
case, without any extra information, in general, it is not possible to separate S; and £;. Suppose that an initial short sequence
of L;’s is available. For example, in the video application, it is often realistic to assume that an initial background-only training
sequence is available. Can we use this to do anything better?

One possible solution is as follows. We can compute the matrix containing the left singular vectors of the initial short

training sequence, P,. This can be used to modify PCP as follows. We solve
mSin IS, subject to [|(I — PyB))(M; —S)||r <, (2)

where ||.||# is the Frobenius norm. This then becomes the standard ¢; minimization solution for a batch sparse recovery

problem in noise. As we show later in Lemma 3.2, denseness of ]50 (ensured by denseness of L), ensures that the restricted



isometry constant for (I — Popé) is small and hence S; can be recovered accurately by solving (2) as long as the “noise” it
sees is small. Here the “noise” is (I — PyP})L,. This is small only if span(P,) approximately contains span(L,) (in the sense
defined in Definition 2.2), i.e. the subspace spanned by the future background frames is an approximate subset of that of the
initial training dataset. This is unreasonable to expect in a long sequence. Even though the change of subspace from one time
instant to the next is usually “slow” (one way to quantify this is given in Sec III-B), the net change over a long sequence can
be significant.

To address this issue, we can replace the above by the following. Using Py, we solve (2) for the next set of a frames and
use the resulting estimates, Sy, to get Ly = M, — 5,. If the subspace changes during this period, because of the slow subspace
change assumption (of Sec III-B), the projection of L; along the newly added directions will be small for the first o frames,
thus ensuring that the S,’s, and hence the L,’s, are accurately estimated for this period. The estimated Ly’s can be used in
a recursive PCA or a projection PCA algorithm to get an updated estimate of span(L;) which now includes the span of the
newly added directions. Using the new subspace basis estimate, P, for solving (2) for the next set of o frames, will reduce the
“noise” seen by it. Thus a more accurate set of S't’s, and hence ﬁt’s, can be computed for this period. This, in turn, will help
get a more accurate estimate of span(L;). For simplicity, and to get a fully recursive solution, one can replace (2) by solving
the /1 problem at each time separately. This is the key idea of our proposed algorithm which we call Recursive Projected
Compressive Sensing or ReProCS.

In an earlier conference paper [1], we first introduced the ReProCS idea. It used an algorithm motivated by recursive PCA
[7] for updating the subspace estimates on-the-fly. Recursive PCA is a fast algorithm for solving the PCA problem when data
comes in sequentially. However, as we explain in Appendix F, it is difficult to obtain performance guarantees for PCA. In
this work, we instead use a modification called projection PCA, which can be analyzed more easily. The performance of both

approaches in simulation experiments is similar.

C. Our Contributions

If the noise, L, lies in a “slowly changing” low dimensional subspace as defined in Sec III-B, under mild assumptions, we
show that, w.h.p, ReProCS can exactly recover the support of S; at all times; and the reconstruction errors of both S; and L
are upper bounded by a time invariant and small value at all times. Unlike [6], our result does not assume any model on the
sparse vectors, S;. In particular, it allows the support sets of the S;’s to be either independent, e.g. generated via the model
of [5] (resulting in S; being full rank w.h.p.), or correlated over time (can result in S; being low rank). As explained in Sec
IV-D, the only thing that is required is that there be some support changes every so often. We should point out that some of
the other works that study the batch problem, e.g. [5], [20], also allow S; to be low rank.

If L; is the signal of interest, then ReProCS is a solution to recursive robust PCA in the presence of sparse and possibly
correlated outliers. To the best of our knowledge, this is the first rigorous analysis of any recursive (online) robust PCA
approach and definitely the first to study recursive (online) robust PCA with correlated outliers. Our results directly apply to
the missing data case as well or equivalently the case where the outlier locations are known (see Sec IX-A).

The proof techniques used in our work are very different from those used to obtain performance guarantees in the other
recent batch robust PCA works [5], [6], [12], [14], [13], [15], [16], [23], [21], [20], [22], [24]. The works of [14], [13] also
study a different case: that where an entire vector is either an outlier or an inlier. Our proof utilizes (a) sparse recovery results
[25]; (b) results from matrix perturbation theory that bound the estimation error in computing the eigenvectors of a perturbed
Hermitian matrix with respect to eigenvectors of the original Hermitian matrix (sin 6 theorem [26]) and that bound the perturbed
eigenvalues (Weyl’s theorem [27]) and (c) high probability bounds on eigenvalues of sums of independent random matrices
(matrix Hoeffding inequality [28]).

A key difference of our approach compared with most existing work analyzing finite sample PCA, e.g. [29] and references
therein, is that it needs to provably work in the presence of perturbation/noise that is correlated with L,. Most existing works,

including [29] and the references it discusses, assume that the noise is independent of the data.



When L; is the signal of interest, the ReProCS approach is related to that of [30], [31], [32] in that all of these first try
to nullify the low dimensional signal by projecting the measurement vector into a subspace perpendicular to that of the low
dimensional signal, and then solve for the sparse “error” vector (outlier). However, the big difference is that in all of these works
the basis for the subspace of the low dimensional signal is perfectly known. Our work studies the case where the subspace is
not known. We have an initial approximate estimate of the subspace, but over time it can change quite significantly. The only
thing we require is that the changes per unit time are “slow” in a sense quantified in Sec III-B.

In this work, to keep things simple, we use ¢; minimization done separately for each time instant (also referred to as basis
pursuit denoising (BPDN)) [25], [33]. However, this can be replaced by any other sparse recovery algorithm, either recursive
or batch, as long as the batch algorithm is applied to o frames at a time (with « selected as explained in Sec IV). Notice that
ReProCS allows correlated sparse vectors. If something is known about the correlation model, one could replace BPDN by

modified-CS or support-predicted modified-CS [34]. Also, many of the batch CS algorithms from literature could be used.

D. Paper Organization

The rest of the paper is organized as follows. We give the notation and background required for the rest of the paper in
Sec II. The problem definition and the model assumptions are given in Sec III. We explain the ReProCS algorithm and give
its performance guarantees (Theorem 4.2) in Sec IV. The proof outline and the terms used in the proof are defined in Sec V.
The main lemmas needed to prove Theorem 4.2 are given in Sec VI. The proof of Theorem 4.2, which follows easily from
the main lemmas is also in section VI. In sections VII and VIII we prove the two main lemmas. A more general subspace
change model, ReProCS with deletion, and the extension of our results to the missing data case is discussed in Sec IX. In
Sec X-A, we show that our slow subspace change model indeed holds for real videos. In Sec X-B, we explain how one can
automatically set parameters for ReProCS in practice. In Sec X-C, we show numerical experiments demonstrating Theorem

4.2, as well as comparisons of ReProCS and practical ReProCS with PCP. Conclusions and future work are given in Sec XI.

II. NOTATION AND BACKGROUND
A. Notation

Foraset T C {1,2,...,n}, we use |T| to denote its cardinality, i.e., the number of elements in 7. We use T° to denote its
complement w.r.t. {1,2,...n},ie. T¢:={i €{1,2,...n}:i ¢ T}

We use the interval notation, [t1,12], to denote the set of all integers between and including t; to to, ie. [t1,t2] =
{t1,t1+1,...,t2}. For a vector v, v; denotes the ith entry of v and vy denotes a vector consisting of the entries of v indexed
by T. We use ||v]|, to denote the ¢, norm of v. The support of v, supp(v), is the set of indices at which v is nonzero,
supp(v) := {3 : v; # 0}. We say that v is s-sparse if |supp(v)| < s.

For a matrix B, B’ denotes its transpose, and B! its pseudo-inverse. For a matrix with linearly independent columns,
Bt = (B'B)"!'B’. We use || B|2 := max, o || Bz|]2/||z|2 to denote the induced 2-norm of the matrix. Also, ||B]. is the
nuclear norm (sum of singular values) and || B||max denotes the maximum over the absolute values of all its entries. We let
0;(B) denotes the ith largest singular value of B. For a Hermitian matrix, B, we use the notation B PLP TAU to denote
the eigenvalue decomposition of B. Here U is an orthonormal matrix and A is a diagonal matrix with entries arranged in
decreasing order. Also, we use A;(B) to denote the ith largest eigenvalue of a Hermitian matrix B and we use Apyax(B) and
Amin(B) denote its maximum and minimum eigenvalues. If B is Hermitian positive semi-definite (p.s.d.), then \;(B) = o;(B).

For Hermitian matrices B; and B>, the notation B; < By means that By — By is p.s.d. Similarly, B; > By means that B — Bs

is p.s.d.
For a Hermitian matrix B, ||Bllz = /max()\2,,.(B), 2,,(B)) and thus, | B|]2 < b implies that —b < Apin(B) <
Amax(B) < b.

We use I to denote an identity matrix of appropriate size. For an index set T' and a matrix B, By is the sub-matrix of B
containing columns with indices in the set 7'. Notice that By := BIp. Given a matrix B of size m X n and By of size m X ng,

[B Bs] constructs a new matrix by concatenating matrices B and Bs in a horizontal direction.



For a tall matrix P, span(P) denotes the subspace spanned by the column vectors of P.

The notation [.] denotes an empty matrix.
Definition 2.1. We refer to a tall matrix P as a basis matrix if it satisfies P'P = I.

Definition 2.2. For a basis matrix P and any other matrix B, we say that “span(P) approximately contains span(B)” if
[(I — PP")B|2/||Bll2 is small.

Definition 2.3. The s-restricted isometry constant (RIC) [30], §, for an n x m matrix V is the smallest real number satisfying
(1 =3d5)||z||3 < [[Wrz||3 < (14 0,)||z||3 for all sets T C {1,2,...n} with |T| < s and all real vectors x of length |T)|.

It is easy to see that maxy, (< [|(¥r'Ur) 712 < ﬁ [30].

Definition 2.4. We give some notation for random variables in this definition.

1) We let E[Z] denote the expectation of a random variable (rv.) Z and E[Z|X] denote its conditional expectation given
another rv. X.

2) Let B be a set of values that a rv. Z can take. We use B¢ to denote the event Z € B, i.e. B¢ :={Z € B}.

3) The probability of any event B¢ can be expressed as [35],

P(5°) = E[ls(2)).

where

HB(Z)::{l ifZeB

0 otherwise

is the indicator function on the set B.
4) For two events B¢, B¢, P(B¢|3°) refers to the conditional probability of B¢ given B¢, i.e. P(B¢|B¢) := P (B¢, B¢) /P (15°).
5) For arv. X, and a set B of values that the rv. Z can take, the notation P(B¢|X) is defined as

P(B|X) := Ells(2)|X].
Notice that P(B¢|X) is a rv. (it is a function of the r.v. X) that always lies between zero and one.

Finally, RHS refers to the right hand side of an equation or inequality; w.p. means “with probability”; and w.h.p. means
“with high probability”. Also we use a < b to indicate (in a non-rigorous sense) that the dominant term in the upper bound

on a is b.

B. Compressive Sensing result

The error bound for noisy compressive sensing (CS) based on the RIC is as follows [25].

Theorem 2.5 ([25]). Suppose we observe
=Vzr+z

where z is the noise. Let & be the solution to following problem
min |||y subject to ||y — x|z <& 3)
Assume that x is s-sparse, ||z||2 < & and 625(V) < b(v/2 — 1) for some 0 < b < 1. Then the solution of (3) obeys

& — (]2 < C1€

, 4y/1 + 025(T) 4 /1+b(V2-1)
with C1 = < .
1—(V2+1)52,(T) ~ 1— (V24 1)b(v2 - 1)




Remark 2.6. Notice that if b is small enough, C is a small constant but Cy > 1. For example, if 625(V) < 0.15, then Cy < T.
If Ci&§ > ||z

gives a small reconstruction error bound only for the small noise case, i.e., the case where ||z||2 < & < ||z||2. In fact this is

o, the normalized reconstruction error bound would be greater than 1, making the result useless. Hence, (3)

true for most existing literature on CS and sparse recovery, with the exception of [10], [36], [37] (focus on large but sparse
noise) and [5], [6].

C. Results from linear algebra

Davis and Kahan’s sin 6 theorem [26] studies the rotation of eigenvectors by perturbation.

Theorem 2.7 (sin 6 theorem [26]). Given two Hermitian matrices A and H satisfying

Ao |[FE HB |[FE]
A:|:EEJ_:| R /H:[EEJ_} / @)
0 A | |FEL B H | |EL]
where [E E|] is an orthonormal matrix. The two ways of representing A+ H are
A+H B ' Ao |[F
A+H=|EE,] | =[FF] ,
B A +H, E, 0 A, _FL

where [F F\] is another orthonormal matrix. Let R := (A+ H)E — AE = HE. If Ayin(A) > Amax(A L), then
[RIl2
Amin(A) - )\max(AJ_)

The above result bounds the amount by which the two subspaces span(FE) and span(F’) differ as a function of the norm of

I(I = FF)E||> <

the perturbation ||R||2 and of the gap between the minimum eigenvalue of A and the maximum eigenvalue of A . Next, we

state Weyl’s theorem which bounds the eigenvalues of a perturbed Hermitian matrix, followed by Ostrowski’s theorem.

Theorem 2.8 (Weyl [27]). Let A and H be two n X n Hermitian matrices. For each i = 1,2, ..., n we have
Ai(A) + Amin(H) < Xi(A+H) < Ai(A) + Amax(H)

Theorem 2.9 (Ostrowski [27]). Let H and W be n xn matrices, with H Hermitian and W nonsingular. For each i =1,2...n,
there exists a positive real number 0; such that Apin(WW') < 0; < Apax(WW') and \i(WHW') = 0;\;(H). Therefore,

/\min(WHW/) > )\min(WW/))\min(H)

The following lemma proves some simple linear algebra facts.
Lemma 2.10. Suppose that P, P and Q are three basis matrices. Also, P and P are of the same size, Q'P = 0 and
|(I — PP")P||y = C,. Then,

) (I = PP)PP'|ls = |[(I = PP)PP'|ls = ||(I = PP)P||z = ||(I = PP")P|> = ¢

2) ||PP' — PP'||y < 2|/(I — PP")P||; = 2.

3) 12'Ql2 < ¢

4 V1-Z<oi((I-PP)Q) <1

The proof is in the Appendix.

D. High probability tail bounds for sums of independent random matrices

The following lemma follows easily using Definition 2.4. We will use this at various places in the paper.

Lemma 2.11. Suppose that B is the set of values that the rv.s X,Y can take. Suppose that C is a set of values that the r.v.
X can take. For a 0 <p <1, if P(B¢|X) > p for all X € C, then P(B¢|C¢) > p as long as P(C¢) > 0.

The proof is in the Appendix.



The following lemma is an easy consequence of the chain rule of probability applied to a contracting sequence of events.

Lemma 2.12. For a sequence of events Eg, EY, ... ES that satisfy E§ O Ef D ES--- D EY. | the following holds
P(E;,|E5) = [] P(ERIEL ).
k=1
Proof: P(E7,|E§) = P(EL,, By, 1, .- B§lEG) = [1,Zy P(ERIER_y, ER s, E) = [Tisy P(ERIER ). u
Next, we state the matrix Hoeffding inequality [28, Theorem 1.3] which gives tail bounds for sums of independent random

matrices.

Theorem 2.13 (Matrix Hoeffding for a zero mean Hermitian matrix [28]). Consider a finite sequence {Z;} of independent,
random, Hermitian matrices of size n x n, and let {A;} be a sequence of fixed Hermitian matrices. Assume that each random
matrix satisfies (i) P(Z2 < A?) =1 and (ii) E(Z;) = 0. Then, for all € > 0,

9
P <>\max (Z Zt> < e) >1—nexp (8062> , where o2 = H ZA?
7 7

The following two corollaries of Theorem 2.13 are easy to prove. The proofs are given in the Appendix.

2

Corollary 2.14 (Matrix Hoeffding conditioned on another random variable for a nonzero mean Hermitian matrix). Given
an a-length sequence {Z:} of random Hermitian matrices of size n X n, a rv. X, and a set C of values that X can take.
Assume that, for all X € C, (i) Z’s are conditionally independent given X; (ii) P(biI <X Z; < boI1X) = 1 and (iii)
b3l = 15, B(Z,|X) = byl. Then for all € > 0,
P 122 <b+‘X >1 —0€ X ec
max | — < € >1l—nexp| —— | fora
a - t 4 p 8(b2 . b1>2

P (A IZZ > b ‘X >1 =€\ fral X ec
min | — >bs —e€ >1—nexp| ———=] fora
o - t 3 P 8(b2 _ b1)2

The proof is in the Appendix.

Corollary 2.15 (Matrix Hoeffding conditioned on another random variable for an arbitrary nonzero mean matrix). Given an o-
length sequence {Z.} of random Hermitian matrices of size n X n, a r.v. X, and a set C of values that X can take. Assume that,
forall X € C, (i) Z;’s are conditionally independent given X; (ii) P(||Z¢||2 < b1|X) = 1 and (iii) ||é Y E(ZdX)|2 < bo.
Then, for all € > 0,

2

;;bz) forall X €C
1

§b2+€
2

P (Hiztjzt

The proof is in the Appendix.

X) Zl(n1+n2)exp<

III. PROBLEM DEFINITION AND MODEL ASSUMPTIONS

We give the problem definition below followed by the model and then describe the two key assumptions.

A. Problem Definition

The measurement vector at time ¢, My, is an n dimensional vector which can be decomposed as
My =L, + S @)

Here S; is a sparse vector with support set size at most s and minimum magnitude of nonzero values at least Sp,. Ly is a
dense but low dimensional vector, i.e. Ly = P(yya; where Py) is an n X 7(;) basis matrix with 7y < n, that changes every
so often. P(;) and a; change according to the model given below. We are given an accurate estimate of the subspace in which
the initial ty, Ly’s lie, i.e. we are given a basis matrix Py so that (I — popé)PO”Q is small. Here P, is a basis matrix for

span(Ly,,, ), i.e. span(Py) = span(Ly,,, ). Also, for the first ¢y, time instants, S; is either zero or very small. The goal is



1) to estimate both S; and L; at each time ¢ > ¢y, and
2) to estimate span(L;) every so often, i.e. compute ]5(,5) so that the subspace estimation error, SE ;) := [|(1 715(,5)15(’ )Pt ll2
is small.
Notation for S;. We do not assume anything about S; except sparsity. Let T; := {i : (S¢); # 0} denote the support of
S;. Define

Shnin = tr;ltltn {renjgtl |(St)i], and s:= max |T%|

In words, Spin is a lower bound on the magnitude of a non-zero entry of .S; for all ¢, and s is an upper bound on the support
size of S; for all t.

Model on L;. {L:} is a sequence of dense vectors satisfying the following model.

1) L, lies in a low dimensional subspace that changes every-so-often. Let ¢; denote the change times. Then the following
holds.
a) Ly = Pyyay with Pyy = P for all t; <t <t;.4, j=0,1,2---J, i.e. there is a maximum of J subspace change
times. We let tg = 0. We can define ¢ ;4 = oo.
b) P; is an n X r; basis matrix with r; < n and r; < (tj41 — t;).
c) At the change times, ¢;, P; changes as P; = [P;_1 Pj new| Where Pj new 1S @ 11X ¢; new basis matrix with P]{7neij_1 =

0. Thus r; = 7j_1 + ¢j new- This model is illustrated in Fig 1.

d) There exists a constant ¢,,, such that 0 < ¢;pew < ¢y for all j.
2) The vector of coefficients, a; := P(t)' Ly, is a random variable (r.v.) with the following properties.
a) The a; are mutually independent over t.
b) It is a zero mean bounded r.v., i.e. E(a;) = 0 and there exists a constant -y, s.t. ||a¢||co < 7« for all .
¢) Its covariance matrix A; := Covla;] = E(aa}) is diagonal with A~ := ming Apin(Ay) > 0 and AT =
max; Amax(At) < 0o. Thus the condition number of any A; is bounded by f := :\\—f

d) For t; <t <tji1, ar = P;'Ly is an r; length vector which can be split as

at,*
ay =
At new

where a; , 1= Pj_l’Lt is an r;_; length vector of coefficients for the existing directions and a; pew = P»,new’Lt is

a ¢;j new length vector of coefficients for the new directions. Thus, for this interval, L, can be rewritten as

At %
Lt = [Pj—l Pj,new] [ b = Pj—lat,* + Pj,newat,new
At new
Also, A can be split as A; = 0 (A) where (Ay). = Coviay ]| and (A¢)new = Cov]ay new] are diagonal
t )new

matrices.

3) P; and a; change slowly in the sense quantified below in Sec III-B.

4) The L;’s, and hence their subspace basis matrices P;, are dense as quantified in Sec III-C.

Eg i ta g E41 &
| I | | | J
— A y ) . . )

FpasFy Fo=P=|PyRaeel Fiy = By = [Pt Fnewl

Fig. 1. The subspace basis change model explained in Sec III-A. Here o = 0 and 0 < tiin < t1.



We discuss the above model assumptions after stating our main result in Sec. IV-C.

In the above model, the rank of P; will keep increasing whenever ¢; new > 0. In other words, the dimension of the subspace
in which the current L; will keep increasing. However, in practical applications, this may not happen. Some directions may
also get removed from P; so that the subspace dimension remains roughly constant with time. This can be modeled as
P; = [Pj—1 Pjnew] \ Pjou. As we show in Corollary 9.1 in Sec IX-B, even with this more general model, our proposed
algorithm directly applies and its performance guarantees also change only slightly.

We do not use this more general model here to keep the notation simple. Recall that our goal is to estimate span(L;). With
our current model (no removals), span(P(;)) = span(L;) and thus our goal can be equivalently stated as one of computing a

basis matrix P(t) so that span(I:’(t)) ~ span(P()).

B. Slow subspace change

By slow subspace change we mean all of the following.

First, the delay between consecutive subspace change times, ;11 — t;, is large enough.

Second, the magnitude of the projection of L, along the newly added directions, a;npew, is initially small, i.e.
maxy; <<t +a ||t newllooc < Ynews With Ynew < ¥+ and Ynew < Smin, but can increase gradually. We model this as follows.

Split the interval [t;,¢;11 — 1] into o length periods. We assume that

k=1
max max a < = min(v
5 telty+ (h— D)ot +ka—1] || t,new”oo = Vnew, k ( ’Vnewv')/*)
for a v > 1 but not too large'. This assumption is verified for real video data in Sec. X-A.
Third, the number of newly added directions is small, i.e. ¢jpew < Cma << 79. This is also verified in Sec. X-A.

C. Measuring denseness of a matrix and its relation with RIC

For a tall n x r matrix, B, or for a n X 1 vector, B, we define the the denseness coefficient as follows:
ks(B) = 7”ITIBH2.
Ti<s  |[Bll2

where |.||2 is the matrix or vector 2-norm respectively 2. Clearly, x,(B) < 1. First consider an n-length vector B. Then
measures the denseness (non-compressibility) of B. A small value indicates that the entries in B are spread out, i.e. it is a
dense vector. A large value indicates that it is compressible (approximately or exactly sparse). The worst case (largest possible
value) is #4(B) = 1 which indicates that B is an s-sparse vector. The best case is #s(B) = /s/n and this will occur if each
entry of B has the same magnitude. Similarly, for an n x r matrix B, a small x; means that most (or all) of its columns are

dense vectors.

Remark 3.1. The following facts should be noted about r(.).

1) For an n X r matrix B, ks(B) is an increasing function of s.

2) For an n X r basis matrix B, ks(B) is an increasing function of r = rank(B).

3) A loose bound on k4(B) obtained using triangle inequality is rks(B) < sk1(B).

4) For a basis matrix P, |P|l2 = 1 and hence r4(P) = maxp|<; [I7P||2 and ks(PP') = ks(P). Thus, for any other
basis matrix Q for which span(Q) = span(P), ks(P) = ks(Q). Thus, ks(P) is a property of span(P), which is the

subspace spanned by the columns of P, and not of the actual entries of P.

The lemma below relates the denseness coefficient of a basis matrix P to the RIC of I — PP’. The proof is in the Appendix.

ISmall ~yew and slowly increasing “Ynew,k 18 needed for the noise seen by the sparse recovery step to be small. However, if vnew is zero or very small, it
will be impossible to estimate the new subspace. This will not happen in our model because Ypew > A~ > 0.

2In future work [11] we define xs(B) := max|7|<s [[I7'Q(B)||2 where Q(B) is a basis matrix for span(B) ie the columns of Q(B) form an orthonormal
basis for span(B). With this definition item 4 of Remark 3.1 is immediate. Also, all of our results will still hold with this new definition.



Lemma 3.2. For an n X r basis matrix P (i.e P satisfying P'P = I),
8s(I — PP") = k%(P).

In other words, if P is dense enough (small k), then the RIC of I — PP’ is small. Thus, using Theorem 2.5, all s-sparse
vectors, S; can be accurately recovered from y; := (I — PP’)S; + f; if B; is small noise.

In this work, we assume an upper bound on x4(P;_1), and a tighter upper bound on £4(P;} new). Additionally, we also assume
denseness of another matrix, D; new,, Wwhose columns span the currently unestimated part of span(Pj’neW) (see Theorem 4.2).

As we explain in Sec IV-E, the denseness coefficient «,(B) is related to the denseness assumption required by PCP [5].

IV. RECURSIVE PROJECTED CS (REPROCS) AND ITS PERFORMANCE GUARANTEES

In Sec IV-B, we explain the ReProCS algorithm and why it works. We give its performance guarantees in Sec. IV-C and
discuss the assumptions used by our result in Sec. IV-D. A qualitative discussion w.r.t. the result for PCP is given in Sec IV-E.
Practical parameter setting for ReProCS is discussed later in Sec. X-B.

We summarize the Recursive Projected CS (ReProCS) algorithm in Algorithm 2. It uses the following definition.

Definition 4.1. Define the time interval Z; ;. := [t; + (k—1)a,t; +ka—1]fork=1,... K and T; g 11 = [t; + Ko, tj 11 —1].
Here, K is the algorithm parameter in Algorithm 2.

A. The Projection-PCA algorithm

Given a data matrix D, a basis matrix P and an integer r, projection-PCA (proj-PCA) applies PCA on D, := (I — PP’)D,
i.e., it computes the top r eigenvectors (the eigenvectors with the largest r eigenvalues) of ﬁDproijroj’. Here ap is the
number of column vectors in D. This is summarized in Algorithm 1.

If P =[], then projection-PCA reduces to standard PCA, i.e. it computes the top r eigenvectors of ﬁDD’ .

We should mention that the idea of projecting perpendicular to a partly estimated subspace has been used in different contexts
in past work [38], [14].

Algorithm 1 projection-PCA: Q + proj-PCA(D, P, r)
1) Projection: compute Do < (I — PP')D

AO
0AL

Q/
o

2) PCA: compute —-DproiDproj’ 2ZP [Q QJ_:|

ap

/] where () is an n X r basis matrix and ap is the number

of columns in D.

B. Recursive Projected CS (ReProCS)

The key idea of ReProCS is as follows. Assume that the current basis matrix F(;) has been accurately predicted using past
estimates of L, i.e. we have P(t_l) with ||(I — p(t—l)p(/t_l))P(t)HZ small. We project the measurement vector, M, into the
space perpendicular to P;_1) to get the projected measurement vector y; := @) M; where @y = I — P(t71)P(/t,1) (step la).
Since the n x n projection matrix, ®(;) has rank n — 7. where 7, = rank(P;_1)), therefore y; has only n — r, “effective”
measurements®, even though its length is n. Notice that 3, can be rewritten as y; = ®4)St + B¢ where B := &) L. Since
(I — P(t_l)P(’t_l))P(t)||2 is small, the projection nullifies most of the contribution of L; and so the projected noise G is
small. Recovering the n dimensional sparse vector S; from y; now becomes a traditional sparse recovery or CS problem in
small noise [33], [39], [40]. We use ¢; minimization to recover it (step 1b). If the current basis matrix F(;), and hence its
estimate, P(t_l), is dense enough, then, by Lemma 3.2, the RIC of @) is small enough. Using Theorem 2.5, this ensures that

S; can be accurately recovered from y;.

3i.e. some 7, entries of y¢ are linear combinations of the other n — 7, entries



Algorithm 2 Recursive Projected CS (ReProCS)
Parameters: algorithm parameters: £, w, o, K, model parameters: t;, 1o, ¢; new

(set as in Theorem 4.2 or as in Sec X-B when the model is not known)
Input: My, Output: 5}, IA/t, P(t)
Initialization: Compute Py < proj-PCA(|[Ly, Lo, - - , Ly, ], [.],70) and set ]5(,5) « Py.
Let j <1, k+ 1.
For t > ti1in, do the following:
1) Estimate 7; and S; via Projected CS:
a) Nullify most of L;: compute @) < I — P(t—1)15(/t,1), compute y; < P M;
b) Sparse Recovery: compute Sy as the solution of ming [|[z]|1 s.t. |lys — Pyzll2 < €
¢) Support Estimate: compute T, = {i: |(5‘t,cs)i\ > w}
d) LS Estimate of S;: compute (St)Tt = ((@t)Tt)Tyt, (S't)ftc =0
2) Estimate L;: Ly = My — S,.
3) Update ]5(,5): K Projection PCA steps.
a) Ift =t; +ka—1,
1) pj,ncw,k — proj-PCA([ﬁtj+(k_1)a, .. .,f/t_j+ka_1} ,Pj_l,cjynew).
ii) set I:’(t) — []5]-_1 If’j,new7k]; increment k < k + 1.
Else
i) set P(t) — P(t,l).
b) If t =t; + Ko — 1, then set Pj — [Pj_l ]%mew}K]. Increment 7 < 7 + 1. Reset k < 1.

4) Increment ¢t <— t 4+ 1 and go to step 1.

By thresholding on the recovered S;, one gets an estimate of its support (step 1c). By computing a least squares (LS)
estimate of S; on the estimated support and setting it to zero everywhere else (step 1d), we can get a more accurate final
estimate, S’t, as first suggested in [41]. This S’t is used to estimate L; as I:t = M; — St. As we explain in the proof of Lemma
8.1, if the support estimation threshold, w, is chosen appropriately, we can get exact support recovery, i.e. T, = Ty. In this

case, the error ¢; := St — Sy =L; — ﬁt has the following simple expression:

ee = I, ()1, B: = I, [(®())p, (@)1 ) ™M, @ 1y L (6)

The second equality follows because (@)1’ @) = (1) Ir) ®(1) = I7'®(4) for any set T'. Consider a t € Z;;. At this time,
Ly satisfies Ly = Pj_10a1,4 + Pjnewatnews Pty = Pj = [Pj—1, Pinew]. Pu—1) = Pj_1 and s0 &y = &0 := I — Pj_1PI_,.
Let ;5 = I — Py Pl — PjoewiP ey With Pioewo = [ G == 91 Pjnewll2. Fsp = max; ks(®) 1P new).
¢ := max; max|p<s ||[(P)k)7(Psk)r] 2. 74 := 10+ (j — 1)¢ma, and ¢ := ¢, We assume that the delay between change
times is large enough so that by ¢ = t;, p(t_l) = Pj,l is an accurate enough estimate of P;_1, ie. || ®;oP;—1l2 < riC
for a ¢ small enough. Using ||Ir,'®;0Pj—1ll2 < [|®j0Pj—1ll2 < 7, I, @0 Paewll2 < Ks,0l|®j.0Pjnewll2 and (o =
[|P.0Pewll2 < 1, we get that ||es]|2 < o+ (y/TxVx + P0ks,01/Cnew- The denseness assumption on Pj_1; |[®;0P;—1|2 < 7
and ¢o < 1/(1 — 65(®;,0)) ensure that ¢ is only slightly more than one (see Lemma 8.3). If /¢ < 1/, the first term in

the bound on ||e;]|2 is of the order of 1/C and hence negligible. The denseness assumption on ®; 0P} new, Whose columns span
the currently unestimated part of span(P;new), ensures that x4 is significantly less than one. As a result, ¢oks0 < 1 and
so the error ||e¢||2 is of the order of \/cynew. Since Ynew <€ Smin and c is assumed to be small, thus, |e|l2 = ||S; — §t||2 is
small compared with ||.S;||2, i.e. Sy is recovered accurately. With each projection PCA step, as we explain below, the error e;
becomes even smaller.

Since I:t = M;— St (step 2), e, also satisfies e; = L; — ﬁt. Thus, a small e; means that L, is also recovered accurately. The
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Fig. 2. The K projection PCA steps.

estimated ﬁt’s are used to obtain new estimates of P; .y every o frames for a total of K« frames via a modification of the
standard PCA procedure, which we call projection PCA (step 3). We illustrate the projection PCA algorithm in Fig 2. In the
first projection PCA step, we get the first estimate of Pj jew, ijew,l. For the next o frame interval, ]5(75_1) = [If’j_l, If’j,neml]
and so @) = ®; ;. Using this in the projected CS step reduces the projection noise, 3;, and hence the reconstruction error,
e¢, for this interval, as long as yew, % increases slowly enough Smaller e; makes the perturbation seen by the second projection
PCA step even smaller, thus resulting in an improved second estimate ijew,g. Within K updates (K chosen as given in
Theorem 4.2), under mild assumptions, it can be shown that both ||e;||2 and the subspace error drop down to a constant times
V/C. At this time, we update Pj as Pj = [Pj_l, Pj7neW7K].

The reason we need the projection PCA algorithm as given in step 3 of Algorithm 2 is because the error e; = ﬁt —L;=5; —Sﬂg

is correlated with L;. We explain this point in detail in Appendix F. We also discuss there some other alternatives.

C. Performance Guarantees

We state the main result here first and then discuss it in the next two subsections. The proof outline is given in Sec V and

the actual proof is given in Sec VI.

Theorem 4.2. Consider Algorithm 2. Let ¢ := ¢y and v := 19 + (J — 1)c. Assume that L; obeys the model given in
Sec. IlI-A and there are a total of J change times. Assume also that the initial subspace estimate is accurate enough, i.e.
(I = PyPY)Py|| < 70C, for a ¢ that satisfies

¢ < mi 107 1.5x107* 1 here = At
< min R 2 f ’7’373 Wwhere [ 1= e

If the following conditions hold:

1) the algorithm parameters are set as £ = &((), Tp€ < w < Smin — 70, K = K({), a > auu(C), where
&0(0), p, K(C), @aaa(C) are defined in Definition 5.1.

— b D/ > / L NP
2) ijly Pj,new: Djmew,k = (I - ijle_l - ijew,kpj,newyk)Pj,new and Qj,nemk = (I - Pj,neij,new )Pj,nemk have dense

enough columns, i.e.

kos(Pr-1) < K3, == 0.3

K25 (Pjnew) < H;;mw =0.15
Ks(Djnewr) < ki :=0.15
K2s(Qjmewk) < Fgy = 0.15

forall j=1,....,J—1and k=0,..., K, with Pj,new,O = [.] (empty matrix).



3) for a given value of Swin, the subspace change is slow enough, i.e.
min(tj+1 — t]‘) > Ka,
J
max max a < := min(1.2F1 <), forall k=1,2,... K
5 tj+(k:71)a§t<tj+ka || t,newHoo >~ 711ew,k ( Ynew, 7Y )a f y 4y )
14P§O(C) S Smirn
4) the condition number of the covariance matrix of ai pey, averaged over t € I; 1, is bounded, i.e.

gk <gt= V2

where g 1, is defined in Definition 5.1 and g* is defined in Definition 5.8.
then, with probability at least (1 — n=1), at all times, t, all of the following hold:

1) at all times, t,
Tt = Tt and

leellz = 1Le = Lella = [1Se — Sell2 < 0.18v/eynen + 1.24/C(V7 + 0.061/c).
2) the subspace error SE(y) = ||(I — P(t)P(’t))P(t)||2 satisfies

. <{(ro+(j—1)c)§+04c§+0.6k1 ifteTp k=1,2...K
t) =

(1o + je)¢ if te€Zjrq
- 1073/ + 068t if teT;y, k=1,2...K
- 10_2\/QT if te Ij’K+1

3) the error e; = S} —S;=L; — ﬁt satisfies the following at various times

ledla < {0.18ﬁ0.72k—1%ew +1.2(/7F +0.06\2)(ro + (j — 1)e)Cve if t€Tp, k=1,2... K
t]12 >

1.2(ro + je)CV/r. if t€ljks
- 0.184/c0.721,,,, + 1.2(\/7 + 0.063/c)\/C if tE€Ljy, k=1,2...K
—L2vnVe if teljkn

This result says the following. Consider Algorithm 2. Assume that the initial subspace error is small enough. If (a) the
algorithm parameters are set appropriately; (b) the matrices defining the previous subspace, the newly added subspace, and the
currently unestimated part of the newly added subspace are dense enough; (c) the subspace change is slow enough; and (d) the
condition number of the average covariance matrix of a; new is small enough, then, w.h.p., we will get exact support recovery
at all times. Moreover, the sparse recovery error will always be bounded by 0.184/CYqew plus a constant times /C. Since ( is
very small, Yew << Smin, and c is also small, the normalized reconstruction error for recovering S; will be small at all times.

In the second conclusion, we bound the subspace estimation error, SE(;). When a subspace change occurs, this error is
initially bounded by one. The above result shows that, w.h.p., with each projection PCA step, this error decays exponentially
and falls below 0.014/C within K projection PCA steps. The third conclusion shows that, with each projection PCA step,

w.h.p., the sparse recovery error as well as the error in recovering L, also decay in a similar fashion.

D. Discussion

First consider the choices of « and of K. Notice that K = K (() is larger if ¢ is smaller. Also, a,qq is inversely proportional
to ¢. Thus, if we want to achieve a smaller lowest error level, ¢, we need to compute projection PCA over larger durations «
and we need more number of projection PCA steps K.

Now consider the assumptions made on the model. We assume slow subspace change, i.e. the delay between change times

is large enough,

¢ new||oo 1S initially below pew and increases gradually, and 14p€y < Spin Which holds if ¢y, and Yyew are

small enough. Small c¢,,,, small initial a; new (i.€. small yney) and its gradual increase are verified for real video data in Sec.



X-A. As explained there, one cannot estimate the delay between change times with just one video sequence of a particular
type (need an ensemble) and hence the first assumption cannot be verified.

We also assume that condition number of the average covariance matrix of a;new, is not too large. This is an assumption
made for simplicity. It can be removed if the newly added eigenvalues can be separated into clusters so that the condition
number of each cluster is small (even though the overall condition number is large). This latter assumption is usually true
for real data. Under this assumption, we can use the cluster projection PCA approach described in [42] for ReProCS with
deletion. The idea is to use projection PCA to first only recover the eigenvectors corresponding to the cluster with the largest
eigenvalues; then project perpendicular to these and 15]-_1 to recover the eigenvectors for the next cluster and so on.

Other than these, we assume the independence of a;’s over time. This is done so that we can use the matrix Hoeffding
inequality [28, Theorem 1.3] to obtain high probability bounds on the terms in the subspace error bound. In simulations, and
in experiments with real data, we are able to also deal with correlated a;’s. In future work, it should be possible to replace
independence by a milder assumption, e.g. a random walk model on the a;’s. In that case, at t; +ka—1, one would compute the
eigenvectors of (1/«) thm @ 0(Lt—Li1)(Le — L) @’ ;. Moreover, one may need to use the matrix Azuma inequality
[28, Theorem 7.1] instead of Hoeffding to bound the terms in the subspace error bound.

Finally, we assume denseness of Pj_q and Pjnew as well as of D new . and Qjnew, in condition 2. As we explain in Sec
IV-E, denseness of P;_1 and P} ey is a subset of the assumptions made in earlier works [5]. It is valid for the video application
because typically the changes of the background sequence are global, e.g. due to illumination variation affecting the entire
image or due to textural changes such as water motion or tree leaves’ motion etc. Thus, most columns of the matrix £, are
dense and consequently the same is true for any basis matrix for span(L;). Now consider denseness of D; new,r Whose columns
span the currently unestimated part of the newly added subspace. Our proof actually only needs ||I1,"D;new.k|l2/ || D;jnew k|2
to be small at every projection PCA time, ¢t = t; + ko — 1. We attempted to verify this in simulations done with a dense P;
and P; ne.. Except for the case of exactly constant support of S, in all other cases (including the case of very gradual support
change, e.g. the models considered in Sec X-C), this ratio was small for most projection PCA times. We also saw that even
if at a few projection PCA times, this ratio was close to one, that just meant that, at those times, the subspace error remained
roughly equal to that at the previous time. As a result, a larger K was required for the subspace error to become small enough.
It did not mean that the algorithm became unstable. It should be possible to use a similar idea to modify our result as well.
An analogous discussion applies also to () new,k. In fact denseness of Q) new,k i not essential, it is possible to prove a slightly

more complicated version of Theorem 4.2 without assuming denseness of @ new, k-

E. Discussion w.r.t. the PCP result

First of all, as mentioned earlier, we solve a recursive version of the robust PCA problem where as PCP in [5] solves a batch
one. Also, the proof techniques used are very different. Hence it is impossible to do a direct comparison of the two results.
Also, the PCP algorithm assumes no model knowledge, whereas our algorithm does assume knowledge of model parameters.
Of course, in Sec X-B, we have explained how to set the parameters in practice when the model is not known.

The first key difference between our result and that of PCP [5] is as follows. The result of [5] assumes that any element of
the n x t matrix S; is nonzero w.p. g, and zero w.p. 1 — g, independent of all others (in particular, this means that the support
sets of the different S;’s are independent over time). This assumption ensures that w.h.p. S; is sparse but full rank and hence
ensures that it can be separated from £, which is low rank but dense. As explained earlier, the assumption of independent
support sets of .S; is not valid for real video data where the foreground objects usually move in a highly correlated fashion
over time. On the other hand, our result for ReProCS does not put any such assumption on the support sets of the S;’s. In
simulations, we show examples where the support is generated in a highly correlated fashion thus resulting in a low rank and
sparse S; and ReProCS is still able to recover .S; accurately. The reason it can do this is because it assumes accurate knowledge
of the subspace spanned by the first few columns of £; and it assumes slow subspace change. However, ReProCS does need

denseness of Dj new,, and in simulations, we observe that this reduces when the support of S; changes very infrequently.



Next let us compare the denseness assumptions. Let £, = UXV” be its SVD. Then, for ¢ € [t;,t;41 —1], U = [Pj_1, P} new]
and the a;’s are the various columns of the matrix XV’. Thus V = [ay, as ... as])'S 1. PCP [5] assumes denseness of U and of
V'@ it requires 1 (U) < \/pr/n and w1 (V) < \/pr/n for a constant ;1 > 1. Moreover, it also requires ||UV||max < VHET /1.
Here || B||max := max; ; |(B);,;|. This last assumption is a particularly strong one. On the other hand, our denseness assumptions
are on P;_; and Pj ., which are sub-matrices of U, and on D ncw » Whose columns span the currently unestimated part of
span(P; new). We do not need denseness of V' and we do need a bound on ||UV’||;max. However, an additional assumption that

we do need is the independence of a;’s over time. We have discussed above in Sec IV-D how this can possibly be relaxed.

V. DEFINITIONS AND PROOF OUTLINE FOR THEOREM 4.2
A. Definitions

A few quantities are already defined in the model (Sec III-A), Definition 4.1, Algorithm 2, and Theorem 4.2. Here we define

more quantities needed for the proofs.

Definition 5.1. We define here the parameters used in Theorem 4.2.

1) Define K(¢) := [%]

2) Deﬁne £O(C) = \/E’Ynew + \/Z(\/F + \/E)
3) Define p := maxt{m(S't_’CS — S4)}. Notice that p < 1.
4) Define

. 042 16

Cadd = [(log 6K.J + 11log n)m max (min(1.24K’yfew, V2), =5 4(0.1867,,, + 0.00345,0, + 2.3)2ﬂ
c

In words, ogy is the smallest value of the number of data points, «, needed for one projection PCA step to ensure that

Theorem 4.2 holds w.p. at least (1 — n=19),

5) Define the condition number of Cov(at new) averaged over t € Iy as

bV +
J,new, k
g5k = ———— where

)\j,new,k:

1 1
+ . E - E
/\j,new,k = )\max a (At)new ) Aj,new,k = )\min a (At)new
tEIj,k tEI]‘,k

Notice that A\~ < Njpewi < /\j,,,ew,k+ < X" and thus gjr < f = AT /A". Recall that Ay = Cov|a;] = E(aza:’),
(Ap)new = E(at7newa£7new,), A7 = ming Apmin(A¢) and AT = max; Apax (Ar).

Definition 5.2. We define the noise seen by the sparse recovery step at time t as
B = (I = Pu—1yP{_1)) Ll2-
Also define the reconstruction error of S; as
€t 1= gt — St.

Here S, is the final estimate of S; after the LS step in Algorithm 2. Notice that e; also satisfies e; = Ly — Ly.
Definition 5.3. We define the subspace estimation errors as follows. Recall that pjmwyg = [.] (empty matrix).

SE() = (I = PyP(y) Py ll2,

G = I(I = Pj—1Pj_1) Pj—1]l2

Gk =T = Pi1Pj 3 = Pjnewk P} ner 1) P new]2

Remark 5.4. Recall from the model given in Sec III-A and from Algorithm 2 that
1) pj,new,k is orthogonal to Pj_l, ie. p]/’,new,kpj—l =0
2) pjfl = [p07 Pl,new,K7 cee pjfl,new,K] and ijl = [P07 Pl,new7 cee ijl,new]



3) for t € 1, Py = [Pi—1, Pjjews] and Py = Pj = [Pj_1, P} y)-
4) by i=1I— Py 1B

From Definition 5.3 and the above, it is easy to see that

D G <Gt Z?Lﬂ G K

2) SEq) < Gt Gk < Cix t+ Z;:;ll Girx + Gk for t €Ly

Definition 5.5. Define the following

1) @5 ;0 and ¢y
a) O :=1-— Pj_lf’]’-_l — Pj7new7kpj{,new,k is the CS matrix for t € Ij k11, i.e. @) = @ for this duration.
b) @0 :=1—Pj_1Pj_, is the CS matrix for t € Z; 1, i.e. @1y = ®; ¢ for this duration. ®; ¢ is also the matrix used

in all of the projection PCA steps for t € [t;, t;11 — 1].

¢) ¢k = max; maxy. r<s | ((®j5)7 (®j6)7) " 2. It is easy to see that ¢j, < m [30].

2) Dj ewk» Djnew and Dj
a) Djnew s = Pj 1 Ljnew. Span(Dj new i) is the unestimated part of the newly added subspace for any t € L; 1 1.
b) Djnew := Djnew,0 = ®;j,0P} new- span(DjJ,ew) is interpreted similarly for any t € I; ;.
¢) Dj. =D, xPj_1. span(D; . 1) is the unestimated part of the existing subspace for any t € T;
d) Dj.:=Dj.0=®;0Pj_1. span(D;j . ) is interpreted similarly for any t € T,
e) Notice that (j.o = ||Djnewll2, $k = | Djnew kll2, Cx = | Dj«ll2- Also, clearly, | Dj s kll2 < (s

Definition 5.6.
1) Let Dj pew Qn Ej newRj new denote its QR decomposition. Here Ej ., is a basis matrix and R; ., is upper triangular.
2) Let Ej poy, 1 be a basis matrix for the orthogonal complement of span(Ej,,ww) = span(Dj yew). To be precise, Ej pew, |
,new,lEj7”eW =0.

3) Using Ejew and Ej ey 1, define A, Ajp 1, Hjg, Hjp 1 and Bjy as

1
Aj,k = a Z Ej,newl(I)j,OLtLth)j,OEj,new

is a n X (N — ¢jnew) basis matrix that satisfies E;

teljk
A - E '®; gL L,/ ®: o E
7.k, L —E jonew, L 504ttt 504775 new, L
tte,k,
H 1 E '® "'— Lie, L), E
i,k ~—a j,new j,o(etet — Lier — € t) 7,025 new
teL;

1
o E : / / / /
Hj,k,L = E E‘,new,L q)j,()(etet - Ltet - etLt )(I)j,OE',new,L

te€L; i
B E B Ly LD o By — E ' o(L L/ —e)®: oF
k== > Ejnew 1 ®50LiLi®; 0 Junew = = " Ejew s ®j0(Lt — €0) (L' — €')®5,0Ej new
t€T;k teT;
4) Define
/
A =g & Ajr 0 Ej new
g,k — j,new L5 new, L ’
0 Aj,k,L Ej,new,L
I /
uoo=[p E Hjr Bjk Ejnew
gk — j,new 25 new, L ’
Bjx Hjg,o| | Ejnew, o

5) From the above, it is easy to see that

1 ~
A+ My = — > ®j0LiLi®;0.

teL; i
. EVD [ ~ ~ Ak 0 Pl new,k .
6) Recall from Algorithm 2 that A; ,+H i = {Pj new,ke Pj new. J_} ~ dynew, is the EVD of A; x+H, .
o T 0 Ak,L P]{JN_’W,]C,J_

Here Pjpew.k 1S @ M X Cj pew basis matrix.



7) Using the above, A; 1 + H;j i can be decomposed in two ways as follows:

A . A 0 Pl
.Aj,k, + Hj,k’ = [Pj,new,k Pj,new,k,i_] l A,],new,k ‘|
0 Ak,L Pj,new,k,J_
Aj7k + Hj7k B‘;‘yk Ej,new/
= [Ej,new Ej,new,J_:| ’
Bk Ajrr +Hjp 1| | Ejnew, L
Remark 5.7. Thus, from the above definition, M, = L[®g>,(—Lie; — e, L} + ee))®y + F + F']| where
F o= neW,LE;eW’J_(ﬁO Zt LtLéq)OEnewEllww = Enew,LE;,ew)J_(D*,k—lat,*)(D*,k—lat,* + Dnew,k—lat,new),Enewa/lgw- Since
Ela; «a} 5, = 0, [LF|ls < r2C2AT whp. Recall S means (in an informal sense) that the RHS contains the dominant
terms in the bound.
Definition 5.8. In the sequel, we let
D ri=ro+ (J —1)eme and ¢ := ¢y = MAaX; Cj news
2) Kew = maxjKs(Pj_1), Kspew = max;Ks(Pjew) ks = maxjLs(Djpewr) Fsikp = max;rs((] —

Pj,neij,new/)Pj,new,k)y gk ‘= Mmax; gj k,

3) né:’* = 0.3, Hg_s,new :=0.15, kT :=0.15, R;‘S :=0.15 and gt := \/2 are the upper bounds assumed in Theorem 4.2 on
max; kos(Pj), max; kos(Pjpew), max; maxy £g(D; pew. k), Max;j Kos(Qjnew,k) and max; maxy g; p respectively.

4) ¢t :=1.1735 We see later that this is an upperbound on ¢, under the assumptions of Theorem 4.2.

5) Tnew,k ‘= min(l-Zk_lf}/newv’Y*)
(recall that the theorem assumes max; maxierz, . ||t newlloo < Ynew,k)

6) Pj.:=P;_, and Pj,* = Aj,l (see Remark 5.9).

Remark 5.9. Notice that the subscript j always appears as the first subscript, while k is the last one. At many places in this
paper, we remove the subscript j for simplicity. Whenever there is only one subscript, it refers to the value of k, e.g., ®g refers
to @, Pnew,k refers to Iajmw,k. Also, P, :== P;_; and 15* = Aj_l.
Definition 5.10. Define the following:

1) ¢ :=r( (We note that ¢ = (ro + (j — 1)¢)¢ will also work.)

2) Define the sequence {Ck+}k:o,1,2,...K recursively as follows

Car =1
L b+0.125¢¢
BT ()2 = (¢H)2f = 0.125¢¢ — b fork =1, 7
where
b= CrlgtGl, + C(d)?g™ (L) + C'f(C))?
C .= M + ¢+’
1—(¢h)?
= (¢+)2 + L +1+ ¢+ + K;‘i_¢+ + K:(¢+)2 7
- (G Vi-@he J1-ch?
C = (¢+)2 + ke (o1)?

Ji- e

As we will see, ¢;7 and C,j are the high probability upper bounds on ;. and (; (defined in Definition 5.3) under the

assumptions of Theorem 4.2.
Definition 5.11. Define the random variable X, := {a1,a2, - ,at;4ka—1}-

Recall that the a;’s are mutually independent over ¢.



Definition 5.12. Define the set f‘j7k as follows:

f‘jyk ={X,r:Gr < C,j and T, = T, and e, satisfies (6) forall t € T, 1}
Fj,K—i—l = {Xj+1,0 : Tt = Tt and €t satisﬁes (6) fOV all t € Ij,K+1}

Definition 5.13. Recursively define the sets I'; ;. as follows:

I'1o:={X1,0:C<rand T, =T, and e, satisfies (6) for all t € [tiraint1 : t1 — 1]}
Tjp=Tp1nNln k=12, Kj=12...,J

Tji0: =T Nl G=1,2...,J

B. Proof Outline for Theorem 4.2

The proof of Theorem 4.2 essentially follows from two main lemmas, 6.1 and 6.2. Lemma 6.1 gives an exponentially
decaying upper bound on Clj defined in Definition 5.10. C,j will be shown to be a high probability upper bound for (; under
the assumptions of the Theorem. Lemma 6.2 says that conditioned on X, ;1 € I'; x—1, X, 3 will be in I'; ;, w.h.p.. In words
this says that if, during the time interval Z;;_,, the algorithm has worked well (recovered the support of S; exactly and
recovered the background subspace with subspace recovery error below (,j_l + (), then it will also work well in Z; ;, w.h.p..
The proof of Lemma 6.2 requires two lemmas: one for the projected CS step and one for the projection PCA step of the
algorithm. These are lemmas 8.1 and 8.2. The proof Lemma 8.1 follows using Lemmas 6.1, 3.2, 2.10, the CS error bound
(Theorem 2.5), and some straightforward steps. The proof of Lemma 8.2 is longer and uses a lemma based on the sin é and
Weyl theorems (Theorems 2.7 and 2.8) to get a bound on (. From here we use the matrix Hoeffding inequalities (Corollaries
2.14 and 2.15) to bound each of the terms in the bound on (j to finally show that, conditioned on I'; ;| ( < (jlj w.h.p..

These are Lemmas 8.6 and 8.7.

VI. MAIN LEMMAS AND PROOF OF THEOREM 4.2

Recall that when there is only one subscript, it refers to the value of k (i.e. (x = (1)
Lemma 6.1 (Exponential decay of C,j ). Assume that the bounds on ( from Theorem 4.2 hold. Define the sequence C,j as in
Definition 5.10. Then

1) ¢ =1and ¢ <0.6" +0.4cC forall k=1,2,...,K,

2) the denominator of C,j is positive for all k =1,2,... K.

We will prove this lemma in Section VII.

Lemma 6.2. Assume that all the conditions of Theorem 4.2 hold. Also assume that P(I' ;) > 0. Then
P(F;,k“'—‘;,kfl) > pk(av C) > pK(aa C) Jorallk=1,2,... K,
where pi(a, () is defined in equation (9).

Remark 6.3. Under the assumptions of Theorem 4.2, it is easy to see that the following holds. For any k =1,2... K, I';
implies that ;. < ¢}

From the definition of IS5 Girr < C;; for all 5 < j — 1. By Lemma 6.1 and the definition of K in Definition 5.1,
(i < 065 +0.4c¢ < ¢ for all §/ < j — 1. Using Remark 5.4, (ju < G + 307 (e < roC + (5 — 1)eC < ¢
Proof of Theorem 4.2:
The theorem is a direct consequence of Lemmas 6.1, 6.2, and Lemma 2.12.
Notice that I'{q 2 I'9, 2 - 2 IS5, 2 TI5., Thus, by Lemma 2.12, P([S 1 0lT50) =
P(T5, 1015 k) HkK:1 P(F;kuﬂ;kfl) and P(I'y41,0[T'1,0) = Hj:l P51 0T5,0)-



Using Lemmas 6.2, and the fact that py(c, () > pr (e, ) (see their respective definitions in Lemma 8.7 and equation (9)),
we get P(I', [T'10,0) > pi(a, ). Also, P(I'S ;) = 1. This follows by the assumption on P, and Lemma 8.1. Thus,
P(T9410) 2 px(a, O

Using the definition of aeg we get that P(T'5; o) > px (e, ()7 > 1 —n~' whenever a > ayaa.

The event ', , implies that T, = T, and e, satisfies (6) for all ¢ < ¢;,,. Using Remarks 5.4 and 6.3, IS4 o implies that
all the bounds on the subspace error hold. Using these, ||at new||2 < v/Cnew,k> and [la¢l|2 < /7y, TG 41,0 implies that all the
bounds on ||e;||2 hold (the bounds are obtained in Lemma 8.1).

Thus, all conclusions of the the result hold w.p. at least 1 — n—10, |

VII. PROOF OF LEMMA 6.1
Proof: First recall the definition of C,j (Definition 5.10). Recall from Definition 5.8 that k1 :=0.15 , ¢ := 1.1735, and
gt := /2. So we can make these substitutions directly. Notice that ¢ ,j is an increasing function of (", (,c, and f. Therefore
we can use upper bounds on each of these quantities to get an upper bound on ( 2‘ . From the definition of ¢ in Theorem 4.2

and ¢ := r{ we get

o (F<107t

o (Ff<15x1074

S

« X = E = " < r (We assume that ¢ > 1. Recall that c is the upper bound on the number of new directions added)

. chcfr =7r2f(<1.5x 1074

First we prove by induction that ¢;* < ¢;” ; < 0.6 for all £ > 1. Notice that {;” = 1 by definition.

« Base case (k = 1): Using the above bounds we get that ¢;” < 0.5985 < 1 = (.

« For the induction step, assume that (;” , < (7 ,. Then because ¢ is increasing in ¢;” | we get that (; = fine(¢F ;) <
fmc(C/j—2) = C;?_l-

1) To prove the first claim, first rewrite C,j as

Ortg® + O )20 (G2 OGNS + 125

(¢5)2 = (¢H)2f —0.125¢¢ — b 1= (G2 = (¢H)2f —0.125¢¢ — b

Where C,C, and b are as in Definition 5.10. Using the above bounds including C,j_l < .6 we get that

G =Gy +

k—1 (%s)
F <G (0.6) 4 ¢€(0.16) = (5 (0.6)" + > (0.6)F(0.16)c¢ < ¢ (0.6)" + > (0.6)%(0.16)c¢ < 0.6" + 0.4¢(
i=0 =0

2) To see that the denominator is positive, observe that the denominator is decreasing in all of its arguments: ¢, ¢ f, cC,

and b. Using the same upper bounds as before, we get that the denominator is greater than or equal to 0.78 > 0.

VIII. PROOF OF LEMMA 6.2

The proof of Lemma 6.2 follows from two lemmas. The first is the final conclusion for the projected CS step for ¢t € Z; .
The second is the final conclusion for one projection PCA (i.e.) for ¢ € Z; ;. We will state the two lemmas first and then

proceed to prove them in order.

Lemma 8.1 (Projected Compressed Sensing Lemma). Assume that all conditions of Theorem 4.2 hold.
1) Forallt € Iy, forany k=1,2,.. . K, if Xj -1 €' x_1,
a) the projection noise B satisfies ||Bell2 < Gy v/ mew ke + GV < V/0.728 1, + 1,061/ < &
b) the CS error satisfies ||St s — St|l2 < 7.
c) Tt =T



20

d) e; satisfies (6) and ||et|a < ¢t KT Ve new ks + G VY] < 0.18-0.72871 /ey, 4 1.17 - 1.064/C. Recall that
(6) is
It (@)1, ' Be = Ir, [(® )7, (R )~ I, @) L
2) Forall k=1,2,... K, P(Tt =T, and e; satisfies (6) for all t € Ij’k|1"§7k_1) =1
Lemma 8.2 (Subspace Recovery Lemma). Assume that all the conditions of Theorem 4.2 hold. Let ;7 = r(. Then, for all
k=1,2.. K,
P(Ck < GFIT5 k1) 2 prlas €)

where (;" is defined in Definition 5.10 and py(«,C) is defined in (9).

Proof of Lemma 6.2: Observe that P(T'; x|T'j x—1) = P(I'j x|Tj x—1). The lemma then follows by combining Lemma 8.2

and item 2 of Lemma 8.1. |

A. Proof of Lemma 8.1

In order to prove Lemma 8.1 we first need a bound on the RIC of the compressed sensing matrix ®y.

Lemma 8.3 (Bounding the RIC of ®). Recall that ¢, := ||(I — P,P!)P,||s. The following hold.

1) Suppose that a basis matrix P can be split as P = [Py, P;] where Py and Py are also basis matrices. Then k2(P) =

maxr, i< [ I7 P13 < £2(Py) + £2(Py).
2) k3(P,) < k2, +2C

3) Ks(ézew,k) < Rs,new + "%s,ka: + C*

4) 64(®g) = k2(P.) < K2, +2C

5) 59((I)k) - K/g([fj* Pnew,k,]) S H%(P*) + Hg(Pnew,k) S Hf,* + 2C* + (Hs,new + ’%s,ka + C*)Z f0r k 2 1
Proof:

1) Since P is a basis matrix, x2(P) = maxp|<, ||I7'P|j3. Also, |I7'P|3 = ||I7'[P1, P][Py, Po)' Ir||2 = || I/ (PP +
PoPy)Ir||o < |[I7' PyP]I7]||2 + ||I7' Py PyIr||2. Thus, the inequality follows.

2) For any set T with |T| < s, |[I7/P.|3 = ||Ir'P.PIr|, = ||I7/(P,P. — P,P, + P,P.\Iy|ly < ||I7/(P,P. —
P,P/)Ir||s + |17’ P. P Ir||2 < 2{, + k2. The last inequality follows using Lemma 2.10 with P = P, and P = P.,.

3) By Lemma 2.10 with P = P,, P = P, and Q = Ppw, ||Paew'Pill2 < (.. By Lemma 2.10 with P = Py, and
P = Biwper |(I = PaewPiew) Pacwiiellz = [I(1 = Paew,k Pley, 1) Prcw [l2. For any set T with |T| < s, |17/ Piewill2 <

117 (I = PaewPlow) Poewillz + 117" Paow P Prew .kl < Fsiell(I = PaewPrew’) Prewicll2 + |17 Paewllz = Fspll(I —

pnew,kpr:ew7k)Pnew||2 + 7" Prewllz < Fste| Duewicll2 + s k|| Pe Pl Prewll2 + 117" Prewllz < FoskCh 4 FoskCe + Fosnew

Rs,kCk + Cx + Ks new- Taking max over |T'| < s the claim follows.

IN

4) This follows using Lemma 3.2 and the second claim of this lemma.

5) This follows using Lemma 3.2 and the first three claims of this lemma.

Corollary 8.4. If the conditions of Theorem 4.2 are satisfied, and X1 € I'j 1,1, then
1) 65(®o) < bas(®0) < K3, " +2¢ < 0.1 < 0.1479
2) 0s(®h1) < Gos(@h1) < kd,, + 20 + (K o + By 1 Gy + GF)? < 0.1479
3) ¢p—1 < #‘%71) <ot

Proof: This follows using Lemma 8.3, the definition of I'; ;_1, and the bound on ¢; ; from Lemma 6.1. u

The following are striaghtforward bounds that will be useful for the proof of Lemma 8.1 and later.

Fact 8.5. Under the assumptions of Theorem 4.2:
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V¢
1) C’Y* S (T0+(J4_1)C)3/2 S \/z
+ 10~ —4
D GO S ot <10

2 1
3) §j%§m§1

4) Gy < —b <
) g* Ve = \/@ = \/Z
5 ¢Hf < g, <1hx 107t
6) ¢, <0.6871 4 0.4¢C (from Lemma 6.1)
7 G ek < (0.6 - 1.2)F 1y, 0 4 0.4eCy, < 0.728 71y, + % < 0.728 1,0, + 0.4/C
T0 J—1)C
8) Gl Mmewp < (0.6-1.22)F 12 4 0.4e¢y? < 0.864 1y, + o d iy < 086457197, + 0.4

Proof of Lemma 8.1: Recall that X;;_q € I'; 1 implies that ¢, < ¢Hand (1 < (,j_l.

1) a) ForteZy, B :=(I— p(t_l)P(’t_l))Lt = D, p—10¢x + Drew, k—1a¢ new- Thus, using Fact 8.5

||6t||2 < C*\/;’Y* + Ck—l\/E’Ynew,k'
< VT + (0725 e + 4V Ve
= /072" ypew + (VT 4 0.44/0) < &o.

b) By Corollary 8.4, §o,(®5_1) < 0.15 < v/2 — 1. Given |T}| < s, ||B]l2 < & = &, by Theorem 2.5, the CS error

satisfies
N 44/1 4 094 (P —
v — Sifla < — VLT O2u(®im)

1— (V24 1)024(Pr—1)
St,CS - St”oo < 7P€0 Since minieTt |(St)z| 2 Smin and (St)T" = 0’

— t

(SLCS)A < Tpéo. If w < Shin—"T7p&o, then T, D T;. On the other hand,
if w > 7p&o, then Tt C T;. Since Spin > 14p& (condition 3 of the theorem) and w satisfies 7p&y < w < Smin—7p&0

o < 7&p.

c) Using the above and the definition of p,

min;er, |(St,es)il = Smin—7p& and min;ers

(condition 1 of the theorem), then the support of S; is exactly recovered, i.e. Tt =1T;.

d) Given T, = T,, the LS estimate of S, satisfies (S;)7, = [(Pr_1)n] e = [(Pe_1)n])T(Pr1S: + Pr_1Ly)
and (S’t)T;: = 0 for t € Z;. Also, (@k,l)Tt/CDk,l = Iy,/®;_; (this follows since (®x_1)7, = ®s_1I7, and
@) Pr_1 = Py_1). Using this, the LS error e; := S, — S, satisfies (6). Thus, using Fact 8.5 and condition 2 of
the theorem,

||et||2 < ¢+ (C:_\/;'Y* + "fch—lC];tl\/E'Ynew,k)
<12 (\/?ﬁ +1/c0.15(0.72)F 1 + ﬁo.oes\/{)
= 0.18/c0.72F ey, + 1.20/C(V/7 + 0.061/0).

2) The second claim is just a restatement of the first.

|
B. Proof of Lemma 8.2
The proof of Lemma 8.2 will use the next two lemmas (8.6, and 8.7).
Lemma 8.6. If)\min(Ak) — ||Ak,1_||2 — ||7'[;€||2 > 0, then
G < [ R]l2 < | Hx]l2 ®
Amin(Ak) = Ak Lll2 = [Hellz = Amin(Ar) = |4k, Lll2 = [Hell2

where Ry, := HpEyew and Ay, Ay, 1, Hi are defined in Definition 5.6.

Proof: Since Ain (Ax) — || Ak, 1 ll2— [ Hrll2 > 0, 50 Amin(Ak) > || Ak, 1 ||2. Since Ay, is of size cnew X Cnew and Amin (Ag) >
Ak, 1|2, Aepw+1(Ak) = || Ak, 1 ||2. By definition of EVD, and since Ay, is @ Crew X Cnew Matrix, Amax (Ak, 1) = Aep+1 (Ar+Hy)-
By Weyl’s theorem (Theorem 2.8), A.., +1(Ar+Hi) < A1 (Ax) + [ Hill2 = || Ak, 1 ||2 + || Hk||2- Therefore, Amax(Ag, 1) <
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|‘Ak7J_H2+ ||HkH2 and hence /\min(Ak) _)\max(Ak,J_) > /\min(Ak) — ||Ak~7J_H2 — ||HkH2 > 0. Apply the sin 6 theorem (Theorem
2.7) with Apmin (Ak) — Amax(Ak, 1) > 0, we get

[Rell2
)\min(Ak) - )\max(Ak:,J_)

[ Hell2
Amin(Ax) — [[Ak, Lll2 = [[Hll2

H(I - Pnew,kpriew,k)EHSWHQ < <

Since G, = ||(1 — Paew,k Ppe 1) Daewllz = (1 = Paew, i Pre 1:) Enew Rnewll2 < [|(1 = Pacw,k Preys i) Enew|l2, the result follows. The
last inequality follows because ||Rpewl||2 = || Etew Dnewll2 < 1. [ |

Lemma 8.7 (High probability bounds for each of the terms in the (i bound (8)). Assume the conditions of Theorem 4.2 hold.

Also
1))

2)

3)

assume that P(F;,kq) >0forall 1 <k< K+1 Then, forall1 <k < K
P (Amin(A8) = A (1= (G2 = 45) P51 ) > 1= pa(@, C) where

o —aC?(A7)? —ac’(*(A7)?
Pa,k(, () := cexp (8 242 min(1.2%R~L A1) T cexp 8.242 .42

P (Amax(Ak,L) < New ((Q)Qf + ﬁ) \Fi,k_l) > 1 —py(a,() where

ac%(A)?)

py(a, C) == (nc)exp( YT

P (||’Hk||2 < A e (b +0.125¢() |F§’k71) > 1 —pc(e,C) where b is as defined in Definition 5.10 and
—ag(r N
8 242(0.032472,, + 0.00727,eyy + 0.0004)2
ox —a®(A7)? n
P\ 32 242(0.0692,, + 0.00067,0y + 0.4)2
_a<2(/\7)262
nexp :
32 - 242(0.18672,, + 0.000347,0 + 2.3)2

Proof of Lemma 8.2: Lemma 8.2 now follows by combining Lemmas 8.6 and 8.7 and defining

pk(avg) =1 _pa,k(OK,C) —pb(%C) _pc(aac)- (9)

pe(a, €) :=nexp (

As above, we will start with some simple facts that will be used to prove Lemma 8.7.

. . 1 1
For convenience, we will use = >, to denote = Ztezj,k

Fact 8.8. Under the assumptions of Theorem 4.2 the following are true.

1y

2)

3)

4)

5)

The matrices Dypey, Ruews Enews Ds; Dyew k—1, ®r—1 are functions of the rv. X; 1. All terms that we bound for the
first two claims of the lemma are of the form X Ztte,k Zy where Zy = f1(X x—1)Yif2(Xj k-1), Yy is a sub-matrix of
aray and f1(.) and fo(.) are functions of X; p_1.

X k-1 is independent of any a; for t € I; 1. , and hence the same is true for the matrices Doy, Ryews Enews Dy Dyew k-1,
®y_1. Also, ay’s for different t € I;;, are mutually independent. Thus, conditioned on X j_1, the Z;’s defined above
are mutually independent.

All the terms that we bound for the third claim contain e;. Using the second claim of Lemma 8.1, conditioned on
X k-1, e satisfies (6) w.p. one whenever X 1 € I'; p_1. Conditioned on X ;._1, all these terms are also of the form
éztezj,k Zy with Zy as defined above, whenever X1 € I'j x—1. Thus, conditioned on X _1, the Z;’s for these
terms are mutually independent, whenever X1 € I';j ,_1.

It is easy to see that ||Px_1P:ll2 < (o G = [[Duewllz < L ®oDpew = P4Duew = Duews [[Bnewll < 1,
H(Rnevv)iln < 1/\/@) Etww,J-/Dnew = 0, and ”Enew/cb()et” = ||(R;€W)71D;Lew®06t|| = ||(RneW)71D;lewet|| <
(R DL Iz el < \/%HetH. The bounds on ||Ryey|| and ||(Rue) || follow using Lemma 2.10 and the
fact that 0i(Ruew) = 05 (Duew).

Xj k-1 € I'j 1 implies that
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a) (. < (F (see Remark 6.3)
b) (k-1 < (,j_l < 0.6~ + 0.4¢C (This follows by the definition of T'; ;1 and Lemma 6.1.)
6) Item 5 implies that

a) Amin(RuewBnew’) > 1 — (GF)2. This follows from Lemma 2.10 and the fact that omin(Ruew) = Gmin (Dnew)-
b) || Ir,®p_1Pill2 < || Pr-1Pill2 < & < ¢

ITt/Dnew,krle2 S Hs,krflgcfl S K;_C]jfl-

7) By Weyl’s theorem (Theorem 2.8), for a sequence of matrices By, Amin(D_; Bt) > >, Amin(Bt) and Amax(3_, Br) <
Zt Amax(Bt)
Proof of Lemma 8.7:
Consider A = 13 Fiew'®oLiLi'®oEpey. Notice that Enew'®oL; = Ruewlipew + Fnew Diays. Let Z, =
Rnewat,newatmewanewl and let Y; = Rnewat7newat,*/D*/Enew/ + Enew/D*at,*atmerRneW/: then
1 1
=Y Z,+-) Y, 10
BE zt: ¢+ 5 zt: t (10)
Consider Zt Zy = Zt Rnewat,newat,newerlww'
1) Using item 2 of Fact 8.8, the Z;’s are conditionally independent given X ;1.
2) Using item 2, Ostrowoski’s theorem (Theorem 2.9), and item 6, for all X ;—1 € I'j k1, Amin (B(2 >, Z¢| X 0-1)) =
)\min (Rnewé Zt E(at,newat,new/)Rnew/) Z )\min (Rneanew ) min ( Zt (at,newat,new )) ( (C ) ) new, k"
3) Finally, using items 4 and the bound on |/a;|ls from the model, conditioned on X;;_1, 0 < Z; = c'ynew)kf <

cmax ((1.2)%42,,,72) I holds w.p. one for all X1 € I’ x_1.

Thus, applying Corollary 2.14 with € = 2—’;, we get

20y —\2
(mm( ZZt> (1—( C*))newl€ CO\ ‘X]k 1>>1 cexp<8.242_ O.éC (A7) I 4> (11

min(1.24k~4 = ~4)

for all X;,_1 €' r_1.
Consider YV; = Rnewat,newat,*/D*lEnew + Enew/D*at,*at,new/Rnew/~
1) Using item 2, the Y;’s are conditionally independent given X ,_q
2) Using item 2 and the fact that a; yew and a  are mutually uncorrelated, E (é Zt Yt|Xj7k_1) =0forall X;,_1 €T'jp_1.
3) Using the bound on ||a||o, items 4, 6, and Fact 8.5, conditioned on X 1, ||| < 2v/er¢vatmewx < 2v/er(Fy? <2

holds w.p. one for all X1 €T’ x—1.
Thus, under the same conditioning, —bI = Y; < bl with b = 2 w.p. one.

Thus, applying Corollary 2.14 with € = 2—2, we get

—cCA™ —ac?C?(\7)?
( min ( ZY}) = 2C4 ‘Xj,k1> Z 1-— cexp <8W4g((2b))2> for all Xj7k,1 S Fj,k,1 (12)

Combining (10), (11) and (12) and using the union bound, P(Apin(A4x) > A

new, k

(1= (D) = 51 Xjp-1) 2 1
Pala, ¢) for all X; .1 € I'j z—1. The first claim of the lemma follows by using A ., > A~ and then applymg Lemma 2.11
with X = Xj,lc—l and C = Fj)kfl.

Now consider Ay | := éZt Enew,L/q)OLtLt/q)OEnew,L~ Using item 4, Enew’L'CDOLt = Enew,L'D*at,*. Thus, A; . =
L5, Zy with Zy = Eyew, 1 Diayway' Dy Fyew, 1 which is of size (n — ¢) x (n — ¢). Using the same ideas as above we can

show that 0 < Z; < r(¢;H)?72] < (I and E (237, Z|X; k—1) = (&F)?AT1. Thus by Corollary 2.14 with ¢ = “$— and

new, k

Lemma 2.11 the second claim follows.

Using the expression for Hj, given in Definition 5.6, it is easy to see that

1
[#allz < macx{ || Hella, | i Lll2} + 1 Bell2 < |- > ered

, Hmax(|[T2[lz, [|T4]l2) + || Brll2 (13)
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where T2 := £ 3 Fuew' ®o(Lie’ + €Ly ) Po Enew and T4 := L 37 By ' ®o(Lies’ + €1/ L) Po Enew, . The second inequality
follows by using the facts that (i) Hy = 171 — T2 where T'1 := ézt Eoew ®oerer’ @ Fpew, (ii) Hy , = T3 — T4 where
T3 = 13 Epew, . ®oerey’ PoEpew, 1, and (iii) max (|71, [|T3]l2) < [[2 >, ere’||2. Next, we obtain high probability
bounds on each of the terms on the RHS of (13) using the Hoeffding corollaries.

Consider [|1 3, eze,/||2. Let Z; = eey.

1) Using item 2, conditioned on X j_1, the various Z;’s in the summation are independent, for all X1 € I'; —1.

2) Using item 6, and the bound on ||a;||, conditioned on X; x_1, 0 < Z; < by w.p. one for all X1 € I'; ,—1. Here

= (5:4;71¢+\ﬁ7new,k + Cj¢+\/777*)2-
3) Also using item 6, and the bound on [|a;([ec, 0 X £ 37, B(Zy|X; k1) = bol, with by := (k1)2(GF_1)?(¢T)° Ak« +
(CH)*(o%)*AT forall X1 € Tjg1.

. . eeAn
Thus, applying Corollary 2.14 with € = <5,
1 CC)\ —0462(2()\_)2
P (Ha getet/ ) < b+ ‘Xj k— 1) >1—nexp (824%% forall X1 €Tk (14)

Consider T2. Let Z; := Epew' ®o(Lies’ + €1 Lt )P Eyew Which is of size ¢ x ¢. Then T2 = é > Zs.

1) Using item 2, conditioned on X j_1, the various Z;’s used in the summation are mutually independent, for all X ;_,
thszl- USing item 4, Enew/(I)OLt = Rnewat,new + Enew/D*a/t,* and Enew/(I)Oet = (Rnew/)_anew/et-

2) Thus, using items 4, 6, and the bound on it follows that conditioned on X ;_1, || Z]l2 < 205 < 2bs w.p.

one for all X1 € I'; x—1. Here, by = \/TQSJF( K GV Cmew k + VTG V) (VCTnew k + VTCHY.) and by =

2
\/j(¢+ "i+ Ck 1’Ynew k + ¢+ \/>’€Jr Ck 1C+7new k’Y* ¢+fﬁigj7*7new,k + ¢+7AC*+ ’7*)-

m

1-(¢h)?
+ wt
3) Also, [|2 3, E(Ze| X k—1)ll2 < 2bs < 2by where by := qug_lgmk + \/ﬁgﬁ(g,ﬂ?ﬁ and by :=

+
ﬁ¢+njcljfl newk+ \/TW_(C*)

. _ AT
Thus, applying Corollary 2.15 with € = =5—,

—ac?C?(\7)?

cCA™
P ([|T2|]2 < 2b —‘X- 1) =1- 39,242 410
<|| l2 < 2bs + =7 | Xk 1) = Cexp(32.242-4b§

) for all X]‘}kfl S Pj’kfl

Consider T4. Let Z; := Epew, ' ®o(Liey’ + €, L") o Fyew, 1 which is of size (n —¢) x (n — ¢). Then T4 = ézt Zy.

1) Using item 2, conditioned on X j_1, the various Z;’s used in the summation are mutually independent, for all X ,_; €
T x—1. Using item 4, Enew 1 ' ®oLt = Enew, 1 Diay ».

|Zi|l2 < 2bs w.p. one for all X;,_1 € [jx_1. Here b5 = ¢Tr(()%y
QS*\/%/{;FCJC;_Q/*%CW& This follows using items 6 and the bound on ||a||o-

3) Also, [|5 32, B(Z|Xjk-1)ll2 < 206, b := o7 (CF)*AT.

cCA™
24

2) Thus, conditioned on Xj;_1,

*

Applying Corollary 2.15 with € =

—ac?(?(\7)?

cC\™
P (|| T4 < 2b —‘X 1) 21-(n- ECRCYERTER
(II l2 < 2b6 + =57 —| Xyk 1) z1=(n-cew ( 32242 - 402

) forall X1 €Tjk_1

Consider max(||72||2, || T4/2). Since b3 > b5 (follows because ¢, < 1) and by > bg, so 2bg + CC’\ <
204 + CC;A‘[ and 1 — (n — ¢)exp (%) >1—(n—c)exp (%)_ Therefore, for all X, 1 € ijk_l,
3
P (IT4ll2 < 260 + G| Xj01) 2 1= (0= ) exp (55557 )-

32-242.4b3

By the union bound forall X;,_1 €1,

CC)\

5)

—ac?C2(\7)?
P (max<|T2||2,||T42> <oy 4 S ¢(x) )

‘Xﬂ’“ 1) >1_"6Xp<32.242-4b§

Consider ||By||2. Let Z; := Epew, 1 ®0(Li — e1)(Li' — ;' )@ Enew Which is of size (n —c¢) x c. Then By, = 1 = > Zt. Using

item 4, Enew,J_/(I)O (Lt - et) = Enew,J_/(D*at,* - (I)Oet), Enewlq)O(Lt - et) = Rnewat,new + Enew/D*at,* + (R ) 1Dnewet- Also,
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[ Z¢||2 < by w.p. one for all X; 1 € T'jj—q and |23, E(Z;|X; —1)|l2 < bs for all X1 €T 1. Here

br =(Vr(S (14 67y + (57)G 16" Verew k)

1 1 2
\/Ef)/new,k + \/'FC:_ 1+ 7’{:(#’_ Vx + 7’{: C]j;l(b_‘— \/E’Ynew,k
1—(¢h)? 1-(¢h)?
and
1
bs = | KIG 10" + ——=(s1)(GI_1)*(67)* | A +
1—(¢h)?
1 1
| 140"+ ———=nrl0" + ———=rT(0")" | AT
1-(¢h)? 1-(¢h)?
Thus, applying Corollary 2.15 with € = c<2,>1* ,
o —ac??(\7)?
P (|Bk||2 < bg+ ‘X»7k1) >1—nexp < forall X;,_1 €@y, (16)
24 / 32 - 24202 ! !

Using (13), (14), (15) and (16) and the union bound, for any X;,_1 € I'; x_1,
cCA™
p (HkHQ < bg + 8’Xj7k_1> >
_22>\72 _22)\72 _22>\722
ey (TIODY) s (oS CO) ey (2D

8 - 24202 32242 - 463 32 - 242h2
where
bg = b2 + 2b4 + bg
2(k)2g" k)3 (g1)?
R () Loy R UL A 7o) PR
1-(GH)? 1—(¢h)?
26+ +ot +(hT)2
(¢+)2+L+1+¢++ Rsfb + Ks (¢ ) (C;Q—)Q)\—l-
L (G VI- 1
Using A, = A7 and f:= AT/A7, by + %= < A (b+ 0.125¢C). Using Fact 8.5 and substituting £} = 0.15,

¢ = 1.2, one can upper bound by, b3 and b; and show that the above probability is lower bounded by 1 — p.(c, ¢). Finally,

applying Lemma 2.11, the third claim of the lemma follows.
|

IX. EXTENSIONS

In Sec IX-A, we show how ReProCS and its performance guarantees can be extended to the missing data (measurements)
case. In Sec IX-B, we introduce a more general subspace change model and give the performance guarantees for it. In Sec
IX-C, we describe the key idea of ReProCS with deletion which will improve performance for data satisfying the more general
model of Sec IX-B.

A. Extension to Missing Data Case

Consider the following problem. The goal is to recover a sequence of L;’s that lie a slowly changing low dimensional
subspace from measurements M;, when some of the measurements may be missing. To be precise, let 7} denote the set of

missing measurements at time ¢. Then, M, is a sparse vector with support T, i.e.

(Mt)Tf = (Lt)va (M), =0
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and L; follows the model of Sec III-A. We do not assume any model on T}, except an upper bound on its size. In particular,
it could be correlated over time. This problem is related to the low rank matrix completion problem [43], [44].

As explained in earlier work [5], any solution for low dimensional signal recovery in the presence of sparse outliers can be
converted into a solution for low rank matrix completion by re-formulating the problem as M; = L; + S; where (St)T; =0
and on T}, S; can take on any value. Since we let (M;)r, = 0, this means that we are letting (S;)1, = —(L¢)r,. Notice that
this missing data problem is actually easier because T} is perfectly known.

To recover L; from missing data, we can use the ReProCS algorithm of Algorithm 2 with the following simple change:
remove steps 1b and lc and replace them by T, =T,

The performance guarantees given in Theorem 4.2 also apply to this case with the following simple changes. In condition
1, the parameters £ and w are not needed; and in condition 3, one can remove the lower bound on Sy,;,. Also, the conclusions

for recovering Ly, i.e. the bound on ||L; — L||5 are the only ones relevant in that case.

B. More General Model for L,

The model given in Sec III-A only allows for new directions to get added to P;_1, but not for any directions to get removed.
This means that the rank of the subspace in which L, lies keeps increasing. However, in practice, this may not happen. Consider
the following more general model. Assume the model of Sec III-A with the following changes.

1) We assume that P; = [Pj_1 P} new] \ Pjolda Where P; g4 contains ¢; o columns of Pj_q. Thus 7; = rj_1 4 ¢} new — Cj 0ld-

2) Assume that there exists a constant ¢,,, such that 0 < ¢j pew < Cpnz, and Zgzl(ci,new — Ciold) < Cmg- This ensures that

the subspace rank in any period, r; := rank(P;) = 79 + Zgzl(ci,new — Ciold) <70+ Cmg = Timag-
Even for this more general model, the ReProCS algorithm of Algorithm 2 works. The only difference is that 15]- is now actually
an estimate of [Py, P1 pew, - - - Pjnew] and not of just P;. However, since P; is a sub-matrix of this bigger matrix, thus, span(ﬁj)
still approximately contains span(P;) in the sense defined in Definition 2.2. Similary at any time ¢, ]f’(t) is an estimate of the
span of a bigger matrix than P(;). However, span(]f’(t)) still approximately contains span(P;)).

For the above model, the performance guarantees also remain almost the same. The only change is that we need to bound

Ks([Pos Pinews - - - Py—1 new]) instead of ks(Py_1). The following corollary can be stated.

Corollary 9.1. Consider Algorithm 2. Assume that Ly obeys the model given above and there are a total of J change times.
The result of Theorem 4.2 holds with the following change. We also need k([ Py, P news - - - PJ,LMW]) <0.3.

C. ReProCS with deletion

Consider the more general subspace change model given in Sec IX-B above. While ReProCS applies directly for this model
as well, one can further improve its performance by also including a deletion step that we briefly explain here.

A limitation of ReProCS is that at time ¢, it obtains an estimate of the subspace spanned by all the columns of L
and projects perpendicular to this subspace in order to approximately nullify L, before solving the ¢; problem to recover
S However, according to the more general model, the current L; only lies in span(P;) which is a smaller subspace than
span(L;) = span([Py, Pi new, - - - Pjnew]). In other words, rank(P;) is smaller than rank([Py, Pi new, - - - Pjnew]), and so the
same is true for the denseness coefficients. Thus, if we can get an estimate of only span(Pj), the RIC of ®;; will be smaller,
thus making the sparse recovery more accurate. This, in turn, will mean that the subspace error will also be smaller.

One simple way to estimate only span(FP;) is to delete directions as follows. Before the next change time, but after the
current Pj .., has been accurately estimated, we do a standard PCA step. To be precise, at t = t; + Ko+ agel — 1, we compute
the EVD of ﬁ i tﬁ?j @1 [, I} and retain the 7; = 7j_1 + Cjnew — Cj.ola Cigenvectors with the largest eigenvalues. Use
these as the new estimate, P;). It can be shown that as long as f, the maximum condition number of Cov(L;) for any ¢, is
small enough, doing this will give an accurate estimate, P(t), of the current P(t) = P;. Because of this deletion, we will be able

to relax the denseness requirement significantly. We will only need (P;) < 0.3 instead of xs([FPo, Pinew, - - - Pjnew]) < 0.3.
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In [42], we introduce a generalization of this simple deletion strategy that removes the bound on f, but instead only requires
that the eigenvalues of the average of Cov(L;) be sufficiently clustered. Suppose that there are 6 clusters. It achieves this by

replacing the simple PCA step described above by 6 iterations of projection PCA for clusters.

X. MODEL VERIFICATION, PRACTICAL PARAMETER SETTING AND SIMULATION EXPERIMENTS

We first discuss model verification for real data in Sec X-A. In Sec X-B, we discuss how to set parameters for ReProCS in

practice. We describe simulation experiments in Sec X-C.

A. Model Verification for real data

We experimented with two background image sequence datasets. The first was a video of lake water motion. The second
was a video of window curtains moving due to the wind. The curtain sequence is available at http://home.engineering.iastate.
edu/~chenlu/ReProCS/Fig2.mp4. For this sequence, the image size was n = 5120 and the number of images, tax = 1755.
The lake sequence is available at http://home.engineering.iastate.edu/~chenlu/ReProCS/ReProCS.htm (sequence 3). For this
sequence, n = 6480 and the number of images, tmax = 1500. Any given background image sequence will never be exactly
low rank, but only approximately so. Let the data matrix with its empirical mean subtracted be L .. Thus Ly is @ 1 X tax
matrix. We first “low-rankified” this dataset by computing the EVD of (1/tmax)L fuuﬁ}ull; retaining the 90% eigenvectors’ set
(i.e. sorting eigenvalues in non-increasing order and retaining all eigenvectors until the sum of the corresponding eigenvalues
exceeded 90% of the sum of all eigenvalues); and projecting the dataset into this subspace. To be precise, we computed Py,
as the matrix containing these eigenvectors and we computed the low-rank matrix £ = PfuuPJ’euuﬁ futl- Thus Lis a n X tmax
matrix with rank(£) < min(n, tmax). The curtains dataset is of size 5120 x 1755, but 90% of the energy is contained in
only 34 directions, i.e. rank(L) = 34. The lake dataset is of size 6480 x 1500 but 90% of the energy is contained in only 14
directions, i.e. rank(£) = 14. This indicates that both datasets are indeed approximately low rank.

In practical data, the subspace does not just change as simply as in the model given in Sec. III-A. There are also rotations
of the new and existing eigen-directions at each time which have not been modeled there. Moreover, with just one training
sequence of a given type, it is not possible to compute Cov(L;) at each time ¢. Thus it is not possible to compute the
delay between subspace change times. The only thing we can do is to assume that there may be a change every d frames,
and that during these d frames the data is stationary and ergodic, and then estimate Cov(L;) for this period using a time
average. We proceeded as follows. We took the first set of d frames, £1.4 := [L1, L2 ... L4, estimated its covariance matrix
as (1/d)L1.4L]., and computed Py as the 99.99% eigenvectors’ set. Also, we stored the lowest retained eigenvalue and called
it A7. It is assumed that all directions with eigenvalues below A~ are due to noise. Next, we picked the next set of d frames,
Lat1:24 = [La+1, Lat2, . . . Lag]; projected them perpendicular to Py, i.e. computed L4, = (I — PyPj)L4+1:24; and computed
P new as the eigenvectors of (1/d)Lq ll,p with eigenvalues equal to or above A~. Then, P; = [Py, P; new|. For the third set
of d frames, we repeated the above procedure, but with Py replaced by P, and obtained P». A similar approach was repeated
for each batch.

We used d = 150 for both the datasets. In each case, we computed 7 := rank(FPp), and ¢, = max; rank(P; pew). For

each batch of d frames, we also computed a; pew := P!

— pr — —
newlits @t = P]_1 Ly and 7, := maxy ||a;[|c. We got ¢y, = 3 and

ro = 8 for the lake sequence and ¢,,,, = 5 and ¢ = 29 for the curtain sequence. Thus the ratio ¢, /o is sufficiently small in
both cases. In Fig 3, we plot ||at new|loo /7« for one 150-frame period of the curtain sequence and for three 150-frame change
periods of the lake sequence. If we take o = 40, we observe that Yy, := max; Maxy; <¢<t; +a ||@tnew||oc = 0.1257, for the
curtain sequence and Ynew = 0.067, for the lake sequence, i.e. the projection along the new directions is small for the initial
« frames. Also, clearly, it increases slowly. In fact ||a; new|/oco < max(v¥ =1y, v4) for all ¢ € Z; 1 also holds with v = 1.5

for the curtain sequence and v = 1.8 for the lake sequence.
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Fig. 3. Verification of slow subspace change. The figure is discussed in Sec X-A.

B. Practical Parameter Setting for ReProCS

The ReProCS algorithm given in Algorithm 2 uses knowledge of ¢, 79, ¢j new from the model and it has four parameters
&, w,a, K that can be set in terms of the model parameters as given in Theorem 4.2. However, it is unreasonable to expect
that, in practice, the model parameters are known. We provide here reasonable heuristics for setting both the model and the
algorithm parameters automatically. For a vector v, we define the 99%-energy set of v as Tp.99(v) := {i : |v;| > vg.99} Where
the threshold wvg g9 is the largest value of |v;| so that ||vr, ., ||3 > 0.99]v||3. It is computed by sorting |v;| in non-increasing
order of magnitude. One keeps adding elements to Tp g9 until |jvr, |13 > 0.99]v]|3.

The complete algorithm is summarized in Algorithm 3. We pick o = 100 arbitrarily. We let £ = £, and w = w; vary
with time. Recall that &, is the upper bound on ||3;|2. We do not know [3;. All we have is an estimate of ; from ¢ — 1,
Bi_1 = (I - P(t,l)l%fl))[:t,l. We used a value a little larger than HBt,1||2 for &: we let & = 2||Bt,1||2. The parameter w;
is the support estimation threshold. One reasonable way to pick this is to use a percentage energy threshold of S [45]. In

this work, we used w; = 0.5(5}7“)0_99.

tirain

Let Ay, Aa, -+, Ay, denote the eigenvalues of t% 2o Ly Ly'. We estimate 1o and A~ as

ain

L Ai = Ai1 = _ 3
o = 7;:1’217?%}’;‘&"71 ( 5\2 ) 9 )\ — )\TO (17)

This heuristic relies on the fact that the maximum normalized difference between consecutive eigenvalues is from A~ to zero.

We split projection PCA into two phases: “detect” and “estimate”. In the “detect” phase, we estimate the change time %;
and the number of new added directions ¢;nw as follows. We keep doing projection PCA every a frames and looking for
eigenvalues above \—. If there are any eigenvalues above 5\’, we let fj =t—a+1 and we let ¢; ow be the number of these
eigenvalues. Also, we increment j and we reset k to one. At this time, the algorithm enters the “estimate” phase. In this phase,
we keep doing projection PCA every « frames until the stopping criterion given in step 3(a)iiB of Algorithm 3 is satisfied
(this estimates K). The idea is to stop when k exceeds K, and p]/',nechPj,neW is approximately equal to Pj{,new, k—1F new

three times in a row; or when k = K .. We pick Kpin = 5, Kinax = 20 arbitrarily. When the stopping criterion is satisfied,

we let K; =k and Pj = [pj_l, pj,new, Kj], and the algorithm enters the “detect” phase.

C. Simulation Experiments

1) Data Generation: The simulated data is generated as follows. The measurement matrix M, := [My, My, - , M,] is of
size 2048 x 5200. It can be decomposed as a sparse matrix Sy := [S1, Sa, - -+, St] plus a low rank matrix £; := [L1, La, - - , L¢].
The sparse matrix S; := [S1, Sa,- -, S¢] is generated as follows.

1) For 1 <t < tyain = 200, S; = 0.
2) For tusn < t < 5200, S; has s nonzero elements. The initial support Ty = {1,2,...s}. Every A time instants we
increment the support indices by 1. For example, for ¢ € [tyain+1, tyain+ A—1], Ty = To, for t € [tyain+ A, tirain +2A—1].
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Algorithm 3 ReProCS(practical)
Input: My, Output: Sy, Ly, P(t).
/ EVD

Initialization: Given training sequence [L1, Lo, -, L, ., |, compute the EVD of % ?:1 L:L,/ "=~ EAE' and then

estimate 7y and A~ using (17). Let 150 retain the eigenvectors with the 7y largest eigenvalues.

At t = tyain, let P(t) — Po. Let j <0, k<« 1, fj = tyain + 1 and flag < detect. For t > ty,in, do the following:
1) Do step 1) of Algorithm 2 but with £ and w replaced by &; and w, computed as explained in Sec X-B.
2) Do step 2) of Algorithm 2.
3) Projection PCA: Update ]f’(t) as follows.

n £J+ka71 - rat £ o ral ral
a) If t =1; + ko — 1, compute EVD of 1 Y e = PPl )L Ly(I = Pya Py y)
i) If flag = detect,
A) If no eigenvalues are above A~ then p(t) — P(t,l). Increment k < k + 1.
B) If there are eigenvalues above A~, then fj —t—a+1l, 5+ j+1, k<1, flag < estimate.

ii) Else if flag = estimate,

A) Let Pj,new, & retain the eigenvectors with eigenvalues above 5\_, P(t) — [Pj_l Pjnewr] and k <k + 1.
¢ P vew i P PP
B) Ifif k > Ky and 12ztzatsEomeniotBewion ~Fomen i Bineni) Ll 01 for j = k—2 k—1,k; or k = Kuas,
R R R HAZt—or#l Pj»nfw,iflpj,ncw‘q‘,—lLt”2
then K; < k, Pj « [P;_1 P, | and reset flag < detect.

j,new, K ;

Else (¢ 75 lgj + ko — 1) set p(t) — p(t—l)-

4) Increment t <— t + 1 and go to step 1.

T, ={2,3,...s+ 1} and so on. Thus, the support set changes in a highly correlated fashion over time and this results
in the matrix S; being low rank. The larger the value of A, the smaller will be the rank of S; (for ¢ > yin + A).

3) The signs of the nonzero elements of S; are +1 with equal probability and the magnitudes are uniformly distributed
between 2 and 3. Thus, Sy, = 2.

The low rank matrix L4 := [Ly, Lo, - -+, L] where L; := Pyyay is generated as follows:

1) There are a total of J = 2 subspace change times, ¢; = 301 and ¢ = 2501. Let U be an 2048 X (1o + €1 new + €2,new)
orthonormalized random Gaussian matrix.
a) For 1 <t <t; —1, Py = Py has rank 7o with Py = Upg2,... -
b) Fort; <t <ty —1, Py = Py = [Py Pinew] has rank 71 = rg + ¢1 new With Py new = Upgg1,... T0-+CLnen]
¢) Fort >ty, Pyy = Py = [P1 Papew] has rank 7o = 11 + ¢ new With Po new = Ulrg ey nt1,--+ 1ro+c1.men+Co.nen]

2) ay is independent over t. The various (a:);’s are also mutually independent for different 4.

a) For 1 <t <y, we let (at); be uniformly distributed between —~; ; and ~; ¢, where

400 ifi=1,2,--- ,ro/4,Vt,

30 ifi:r0/4+1,r0/4+2,---77“0/2,Vt.
Vit = (18)
2 ifi:r0/2+1,r0/2+2,-~-,3r0/4,Vt.

1 ifi=3rg/4+1,3r9/4+2,--- 10, Vt.

b) For t; < ¢ < ta, ag+ is an ro length vector, aynew iS @ c1pew length vector and Ly := Pyya; = Pray =
Pyat .« 4+ Pinew@ipew- (ar,«); is uniformly distributed between —v;; and ~y;; and Gy new is uniformly distributed
between —v,.,  and <, ;, where

1.1k1 ift) +(k—1Na<t<t;+ka—1,k=1,234,

Yri,t = (19)
1.147 1 =1.331 ift > t; + 4o
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¢) For ¢ > ta, ax is an r1 = 1o + ¢1 pew length vector, ag pew 18 @ 2 new length vector and Ly := Pyay = Peay =
[Po P new)at,« + Pa newi new- Also, (ay,«); is uniformly distributed between —v; ; and ;; for ¢ =1,2,--- ,r¢ and
is uniformly distributed between —-y,, ; and 7y, ¢ for ¢ = 79 + 1,...71. @t new is uniformly distributed between

—Yp,,¢ and ., ;, where

1.1k1 ifto+(k—Na<t<ty+ka—1,k=12---,1,
77'2,t = (20)
11771 =1.7716 if t >ty + Ta.

Thus for the above model, v, = 400, Ypew = 1, AT = 53333, A~ = 0.3333 and f := f\‘—f = 1.6 x 10°. Also, Spin = 2.

We used Ly, + Ny, as the training sequence to estimate P,. Here Ni... = [N1,Na, -+, Ny ] is i.i.d. random noise
with each (V;); uniformly distributed between —10~3 and 10~3. This is done to ensure that span(P,) # span(P,) but only

approximates it.

2) Results: For Fig. 4 and Fig. 5, we used s = 20, 7o = 36 and Cipew = Conew = 1. We let A = 10 for Fig. 4
and A = 50 for Fig. 5. Because of the correlated support change, the 2048 x ¢ sparse matrix S; = [S1,52, -+, 5] is
rank deficient in either case, e.g. for Fig. 4, S; has rank 29, 39,49, 259 at ¢ = 300, 400, 500, 2600; for Fig. 5, S; has rank
21,23,25,67 at t = 300,400, 500, 2600. We plot the subspace error SE(;) and the normalized error for Sy, % averaged

7, D, new o . .
W7 Dynewillz ¢ the projection PCA times. This serves as a proxy

over 100 Monte Carlo simulations. We also plot the ratio Dol
e,k

for ks(D; new,k) (Which has exponential computational complexity). In fact, in our proofs, we only need this ratio to be small

atevery t =t; + ka — 1.

We compared against PCP [5]. At every t = t; + 4ka, we solved (1) with A = 1/4/max(n,t) to recover S; and L;. We
used the estimates of .S; for the last 4« frames as the final estimates of 5}. So, the 5} fort =1; +1,...t; + 4o is obtained
from PCP done at t = t; + 4a, the S; for t = t; +4a + 1,...t; 4 8« is obtained from PCP done at ¢t = ¢; + 8 and so on.

As can be seen from Fig. 4, the subspace error SE(;) of ReProCS decreased exponentially and stabilized after about 4
projection PCA update steps. The averaged normalized error for S; followed a similar trend. ReProCS(practical) performed

similar to ReProCS but stabilized in about 6 projection PCA update steps. In Fig. 5 where A = 50, the subspace error SE )

117, Dy new, k|l2
1D new, k |2

larger. Because of the correlated support change, the error of PCP was larger in both cases. The difference in performance
between ReProCS and PCP is larger when A = 50.

also decreased but the decrease was a bit slower as compared to Fig. 4 where A = 10. Also, the ratio was now

117, Dy new, k|l2

For Fig. 6, we increased s to 100 and we used A = 10. A larger s results in a larger D5l
Jnew,

(and larger Kg(Dj new,k))-
Thus, the rate of decrease of SE ;) is smaller than that for the previous two figures. The error of S; followed a similar trend.
lI7," Dj new,k |l2

HDj,new,kH2
error of ReProCS did not decrease from its initial value at the subspace change time. For ReProCS, the average error

15200 [[Si—Sifls _ -3 ioh: L1 §5200 [[Si—Silla _
5200 2at—201 " 5,5 — o4 % 1077. The error of PCP was also very high: 555 ) ;2001 g, = 0-43.

Finally, if we set A = oo, the ratio was 1 always. As a result, the subspace error and hence the reconstruction

We also did one experiment in which we generated T} of size s = 100 uniformly at random from all possible s-size subsets
of {1,2,...n}. T; at different times ¢ was also generated independently. In this case, the reconstruction error of ReProCS is

s S % = 2.8472 x 10~*. The error for PCP was 3.5 x 10~% which is also quite small.
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= max; |T;| = 20 and A = 10.
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In this work, we studied the recursive (online) robust PCA problem, which can also be interpreted as a problem of recursive

sparse recovery in the presence of large but structured noise (noise lying in a “slowly changing” low dimensional subspace at

all times). We introduced a novel solution approach called Recursive Projected CS or ReProCS that is able to recover both the

sparse component, S;, and low dimensional component, L;, even when the support set of S; changes in a correlated fashion

over time. Under mild assumptions, we showed that, w.h.p., ReProCS can exactly recover the support set of S; at all times;
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and the reconstruction errors of both S; and L; are upper bounded by a time-invariant and small value at all times. We also
showed how the algorithm and its guarantees extend to the undersampled measurements’ case.

In ongoing work [42], we are developing and analyzing the ReProCS with deletion approach for the more general model
given in Sec IX-B. Open questions to be addressed in future work include theoretically studying (a) the correlated a;’s case;
(b) the connection between the denseness of D; new 1 and the support change of S; (that we observe in simulations); and (c)
bounding the sparse recovery error even when the support set is not exactly recovered. In the current work, we needed T, =T,

for t < t;+ka—1 to ensure that the e;’s for ¢ € Z; ;, are conditionally independent given X .1 = [a1, aq,. .. at_7»+(k71)a71]~

APPENDIX

A. Proof of Lemma 2.10
Proof: Because P, Q and P are basis matrix, PP =1, Q'Q = I and P'P =1.

1) Using P’/P = I and ||M|3 = [[MM'|2, |(I — PP")PP'||y = ||(I — PP')P||y. Similarly, ||(I — PP)PP'||y =
|(I — PP")P||y. Let Dy = (I — PP)PP’ and let D, = (I — PP')PP’. Notice that || Dyl = \/Amax(D}D1) =
VD D12 and || Dalls = /Amax(D4D2) = /|[[DDs][2. So, in order to show || D; |2 = || D22, it suffices to show
that |D|D1lls = ||DyDsllo. Let P'P °L” USV'. Then, D\D; = P(I — P'PP'P)P' = PU(I — S%)U'P’ and
D4yDy = P(I — P'PP'P)P' = PV (I — %2)V'P’ are the compact SVD’s of D D; and D) D, respectively. Therefore,
Dy Dy || = || D5 D55 = |[I — 52|z and hence ||(I — PP)PP'|ly = ||(I — PP')PP||5.

2) |[PP' = PP'||y = ||[PP — PP'PP' + PP'PP' — PPy < ||(I — PP")PP'||y + ||(I — PP)PP'|jy = 2.

3) Since Q'P =0, then [|Q'P|jy = ||Q'(I — PP)P||y < ||(I — PP)Pl|s = (..

4) Let M = (I — PP")Q). Then M'M = Q'(I — PP)Q and so o;((I — PP)Q \/)\ (I — PP)Q). Clearly,
Amax(Q'(I — PP)Q) < 1. By Weyl’s Theorem, A\pin(Q'(I — PP)Q) > 1 — max(Q’PP’ )=1—-|QP|3>1-¢2
Therefore, \/1 — (2 < o;((I — PP)Q) < 1.

B. Proof of Lemma 2.11
Proof: Tt is easy to see that P(B¢,C¢) = E[lp(X,Y)l:(X)]. If E[Ig(X,Y)|X] > p for all X € C, this means that
E[lp(X,Y)| X]Ie(X) > ple(X). This, in turn, implies that
P(B%,C) = E[ls(X, Y)le(X)] = E[E[l5(X, V)| X]lc(X)] > pE[le(X)].

Recall from Definition 2.4 that P(B¢|X) = E[[p(X,Y)|X] and P(C¢) = E[I¢(X)]. Thus, we conclude that if P(B¢|X) > p
for all X € C, then P(B¢,C¢) > pP(C®). Using the definition of P(B¢|C¢), the claim follows. [ |

C. Proof of Corollary 2.14

Proof:

1) Since, for any X € C, conditioned on X, the Z;’s are independent, the same is also true for Z, — g(X) for any
function of X. Let Y; := Z; — E(Z;|X). Thus, for any X € C, conditioned on X, the Y;’s are independent. Also,
clearly E(Y;]X) = 0. Since for all X € C, P(biI < Z; < b2I|X) = 1 and since Apax(.) is a convex function, and
Amin(.) is a concave function, of a Hermitian matrix, thus b < E(Z;|X) < byl w.p. one for all X € C. Therefore,
P(Y? < (by — b1)*I|X) =1 for all X € C. Thus, for Theorem 2.13, ¢ = || >, (ba — b1)?I||2 = a(b2 — b1)?. For any
X € C, applying Theorem 2.13 for {Y;}’s conditioned on X, we get that, for any ¢ > 0,

1 —ae?
P (Amax <a;}/t> S €‘X> >1-— nexp (8(b2—b1)2> for all X € C
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By Weyl’s theorem, /\max(i YY) = )\max(é Yoi(Zy —E(Z] X)) > /\max(é Yo Ze) + )\min(é > —E(Z¢|X)). Since
Amin(2 37, “E(Z4]X)) = —Amax(£ Y, E(Z4] X)) > —by, thus Amax(2 30, V2) > Amax(L Y2, Zi) — ba. Therefore,
e

1 _
Pl Anax [ — Zy | <b X 1- ——— | forall X
< (azt: t) 4+ € > > nexp<8(b2_b1)2) or a eC

2) Let YV; = E(Z|X) — Z;. As before, E(Y;|X) = 0 and conditioned on any X € C, the Y;’s are independent and
P(Y? < (by — b1)?I|X) = 1. As before, applying Theorem 2.13, we get that for any € > 0,
o

1 _
Pl dpax | — Y| <€l X 1-— —— | forall X
( <a; ) 6 >> o (g ) fora X e

By Weyl’s theorem, )‘maX(é > Yy = )‘maX(é 2(B(Z]X) = Z4)) = )‘min(é > E(Z:| X)) + )‘maX(é 2 —Zt) =
Amin(2 Y E(Ze X)) = Amin (2 30, Z4) = b3 — Amin(E X, Z¢) Therefore, for any € > 0,

1
P>\min* Z Zb*

2

2

Ck62

X) >1—nexp (8(52_171)2) forall X € C

D. Proof of Corollary 2.15

. Notice that this is an (n1 +ng2) X (n1+n2)

0 M
Proof: Define the dilation of an n; X no matrix M as dilation(M) := [M 0

Hermitian matrix [28]. As shown in [28, equation 2.12],
Amax (dilation(M)) = ||dilation(M)||2 = || M ||2 21

Thus, the corollary assumptions imply that P(||dilation(Z;)|2 < 51|X) = 1 for all X € C. Thus, P(—=b 1 =
dilation(Z;) < b11|X) = 1 for all X € C. Using (21), the corollary assumptions also imply that 1 3=, E(dilation(Z;)|X) =
dilation(2 >, E(Z;|X)) < boI for all X € C. Finally, Z,’s conditionally independent given X, for any X € C, implies that
the same thing also holds for dilation(Z;)’s. Thus, applying Corollary 2.14 for the sequence {dilation(Z;)}, we get that,

2

1 —
P (/\max (a zt:dilation(Zt)> < by + e’X) >1—(n1+ng)exp (32026%) forall X €C

Using (21), Amax (L Y-, dilation(Z;)) = Amax(dilation(1 3=, Z;)) = || 3=, Z4||2 and this gives the final result. |

E. Proof of Lemma 3.2

Proof: Let A = I — PP'. By definition, 6,(A) := max{max|p|<;(Amax(A7A7r) — 1), max|p|<s(1 — Amin(A7AT))) }.
Notice that A%-Ap = I —I.PP'Ip. Since I PP' Iy is p.s.d., by Weyl’s theorem, Apax (A4 A7) < 1. Since Apax (A5 Ar)—1 <
0 while 1 — /\min(A'/TAT) > 0, thus,

o / — . . _ ! /
(1 — PP') = max (1 Amin(I — I PP IT)) (22)

By Definition, r,(P) = maxr|<, % = max|p|<s | I5-P|2. Notice that |I5.P]3 = Amax(I5 PP Ir) = 1 — Apin(I —
I.PP'Ir) %, and so

F2(P) = max (1= Awin(I = I PP'I7)) (23)

3 |T|<s

From (22) and (23), we get §5(I — PP’) = k2(P). [ ]

FE. The need for projection PCA (as in step 3 of Algorithm 2)
In this discussion, we remove the subscript j. Also, let P, := P;j_q, 13* = Aj_l, r« = rank(P,).

“This follows because B = I/.PP’'Ir is a Hermitian matrix. Let B = UXU’ be its EVD. Since UU’ = I, Amin(I — B) = Amin(U(I — £)U’) =
Amin(I = 3) =1 — Amax(X) = 1 — Amax(B).
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1) Why projection PCA and not simple PCA: Consider t = t; + kao — 1 when the k' projection PCA or PCA is done.
Since the error e, = L; — L, is correlated with L;, the dominant terms in the perturbation matrix seen by PCA are (1/(¢; +
ka)) :gka—l Lye} and its transpose, while for projection PCA, they are (1/a)®g Ztte,k Lie,®q and its transpose®. The
magnitude of L, can be quite large. The magnitude of e, is smaller than a constant times that of L;. The constant is less than
one but, at t = t; + o — 1, it is not negligible. Thus, the norm of the perturbation seen by PCA at this time may not be small.
As a result, the bound on the subspace error, SE(;), obtained by applying the sin 6 theorem may be more than one (and hence
meaningless since by definition SE(;) < 1). For projection PCA, because of ®q, the perturbation is much smaller.

Let SE; := SE(¢,1ka) = SE(1) denote the subspace error for ¢ € Z; ;. In quantitative terms, for PCA, we can show that

SE; <

~

Crigt + C'f¢F for constants C, C’ that are more than one but not too large. Here g* is the upper bound on g;
(condition number of averaged Cov(a¢ new)) and it is valid to assume that g* is small enough so that CxF g+ < 1. However,
f is the maximum condition number of Cov(a;) and this can be large. When it is, the second term may not be less than one.
On the other hand, for projection PCA, we have SE; < (i, + (. < ¢ + ¢ with ¢F = ¢, and ¢ =~ Crfgt¢h | +CF(¢F)?
and (= 1. Thus SE; < Cktg™ + C'f(¢H)? + (. The first term in this bound is similar to that of PCA, but the second
term is much smaller. The third term is negligibly small (under the slow subspace change assumption). Thus, in this case, it
is easier to ensure that the bound is less than one.

Moreover, our goal is to show that within a finite delay after a subspace change time, the subspace error decays down from
one to a value proportional to (. For projection PCA, this can be done because we can separately bound the subspace error
of the existing subspace, (., and of the newly added one, (i, and then bound the total subspace error, SE (), by (. + (i for
t € Z; . Assuming that, by ¢ = ¢;, (, is small enough, i.e. ¢, < r.¢ with { < 0.00015/r2 f, we can show that within K
iterations, (j also becomes small enough so that SE;y < (r. + ¢)¢. However, for PCA, it is not possible to separate the
subspace error in this fashion. For £ > 1, all we can claim is that SE; < C’nj f SEi_1. Since f can be large (larger than
1/k7), this cannot be used to show that SE;, decreases with k.

2) Why multiple iterations to get a final estimate of Pj ., The reason is again because e; and L; are correlated and so
the dominant perturbation terms are (1/a) ), ®oL:e;Po and its transpose. The magnitude of e; is smaller than a constant
times that of L;. The constant is less than one, but, at the first projection PCA time, it is not of the order of {. With the first
projection PCA, we get the first estimate of Py, Pnew,L Using this in the projected CS steps ensures a smaller e; for the
second interval and thus a smaller perturbation seen by the second projection PCA. This results in a reduced perturbation seen
by the second projection PCA step and thus an improved estimate ijewg. This makes e; even smaller for the third interval
and so on. Within K steps, we can show that it is small enough to ensure that SE;) is proportional to ¢.

3) Why not use all ko frames at t = t; + ka —1: Another possible way to implement projection PCA is to use the past ko
estimates L, at the k" projection PCA time, ¢ = t;+ ko —1. This may actually result in an improved algorithm. We believe that
it can also be analyzed using the approaches developed in this paper. However, the analysis will be more complicated. We briefly
try to explain why. The perturbation seen at ¢ = ¢+ ko — 1, Hy,, will now satisfy H, ~ (1/(ka)) ZZ,:I Etezjﬁk/ Oo(—Lie;—
et L} + ece})®p instead of just being approximately equal to the last (k' = k) term. Bounds on each of these terms will hold

with a different probability. Thus, proving a lemma similar to Lemma 8.7 will be more complicated.
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