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Abstract—We study the problem of (provably) learning the
weights of a two-layer neural network with quadratic activations.
We focus on the under-parametrized regime where the number
of neurons in the hidden layer is smaller than the dimension of
the input. Our main approach is to “lift” the learning problem
into a higher dimension, which enables us to borrow algorithmic
techniques from low-rank matrix estimation. Using this intuition,
we propose three novel, non-convex training algorithms. We
support our algorithms with rigorous theoretical analysis, and
show that all three enjoy a linear convergence, fast running time
per iteration, and near-optimal sample complexity. Finally, we
complement our theoretical results with numerical experiments.

I. INTRODUCTION
A. Setup and Motivation

The re-emergence of neural networks has had a remarkable
impact on various machine learning problems including ob-
ject recognition in images, natural language processing, and
automated drug discovery. However, despite their successful
empirical performance, provable algorithms for training neural
networks remain relatively less well understood. In this paper,
we propose a series of training algorithms for a simple class
of shallow neural networks by making connections to the area
of low-rank matrix estimation. Our work can be viewed as a
bridge between matrix recovery and neural network learning,
and we hope that that our building blocks of our theoretical
analysis leads to insights for more complex networks.

Mathematically, we consider the following neural network
architecture. The network comprises p input nodes, a single
hidden layer with r neurons with activation function o (z), first
layer weights {w, }§:1 C RP, and an output layer comprising
of a single node and weights {a;}j_; C R. If o(2) = 2, then
the above network is called a polynomial neural network [1].
The input-output relationship between an input, x € RP, and
the corresponding output, y € R, is given by:
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In this paper, our focus is in the so-called “under-parameterized”
regime where r < p. While quadratic activation functions are
less common than (say) sigmoid activations or rectified linear
units (ReL.Us), they have been shown to be have competitive
expressive power [1], while enabling important safety protocols
in verifiable computing [2].
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Our goal is to learn this network, given a set of training
input-output pairs {(z;,y;)}7,. We do so by finding a set of
weights {a;,w;}7_; that minimize the empirical risk:

m

1
F(W.a) =53 (5i—6:)" s (D)

i=1

min
WERT*P a€R"
where the rows of I and the entries of « indicate the weights
of the two layers. Numerous recent papers have explored
(provable) algorithms to learn the weights of such a network
under distributional assumptions on the input data [1], [3], [4],
[51, [61, [7], [8].

Clearly, the empirical risk defined in (1) is highly nonconvex
function which is difficult to optimize. However, we can
circumvent this difficulty using a lifting trick: if we define the
matrix variable L. = »7_; ajw;w], then the input-output
relationship becomes:
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where x; € RP denotes the i" training sample. Moreover, the
variable L, is a rank-r matrix of size p x p Therefore, (1) can
be viewed as an instance of learning a fixed (but unknown)
rank-r symmetric matrix L, € RP*P with r < p, from a small
number of rank-one linear observations given by A; = z;x7.

B. Connections to Signal Processing

While still non-convex, matrix estimation problems such
as (2) are much better understood. Some specific instances of
low-rank estimation in statistical signal processing and machine
learning include:

1) Matrix sensing and matrix completion [9], [10], [11],
[12], [13]: Reconstructing low-rank matrices from (noisy)
linear measurements of the form y; = (X;, L.) impact
several applications in control and system identification,
collaborative filtering, and imaging. The problem (2)
specializes the matrix sensing problem to the case where
the measurement x;z! are constrained to be themselves
rank-one.

2) Covariance sketching [14], [13]: Given a stream of
independent samples {x:}22, with z; € RP, estimating
the second-order statistics requires a quadratic sample
complexity which is a problem If there is a limited
memory to store the empirical estimate. As an alternative,
one can record a sequence of m < p? linear sketches
of each sample: z; = alx; for i = 1,...,m, and
aggregate the sketches to form a quadratic measurement:
yi = E[2?] = E[(aT2)?] = al' Qa;, which is a linear
sketch of ) of the form equation (2). Polynomial-time



algorithms that can invert such linear sketches are available
via convex relaxation [15], [16].

3) Communication systems [17]: Characterizing stochas-
tic wireless communication systems typically requires
the estimation of the spectral characteristics of random
processes, such as the power spectrum. One way to
calculate the power spectrum is through a sensing vector
a; and N instances of signal {z;}~ ;, and computing
the total energy as y, = SN JaFz|? = alSa; where
X =% Z 1% . Hence, estimating > from energy
measurements, i.e., y.s is again in the form of problem
(2).

4) Optics and tomography [18], [19], [20]: This is a
classical signal processing problem in which one can
try to recover the signal = from the amplitudes of the
Fourier coefficients. The work of [21], [22] has shown
how to model this problem as the estimation of a rank-one
matrix from linear measurements.

C. Our Contributions

In this paper, we make concrete algorithmic progress on
solving low-rank matrix estimation problems of the form (2).
In the context of learning polynomial neural networks, once we
have estimated a rank-r symmetric matrix L,, we can always
produce weights {a;,w;} by an eigendecomposition of L..

In general, a range of algorithms for solving (2) (or variants
thereof) exist in the literature, and can be broadly classified
into two categories: (i) convex approaches, all of which involve
enforcing the rank-r assumption in terms of a convex penalty
term, such as the nuclear norm [10], [15], [16]; (ii) nonconvex
approaches based on either alternating minimization [23], [3]
or greedy approximation [1], [24].

Both types of approaches suffer from severe computational
difficulties (which we make more precise below). Typically,
they require multiple invocations of singular value decompo-
sition (SVD), which can incur cubic (Q(p*)) running time.
Moreover, most non-convex approaches require an accurate
initialization, and also require that the underlying matrix L,
is well-conditioned; if this is not the case, the running time of
all available methods again inflates to Q(p?), or worse.

In this paper, we take a different approach, and show
how to leverage recent results in low-rank approximation to
our advantage [25], [26], [27]. In contrast with all earlier
works, our methods do not require any full SVD calculations.
Specifically, we propose three iterative algorithms. In our first
two algorithms, we use a careful concatenation of randomized,
approximate SVD methods, coupled with appropriately defined
gradient steps, to arrive at an e-accurate matrix estimate. To
our knowledge, these approaches constitute the first linearly
convergent methods for low-rank matrix estimation from rank-
one observations.

On the other hand, both these algorithms (at least in theory)
require freshly chosen independent samples in each iteration,
which is somewhat impractical. To resolve this, we propose a
third algorithm that optimizes for a somewhat different loss than
the empirical risk defined in (1). For this algorithm, we prove
that the sample complexity matches the optimal bound already

TABLE I: Our contributions and comparison with existing algorithms.
Here, 8 = Z- denotes the condition number of L.
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established by convex methods [15], [16]. This algorithm also
exhibits linear convergence. See Table I for a comparison.

D. Our Techniques

At a high level, our method can be viewed as a variant
of the seminal, nonconvex algorithms proposed in [29] and
[30], which perform iterative projected gradient descent over
the manifold of rank-r matrices. However, since computing
SVD in high dimensions can be a bottleneck, we cannot use
this approach directly. To this end, we use the approximation-
based matrix estimation framework proposed in [26]. This work
demonstrates how to carefully integrate approximate SVD
methods into singular value projection (SVP)-based matrix
estimation algorithms; In particular, they use algorithms that
satisfy certain “head” and “tail” projection properties (see
Section II). Crucially, this framework eliminates the need to
compute even a single SVD.

We also use this “head-tail” framework. However, a direct

application does not succeed for matrix estimation problems
obeying the model (2). Two major obstacles arise:
Obstacle 1. 1t is well-known that the linear operator that maps
L, to y does not satisfy the requisite concentration property
(specifically, the Restricted Isometry Property, or RIP, over
rank-r matrices) [15], [16], [23]. Therefore, the theoretical
analysis of [26] no longer applies. To be more precise, define
the operator A such that (A(L,)); = 2! L,x; fori =1,...,m,
where z; is a standard normal random vector. It is easy to
see that if L, is the current estimate of the underlying matrix
variable, then we have: EA*A(L; — L.) = 2(Ly — Ly) +
Tr(L; — Ly)I, where Tr(-) denotes the trace of a matrix.

Obstacle 2. The algebraic structure of the rank-one obser-
vations in (2) inflates the running time of computing even a
simple gradient update to O(p?) (irrespective of the cost of
exact or approximate rank-r projection).

We resolve Obstacle 1 by studying the concentration prop-
erties of certain linear operators of the form of rank-one
projections, leveraging an approach first proposed in [23].
We show that a non-trivial “bias correction” step, coupled
with projected descent-type methods, within each iteration
is sufficient to achieve fast (linear) convergence. We resolve
Obstacle 2 by carefully exploiting the rank-one structure of
the observations through developing a modification of the
randomized block-Krylov SVD (or BK-SVD) algorithm of [25].
This enables us to achieve fast per-iteration running time.

While the above approach produces fast running time (up
to poly-logarithmic factors), its theoretical success depends on



the idea of fresh samples in each iteration. Our next algorithm
removes this restriction by using the ¢;-loss function instead
of the squared loss used in (1). However, the ¢;-loss is non-
differentiable, nor does it satisfy our previous concentration
property of the gradient. This motivates us to use the so-called
RIP(¢1,¢2) [31], [16], [15]. For this, we propose a projected
sub-gradient algorithm which does not require use of fresh
samples within each iteration, and enjoys linear convergence
with an optimal sample complexity.

II. RELATED WORK

In the context of provable methods for learning neural
networks, two-layer networks have received special attention.
For instance, [1] has considered a two-layer network with
quadratic activation function (identical to the model proposed
above), and proposed a greedy, improper learning algorithm.
Recently, in [6], the authors have proposed a linearly convergent
algorithm for learning two-layer networks for several classes
of activation functions, together with rigorous upper bounds
on the sample complexity of their algorithm. However, their
theory does not consider the case of quadratic activations. This
paper closes this gap.

Other works have also studied similar two-layer setups,
including [4], [5], [7], [8]. In contrast with these results, our
framework does not assume the over-parameterized setting
where the number of hidden neurons r is greater than p. We now
briefly contrast our method with other algorithmic techniques
for low-rank matrix estimation. Broadly, two classes of such
techniques exist. The first class is based on convex relaxation
of the rank constraint [15], [16], [28]. For instance, the authors
in [15], [16] demonstrate that the observation operator A
satisfies a specialized mixed-norm isometry condition. Further,
they show that the sample complexity of matrix estimation
using rank-one projections matches the optimal rate O(pr).
However, these methods advocate using either semidefinite
programming (SDP) or proximal sub-gradient algorithms [32],
both of which are too slow for very high-dimensional problems.

The second class are non-convex approaches, which are all
based on a factorization-based approach initially advocated by
[33]. Here, the underlying low-rank matrix variable is factorized
as L, = UVT, where U,V € RP*" [34]. In the Altmin-
LRROM method proposed by [23], U and V' are updated in
alternative fashion. However, the setup in [23] is different from
this paper, as it uses an asymmetric observation model. In a
subsequent work (called the generalized factorization machine)
by [35], U and V are updated based on the construction of
certain sequences of moment estimators. Both the approaches
of [23] and [35] require a spectral initialization which involves
running a rank-r SVD on a given p X p matrix, and hence the
running time heavily depends on the condition number of L,.

Finally, Frank-Wolfe type greedy algorithms for solving
(1) also exist [24], [1]. However, their rate of convergence is
sub-linear, and they provide no sample-complexity guarantees.
Indeed, the main motivating factor of our paper was to
accelerate the running time of such greedy approximation
techniques. We complete this line of work by providing (a)
rigorous analysis that precisely establishes upper bounds on

the number of samples required for learning such networks,
and (b) algorithms that provably exhibits linear convergence,
as well as (near) linear per iteration running time.

III. MAIN RESULTS
A. Preliminaries

Let us first introduce some notation. Throughout this paper,
|-||7 and || - ||2 denote the matrix Frobenius and spectral norm,
respectively, and Tr(-) denotes matrix trace. Also, |- ||1 denotes
the /1-norm of a vector. The phrase “with high probability”
indicates an event whose failure rate is exponentially small.
We assume that the training data samples (z,y) € R? x R
obey a noisy generative model (2) written as:

Y= Za}a((w}‘,x)) =aT L. +¢, (3)
=1

where L, € RP*? is the “ground-truth” matrix (with rank equal
to ), and ¢ € R is an additive noise. Define A : RPXP —
R™ such that: A(L,) = [¢¥ L.x1, 23 Loao, ... 2T Lox,,]7,
and each z; N (0,I) is a normal random vector in R?
for i = 1,...,m. The adjoint operator of A is defined as
A*(y) = > yix;x] . Throughout the paper (for the purpose
of analysis) we assume that e is zero-mean, subgaussian random
vector with i.i.d entries, and independent of x;. The analysis
of our first two algorithms require that the operators .4 and A4*
satisfy the following regularity condition with respect to the set
of low-rank matrices. We call this the Conditional Unbiased
Restricted Isometry Property, or CU-RIP(p):

Definition 1. Consider fixed rank-r matrices L1 and L.
Then, A is said to satisfy CU-RIP(p) if there exists 0 <

p < 1 such that ||L1 — Lo — ﬁA*A(Ll — Ly) —
217 (A(L) = AL 1| < p||La = Lo

Let U, denote the set of all rank-r matrix subspaces, i.e.,
subspaces of RP*P which are spanned by any r atoms of the
form uv? where u,v € RP are unit ¢5-norm vectors and Py
denotes the orthogonal projection onto subspace U and L,. is
the optimal rank-r approximation of L. We use the idea of
head and tail approximate projections with respect to U, first
proposed in [36], and instantiated in the context of low-rank
approximation in [26].

Definition 2 (Approximate tail projection). 7 : RP*P — T,
is a e-approximate tail projection algorithm if for all L €
RP*P, T returns a subspace W = T (L) that satisfies: |L —
PwLlp < (1+¢)|[L = Ly[lp.

Definition 3 (Approximate head projection). H : RP*P — U,
is a e-approximate head projection if for all L € RP*P, the
returned subspace V. = H(L) satisfies: |PyL|r > (1 —
)| Lr] p-

We also need the following mixed RIP definition due to [31],
[16], [15] for our third algorithm, proposed in Section III-C.

Definition 4 (RIP({{,¢5) for low-rank matrices). A linear
operator B satisfies RIP({1,{s) if for any two rank-r matrices



Algorithm 1

Algorithm 2

Initialization: Ly < 0, ¢t < 0, number of iterations K, rank
r, {xl,ab . al Y fort=1,... K

Calculate: j = L >y

while ¢t < K do

Bias(L;) = (= 1T A(Ly) — 39)1
9(Li) = 5 Z”l ()" Ly} — yi) xf(x})™ — Bias(Ly)
Lit1 =Pr (Lt — g(Lt))
t+—t+1
end while

Return: L = K

Initialization: Ly < 0, ¢t < 0, number of iterations K, rank
r, {xf,xb .. 2t Y fort=1,...,K

Calculate: j = L 3" 4,

while ¢t < K do

Bias(L;) = (%1TA(Lt) — 391
9(Le) = 5= >0 (@) Lyxt — yi) xl(2f)™ — Bias(Ly)
Ly = T(Lt —H (9(L+)))
t—t+1
end while

Return: L — Li

Ly and Lo, there exists constants 0 < o < [3 such the following
holds: OéHLl — LQHF S %HB(Ll — L2)||1 S ﬂHLl — LQHF.

B. Proposed Algorithms

We now propose methods to estimate L, given knowledge
of {z;,y;}'™,. Our first method is somewhat computationally
inefficient, but achieves nearly good sample complexity and
serves to illustrate the overall algorithmic approach. Consider
the non-convex, constrained risk minimization problem:

m
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F(L)
min F(L) =5

i Yi — X; L:rz) s.t. rank(L) <
cRPXP

z:l
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To solve this problem, we first propose an algorithm,
described in pseudocode form as Algorithm 1'. The following
theoretical result establishes statistical and optimization con-
vergence rates of our algorithm. More precisely, we derive an
upper bound on the estimation error in terms of the spectral

norm. (All proofs are deferred to the appendix.)

Theorem 5. Assume that in each iteration the linear operator
A satisfies CU-RIP(p) for some 0 < p < 3. Then Alg. 1 outputs
a sequence of estimates L; such that (where 0 < q < 1):

)

|Lit1 — Lull2 < q||Ls — L

1 T *
4)

The contraction factor, g, in Equation (5) can be made small
enough if we choose m sufficiently large, and we elaborate on
this point in Theorem (7). The second and third term in (5)
represent the statistical error rate. Next, we show that these
error terms can be suitably bounded.

Theorem 6. Consider the generative model (3) with zero-
mean subgaussian noise vector e € R™ with i.i.d. entries (and
independent of the x;’s) such that T = maxi<j<m ||€j] v,
(Here, || - ||y, denotes the 1a-norm; subgaussian norm). Then,
with probability at least 1 — ~, we have:

1 1
—|1Te|+ HEA* 6)
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where C!! > 0 is constant which depends on T.

'Tn Alg 1, P, denotes the projection operator onto the set of rank-r matrices.

To establish linear convergence of our algorithm, we assume
that the CU-RIP holds at each iteration. The following theorem
certifies this assumption.

Theorem 7. At any iteration t of Alg. 1, with probability at

least 1 — &, CU-RIP(p) is satisfied with parameter p < %

provided that m = O (5%197"2 1og3plog(§)) for some § > 0.

Integrating the above results, together with the assumption of
availability of a batch of m independent samples (fresh samples)
in each iteration, and all the assumptions in theorem 5, Alg. 1
needs K = O(log(@)) iterations to achieve e-accuracy in
terms of the spectral norm. Furthermore, the sample complexity
scales as m = O (pr2 log4plog(%)) based on Theorems 6
and 7. Although the assumption of “fresh samples” is an artifact
of our proof techniques; nonetheless, it is a standard mechanism
for theoretically analyzing non-convex problems [37], [6]. In
Section III-C, we revisit this issue.

While the above algorithm exhibits linear convergence, the
per-iteration complexity is still high since it requires projection
onto the space of rank-r matrices. This necessitates the
application of SVD. In the absence of any spectral assumptions
on the input to the SVD, the per-iteration running time can be
as high as cubic (2(p*)). Overall, we obtain a running time
of O(p*r?) in order to achieve e-accuracy (please see Section
5.3 in the appendix of [38] for more details).

To reduce the running time, one can instead replace a
standard SVD with approximate heuristics such as Lanczos iter-
ations [39]; however, these do not result in rigorous algorithms
with provable convergence guarantees. Instead, following [26],
we can use a pair of inaccurate rank-r projections (in particular,
tail-and head-approximate projection operators). Based on this
idea, we propose our second algorithm, displayed in pseudocode
form as Algorithm 2.

The specific choice of approximate SVD algorithms that
simulate the operators 7(.) and #(.) is flexible. We note that
tail-approximate projections have been widely studied in the
numerical linear algebra literature [40], [41], [42]; however,
head-approximate projection methods are less well-known. In
our method, we use the randomized Block Krylov SVD (BK-
SVD) method proposed by [25], which has been shown to
satisfy both types of approximation guarantees [26]. One can
alternatively use LazySVD, recently proposed by [43], which
also satisfies both guarantees. The nice feature of these two
approaches is that their running time is independent of the
spectral gap of the matrix, which provides an asymptotic



improvements over partial SVD algorithms such as the power
method; see [43].
We now establish that Alg. 2 also exhibits linear convergence:

Theorem 8. Consider the sequence of iterates (L;) obtained
in Alg. 2. Assume that in each iteration t, A satisfies CU-
RIP(p') for some 0 < p’ < 1, then Alg. 2 outputs a sequence
of estimates L; such that:

ILevs = Lullr < il Le = Ll + a5 (117 e] + [| A%

[»).
@

where ¢; = (2 + &) + V1-¢*), @ =
ML (p ¢(21€)_(¢2>2+6))’ and ¢ = (1—e)(1—p') —p'.

Similar to Theorem 7, we can show that CU-RIP is satisfied
in each iteration with probability at least 1 — &, provided that
m=0 ((S%pr:3 log® plog(%)). Hence, we require a factor-r
increase compared to our first algorithm.

The above analysis shows that instead of using exact rank-r
projections using SVDs (as in Alg. 1), one can use instead tail
and head approximate projection, as implemented by the BK-
SVD method of [25]. The running time for this method is given
by O(p?r) if r < p. While the running time of the projection
step is gap-independent, the calculation of the gradient (i.e.,
the input to the head projection method ) is itself the major
bottleneck. In essence, this is related to the calculation of
the adjoint operator, A*(d) = >_1" | dVx;xT, which requires
O(p?) operations for each sample. Coupled with the sample-
complexity of m = Q(pr3), this means that the running time
per-iteration scaled as Q(p3r?®), which overshadows any gains
achieved during the projection step.

To address this challenge, we propose a modified version
of BK-SVD for head approximate projection which uses the
special rank-one structures involved in the calculation of the
gradients. We call this method Modified BK-SVD, or MBK-
SVD. The basic idea is to implicitly evaluate each Krylov-
subspace iteration within BK-SVD, and avoid any explicit
calculation of the adjoint operator A* applied to the current
estimate. Due to space constraints, the pseudocode as well
as the running time analysis of MBK-SVD (the proof of the
following theorem) is given in [38].

Theorem 9. Algorithm 2 (with modified BK-SVD) runs in time
K = O (p*r*log(¢)polylog(p)).

C. Achieving Optimal Sample Complexity

In the previous section, we saw that both our proposed
algorithms result in suboptimal sample complexity by loga-
rithmic factors, primarily because their analysis requires a set
of fresh samples in each iteration. In this section, we propose
a third algorithm that removes this assumption and achieves
asymptotically optimal sample complexity, i.e., m = O(pr).
Referring back to Table I, we observe that convex methods [16],
[15] exhibits the same sample complexity, but are very slow.
However, we show that our new algorithm enjoys a fast running
time.

To overcome the issue of fresh samples, our key intuition
is to replace squared loss with the absolute deviation loss

Algorithm 3
Initialization: Ly < 0, ¢t < 0
while ¢t < K do
Lip1 = Tar (Le — EB*sgn(B(L¢) — y))
t—t+1
end whilg
Return: L = Lg

function (i.e., ¢1-loss), and the CU-RIP with the RIP(¢1, {5).
For simplicity, in this section we ignore noise, while noting
that our analysis seamlessly carries over to the noisy case with
a somewhat more tedious (but straightforward) extension.

We introduce a (slightly) different observation model: 3y’ =
B(L.), where B : RP*P — R™ denotes a linear operator such
that B(L); = A(L)2; — A(L)2;_1, with A(.); denotes the i*"
entry of vector A(.) as defined in observation model (3). It is
easy to see that I3 can be implemented by doubling the number
of training samples. The reason why B is constructed in this
way is inspired by [16], where the authors have shown that
B satisfies RIP(¢1, {5) if the number of samples m = O(pr).
Based on the above model, we consider the following risk
minimization problem:

min

1
= —|ly — <r.
ymin - F(L)= —lly = B(L)|y st rank(L) < 7. (8)

To solve this problem, we propose an approximate projected
sub-gradient algorithm, displayed in pseudocode as Algo-
rithm 3.

Compared to the previous algorithms, Alg. 3 has three major
differences. First, it has only one approximation operator — an
approximate tail projection 7 — which projects its argument
onto a larger set of matrices with rank xr for K > 1.
To implement this operator, we use the modified BK-SVD
algorithm similar to the discussion above. The idea of projecting
onto a larger space was first proposed by [30], and subsequently
has been extended for approximate tail projections by [27]. In
that work, we showed that this idea essentially removes the need
for an inner “head” projection. Second, the objective function in
(8) is not differentiable; hence, we have to use a sub-gradients
which, for our case, is given by OF(L) = L B*sgn(B(L;) —y).
Third, Algorithm 3 requires a time-varying step-size 1 specified
below (Here, B* denotes the adjoint operator of B).

We now prove that with sufficiently many samples, Algo-
rithm 3 converges linearly, and at termination, provides an
accurate estimate of the true low-rank matrix. This proof
complements the theoretical analysis of [16], [15] with a
simple and easily implementable algorithm with provably fast
convergence guarantees. For establishing the proof, we need the
following Lemma, proved in [27] and adapted to our notation.

Lemma 10. Let v > (1 + i) For any matrices L, L, €
RP*P with rank(L,) = r, we have

1Tn (L) — L% < (1 IL— L2,

2
+ -
vV1—evk— 1)
where T : RP*P — U, denotes the approximate tail projection
defined in Definition 2 and ¢ > 0 is the corresponding
approximation ratio.



This lemma says that the near-contraction factor v = 1 +

2 . .
Viss =T can be made arbltrary. close to 1, provided t.hat we
increase the parameter « accordingly. We now establish the

linear convergence of Algorithm 3:

Theorem 11. Suppose that the linear map B is constructed

such that it satisfies RIP({1, {s) property with constants « and 3
a((e3)—1

in each iteration. Set k > 1—|-m8ux{M L } Choose

‘B(Lt)z_yl‘l

1—¢ A
step size as 1y = | . Then, Algorithm 3 produces a
sequence of estimates Ly for t = 1,2... such that

[Li41 = Lulla < AllLi = L2

where A = /v(1 — g—i)

The RIP assumption for B is justified by Proposition 1
in [16], and the fact that in each iteration, the input matrix
of B is a matrix with rank at most equals to 2kr + r* (see
the proof). In addition, the running time of Algorithm 3 scales
as O(p*r?log(p) log(L)) as a result of implementing 7 with
MBK-SVD.

(€))

IV. EXPERIMENTAL RESULTS

We conclude by providing some numerical experiments to
support our proposed algorithms.

We compare Alg. 1 and Alg. 2 with convex (nuclear norm)
minimization as well as the gFM algorithm of [3]. To solve the
nuclear norm minimization, we use FASTA [32] (accelerated
proximal sub-gradient). In addition, SVD and SVDS denote
the projection step in Alg. 1 using Matlab’s SVD and SVDs
functions respectively. In all the experiments, we generate
a low-rank matrix, L, = UUT, such that U € RP*" with
r = 5 where the entries of U is randomly chosen according to
the standard normal distribution. Figures 1(a) and 1(b) show
the phase transition of successful estimation as well as the
evolution of the objective function, |ly — A(L;)||3 versus the
iteration count ¢ for all the algorithms. In figure 1(a), we have
used 50 Monte Carlo trials and the phase transition plot is
generated based on the empirical probability of success; here,
success is when the relative error between L (the estimate of
L,) and the ground truth L, (measured in terms of spectral
norm) is less than 0.05. For solving convex problem, we set the
Lagrangian parameter, p via a grid search. In Figure 1(a), there
is no additive noise. As we can see in this Figure, the phase
transition for the convex method and Alg 3 has comparable
phase transition as predicted by theory, and they are slightly
better than those for non-convex algorithms, which is consistent
with known theoretical results. However, the convex method
is improper, i.e., the rank of L is much higher than the target
rank. In Figure 1(b) we consider an additive standard normal
noise with standard deviation equal to 0.1, and average over 10
Monte Carlo trials. As illustrated in this plot, all non-convex
algorithm have much better performance in decreasing the
objective function compared to convex method.

In Figure 1(c), we compare the algorithms in the high-
dimensional regime where p = 1000, m = 75000, and r = 5
in terms of running time. We let all the algorithms run 15
iterations, and then compute the CPU time in seconds for each

of them. The y-axis denotes the logarithm of relative error in
spectral norm and we report averages over 10 Monte Carlo
trials. As we can see, convex methods are the slowest (as
expected); the non-convex methods are comparable to each
other, while our method is the fastest. This plot verifies that
Alg. 2 is faster than other non-convex methods, which makes it
a promising approach for high-dimensional matrix estimation
applications.

Discussion. It seems plausible that the matrix-based tech-
niques of this paper can be extended to learn networks
with similar polynomial-like activation functions (such as the
squared ReLU). Finally, similar algorithms can be plausibly
used to train multi-layer networks using a greedy (layer-by-
layer) learning strategy.

APPENDIX

Proof of Theorem 5. The proof of the theorem is special case
and simpler version of the Theorem 8. Hence, we give a proof
sketch (see [38] for more details). The idea is analogous to
the proof of IHT algorithm in compressive sensing literature
where the projection step along with the triangle inequality
results HLt+1 — L, 2§2Hb — L*| ) where b is the update rule
vector. Then, we invoke CU-RIP by the assumption of the
theorem. This establishes our desired linear convergence with
contraction factor g = 2p < 1. O

Proof of Theorem 8. Assume that Y € M(Uy,.) such that
L;— L, €Y and

V=V, =H(A(AL) —y) — Tr(Ly — y)I).
Also, define Bias(L;) := (5=1TA(L;) — 39)1
1 2m
V=L —H (m Zl (ziLex] — yi) ziz] — Bias(Lt)>

— L, - i% (A*(A(Ly) — y) — Bias(Ly)) .

Furthermore, by definition of approximate tail projection, L; €
M(U,.). Now, we have:

|Lts1 = Lullp = || Lu = T

<L =V lr + 6~ Tl < @+ )Y — Ll
1 *

= (2+9)||Le = L = H(G-A"(A(L) - )

(g 1TAL) D)
2 (2 4 €)HLt — L. - Pv(%A*(A(Lt) ~v)
(g 1TAL) 5D

where a; is implied by the triangle inequality and the definition
of approximate tail projection, and inequality as holds by the
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Fig. 1: Comparison of algorithms. (a) Phase transition plot with p = 100. (b) Evolution of the objective function versus number of iterations
with p = 100, m = 8500, and noise level o = 0.1. (c) Running time of the algorithm with p = 1000 and m = 75000.

definition of approximate head projection. Next, we have:

|Levr — Lullr < 2+ HPV Ly — L) + Py (Ly — L)
. 1 1_
Py (5 A (AL )~ (51T AL) — o)D)
s 1
<@+ s)HpV(Lt — L) = Py (5 A"A(Li — L)
1, 1
(5 1TAL) — 50D+ @+ )||Pya (B - L)
P
o [Pl
o e)Hva(Lt L. (%A*A(Lt ~ L)
1 T
— o 1T AL = LOD)| + @+ )| Pe (2o - L)
24+¢e /.7 .
+ 5 (|1 e + HPVA ‘ ) (10)
where a3 follows by decomposing the residual L; — L, on

the two subspaces V' and VL, and a4 is due to the triangle
inequality, the fact that L; — L, € Y,and V CV +Y.

Now, we need to bound the three terms in (10). The third
and fourth terms can be bounded by using Theorem 6. For the
first term, we have:

1
2+ E)HPVW(Lt — Ly = (5 - A"A(Li — L)
1 T
5 TAL - L)
< +5)HLt L. (Z—A*A(Lt ~ L)
1 T
— 51T A(L - )I)HF
<(2+e)p o (1D

above, a; holds by the properties of the Frobenius and spectral
norm, and a9 is due to the CU-RIP assumption in the theorem.

To bound the second term in (10), (2 + E)Hlva (L — L)

b}

s

we have:

[P (A A0~ ) - (™A -1 ) |

ai

> 1—€pr< A (A(Ly) —y) — (71TA( t) = )I> HF

2m

€|1Te| _ %HPVA*e ‘F
- - JILt o= (W7l [Prae] ).
(13)

Here, a1 holds by the definition of approximate head projection,
as is followed by triangle inequality, a3 is due to Corollary 15,
and finally a4 holds due to the fact that rank(L; — L,) < 2r.
For the upper bound, we have:

[P (A A0~ ) - (g A) -1 ) |,

L*)I>

al

1
Pyviy (QmA*A(Lt —L,)— %1%4(@ -

.

—Pviv (L — Ly)

s

)

1 T
y)+ 51 AL~ L*)IHF

2m
1.

1
5 (117l + |[Prave

as
< HLt -

+ HPV(Lt — L)

1
’ +—(|1Te|+HPVA*e+H )
F  2m F

- + HPV(Lt - L,)

as

— L,

F

b (117 + [Pvae| ).

2m F

above, aq holds by triangle inequality and the fact that
projection onto the extended subspace V+Y (V' C V+Y') does
not decrease the Frobenius norm, as is due to the inequality
|AB||7 < ||A|l2]|B||#» and finally ag is followed by CU-RIP
assumption and the fact that rank(L; — L.) < 2r. Putting
together (12) and (13), we obtain:

HPV(Lt — L), 2 (=91 -p) =)

2—¢
— (\1Te| ¥ HPVA*e

13)

-

)

(14)




2
By the Pythagoras theorem, we know HPV(Lt —L,) ‘ +
F

2 2
e
the second term in (10). To use this fact, we apply (14) in [26]
which results:

and hence we can bound

(2+2)|[Pva(Zi - L)

| <e+aVi—|L -

$2-e)2+¢) (\:7 .
= (el [Peae], ). a9
where ¢ = (1 —¢)(1 —p') — p'. Putting all the bounds in (11),

and (15) altogether, we obtain:

[ Li+1 — LallF < ((2 +e)p +(2+ E)W) HLt -

+ 2£ (2 —e+ ¢(2_1€)_(2¢:_E)> (|1Te\ + HA*e ‘2)
— L. F+q§ (\1Te\+HA*e‘2). (16)
We choose ¢, = (2 + e)(p + /1—¢?), and ¢, =

e 4 2C= f)(zjs)
we have to make sure that 0 < ¢ < 1 and ¢ < 1. These
conditions are achieved if we let choose m sufficiently large
such that p’ < — /1 — ¢?. The completes the proof.

O

% (2 . Now in order to have convergence,

2+E

Lemma 12. (Bernstein-type inequality for symmetric random
matrices). Consider a sequence of symmetric and random inde-
pendent identical distributed matrices {S;}", with dimension
p X p. Also, assume that ||S; —ES;|ls < R fori=1,...,m.
Then for all t > 0,

P Hl - >t| <2pe —mit?
- 7 = = X T i /o )
m — 2 pexp o+ Rt/3

where o = |E (S —ES)* |2 and S is a independent copy of
Si ’s.

Before verifying CU-RIP, we need the following lemmas. In
the first lemma, we show that i = iL Zl 1 ¥i 1s concentrated

around its mean with high probability.

Lemma 13 (Concentration of ). Let A : RP*P — R™ pe
a linear operator defined as (3) and L € RP*P be some
symmetric matrix. Then with probability at least 1 — &1, we
have for some constant C' > 0:

1
1TAD) - Tr(D)] < Oy (DL ()

Proof. In all the following expressions, ¢; > 0 forl =1,...,4
are absolute constants. We start by noting that: EA(L) =

ET7r(zsa] L) = Tr(L) where we have used the fact that
;! N(0,I). We have for all ¢ > 0:

P <|17111T,4(L) —Tr(L)| > t)

—p (‘; zm:mxf,m ~Tr(n)| > t)

—p <‘:n zm: S (atay L) - Tr(L)‘ > t)

i=1 u,v

B Yo -
+Z Z (zb2V L) > 1). (18)

u;ﬁv i=1
Now we bound two probabilities. First, V t; > 0:

c mii
SAH

P(| S, & S0 (@2re — 1) = ) <pexp (-
where the inequality is due to the union bound over p diagonal
variables and by the fact that (z%)? is a x? random variable
with mean 1 and ||x?||y, = 2; as a result, we can use the
scalar version of Bernstein inequality. Now by choosing

log({)
t1 > c2|| L2 !

m

, with probability at least 1 — &, we
have:

\ZZ

Second, let k = maxy., (L")

as
<’Zu7ﬁvE an( i vLuv) >t2) < pQGXp(
where ay holds by a union bound over p? — p off-diagonal
variables, and the fact that 2z} is a zero mean subexponential
random variable. Hence, we can again use the scalar version

of Bernstein inequality. By choosing to > | /% log( 5%), with
1

2L — L)) < *log( )||L||2 (19)

mt2
—C2 k22) ’

probability at least 1 — 5'1/, we have:

‘Z Z L) L) %log(?).

uFv =1 1

Now from (18), (19), and (20) and by choosing t = t1 + to
with probability at least 1 — &; where & = £ + &, , we obtain:

P (|17111TA(L) ~Tr(L)| = t) < %log%

which proves the stated claim.

(20)

L2

O

Lemma 14 (Concentration of L A* A(M)). Let M € RP*?
be a fixed matrix with rank r and let S; = vl (M)x;xT for
i = 1,...,m. Consider the linear operator A in model (3)
zndependent of M. Then with probability at least 1 — &3, we
have:

m
m
i=1

where C' >

r2 log>
; <c’\/””10g<p>nM2. @1)
2 m &

0 is a constant.

Proof. In all the following expressions, C; > 0 for [
1,...,11 are absolute constants. First we note that by some

2. Thus, Vt; > 0, we have,

).



calculations, one can show that
2(M)+Tr(M
of A*A(L;
As stated in lemma (12), there should be a spectral bound on the
summands, S; = z;x7 (M)x;zl for i = 1,...,m. Since the
entries of a,; are Gaussian, the spectral norm is not absolutely
bounded; hence, we cannot directly use the matrix Bernstein
inequality. Inspired by [23], we will use a truncation trick to

E(£A"AM)) = ES; =

)I. Our technique to establish the concentration

make sure that the spectral norm of summands are bounded.

Define the random variable :Ei(j ) as follows:

o [ 29 < ¢y iogmp
=9,

otherwise,
(4) ;

where ;" is the j** entry of the random vector x;. By this
definition, we immediately have the following properties:
7027

. ]P(a;(.j) :@(j)> >1-
v (mp)
W E (f‘”f"c)) — 0, for j # k,
.IE:E()—Ofor]—l 5P
oE( (7)) <E(ICE ) =1, forj=1,...

Let Si = T;%; M@-@T for i =1,...,m. We need to bound
parameters R and o in the matrix Bernstein inequality. Denote
the SVD of M by M = Uy XV}, Since z; is a normal random
vector, it is rotationally invariant. As a result, w.l.o.g., we can
assume that Uy; = [e1,€9,...,¢.] and Viy = [e1,€9,...,¢€,]

(22)

‘th

) Ds

as long as the random vector x; is independent of M. Here,

e; denotes the j" canonical basis vector in R?. To make sure
this happens, we use m fresh samples of z;’s in each iteration
of the algorithm. Now, we have for each :

|2 MEE" (|2 = |78 Un SV @iy |2

< |z UMEVEE|TE " |

< Uzl Va2 1Z 151 M |2

aq ~ 4 as 2

< pr||Zill S [ M|z < Caprlog®(mp)|| M2,
above, a1 holds due to rotational invariance discussed above,
and the relation between ¢ and /., norms. Also, as is
due to applying bound in (22). Now, we can calculate
R as: ||Si — ESiflx < |ISilla + E[Silla < 2[Sifl2 <
Cypr 1og2(mp)||M 2 = R, where we have used both the
triangle inequality and Jensen’s inequality in the first inequality
above. For o, we define S as the truncated version of S,
independent copy of .S;’s. Hence:

o =||ES? - (£9)2||, < |ES2
= H]E ' M7z a:xTM~~T H

= |2 (11 @ 2527 |

~~ a3
< Copr? log? (pm) | M3[E (777) | < Cspr®log® (o) |M 3,

where a; is followed as (ES)2

inite matrix. In addition, as holds due to the up-
per bound on (ETM§)2||§ 2, ie., (fvTMx) 1Z]2 =

~ N2 e . -
(leiMEVAEJJ) 1Z]3 < ||U31Tw1?\|§||V151?H§IIMH2|| T3 <
pr2||Z||S || M ]l2 < Cepr? log’(mp)||M]||2, where we have

— L) is based on the matrix Bernstein inequality.

is a positive semidef-

again used the same argument of rotational invariance. Fi-
nally, as holds due to the fact that E ( ; -@T =< I. Now,
we can use the matrix Bernstein inequality for bounding

|5 5 25
> t) < 2pexp (
2 g

(6 -x

< 2pexp < i )
< X
Cspr?log®(pm)||M|[3 + Caprlog® (mp)| M |2t /3
29 < —mt? > 23)
ex )
= PEP Copr1og® (om) [ M3

where a7 holds by choosing constant C'; to be sufficiently large.
Now choose t > ||M||2\/C’gm2k’+wlog(§). Thus with
S2

| & S (5~ ES)
\/c prlogh(pm) o0 2)||M\|2, This bound shows that by

taking m = O(gzpr? log® plog(g, )) for some 6 > 0, we can
bound the LHS of the above 1nequahty Actually, this choice of
m determines the sample complexity of Alg. 1. Recall that S; in-
cludes the truncated random varlables ie, S; = xlxl Tz, T;X ZT.
Also, P (xl(-]) =5 >1- (mp)02 >1-— (p)—cg. Hence, we
need to extend our result to the original x;. By definition of
Z; in (22) and choosing constant Cy sufficiently large, we
P (S-Sl =0) = P
1-— (M#CIO' Here, we have used the union bound over p?
variables. Since we have m random matrices S;, we need
to take another union bound. As a result, with probability

1 — &5 where & = ) H% Z?ll(si—ESi)HQ <
OB g ()M =

Proof 0f Theorem 7. Let L; be the estimation of the algorithm
in iteration ¢, and L, denotes the ground truth matrix. Then
for constants C,C'C" > 0,

probability at least 1 — &), we have, g

have <||xixlT — 57 ||2 = o) >

011 , we have,

[ Le = L — %A*A(Lt — L)+ (2i1TA(Lt)
— 2—1TA NI,
< HQLA*A(Lt — L) = (L= L.) - %Tr(Lt L)
m
- %1T,4(Lt — LI+ %Tr(Lt — LI,
< H%A*A(Lt ~ L) — (L — L) - %Tr(Lt — LI,

1 1
+ ||%1TA(Lt = L) = STr(Le — LI,
as [, [pr2log’p .  p
P
+C —1og(a)HLt L.,
wu




where a; is followed by adding and subtracting of Tr(L; —
L.)1, inequality ao follows from triangle inequality, a3 holds
with probability 1 —§; —&2; = 1—¢ by invoking Lemma 13, and
Lemma 14 (by fixed matrix L; — L, with rank 2r), and finally
a4 is followed by choosing m = O (5%1772 loggplog(g)) for
some ¢ > 0. Choose ¢ sufficiently small to conclude. O

Corollary 15. From Theorem 7 we have:

1) Let U be the bases for the column space of fixed matrices
Ly and Ly such that rank(L;) < r for i = 1,2 and Py is
the projection onto it. Also consider all the assumptions
of Theorem 7. Then HL1 — Ly — —PUA*A(Ll —Lo)+
PU2TT(L1 — y IH2 < p||L1 — L2H2

2) || A ALy — L) = $Tr(Ly = ), 2 (1
Ls||o.

=P~

Proof of Theorem 6. The proof is very similar to the proof of
Lemma 14 and we only give a brief sketch. The idea is again
to use the matrix Bernstein inequality; to do this, we have
to use the truncation trick both on the random vector x; and
the noise vector e. We introduce z; as (22) and similarly € as
% ): 1,...,m): e¥) = e if |eU)| < ¢ /Togm; otherwise,
eV = 0.

In the following expressions, ¢; > 0 for [ = 1,4 are absolute
constants and ¢, > 0 for [ = 2,3,5,6,7 are some constants
which depend on 7. Let W, = eziz;t fori = 1,...,m
and W = ¢, 22" be a independent copy of W;’s (i.e, ¢, and
z are independent copies of e; and x;, respectively). Hence,
Ede = L Z:”l]Ee;@@T = ES; = 0 and P(é; = ¢;) >

in the matrlx Bernstein 1nequahty can be calculated as o =
IEWWT ||, = |E&’E(|#3737)|| < cyplog(m) log(mp).
and R = |&2272 < dipviogmlog(mp). As a result,

for all t3 > 0, we have P %ZZLWZH Zts) <
2

) mtgz:, < 9 mtg h th

PexXP ( 53 riyz3 ) = 2PCXP \ plog(m) logmp) ) » Where the

last inequality holds by sufficiently large c;. Now, similar
to Lemma 14 by choosing t5 > cgm log(ﬁ) and the

L gxe ‘ <\ [chPIE 2 log(2). with

probability at least 1 — £3. On the other hand, since e;’s are
subgaussian random variables, by simple application of the
Hoeffding inequality [44], we have, | L17¢| < 1/% log(é)
with probability at least 1 — £4: Combining the above results
together and letting v = &3 + &4, we obtained the claim bound
in the theorem. O

union bound, we obtain

Proof of Theorem 11. Let V', Vi1 and V* denote the bases
for the column space of Ly, Ly, and L., respectively. Assume
v = 1—&—67\/7 Also, let VIU VLU V* C Q, := Q.
Hence, €); is the set of matrices with rank < 2xr +r*. Define

b= Lt — nPQaF(Lt), O = Q241+, and B = 52nr+r*~ Thus:

ai
|Le+1 = Lall < vlIb = Lullf = vl Lt — L — 0:PodF (Ly)|I

= vllLe ~ Lolfy — 2L L P B*sen(B(L,) ~ )
+ v ||PQOF (Ly) %
= V|| L = L[} = 225 (B(Ly — L.), sen(B(L; — L.)))
+ vn?|PadF (L) %
= V|| L = Lal[f = 222 B(Le = L) |1+ w0 [PadF (L)}

where a; holds by applying lemma 10, and due to the fact that
Ly is the best low-rank approximation to b, it also happens
to be the best low-rank approximation to b. Now we can bound
the third term, (Ly)||% as follows:

1 *
IPadF (Lo)llE = —[[PaBsgn(B(L:) — )&

- (Pal8"sen(B(Ly) — ), PaB"sen(B(Le) — v)

L (san(B(Ly) — v), BPaB"sen(B(L:) — )

INE

1 az
—NBPaB sgn(B(Lt) — y)ll < BIPadF (L)l F,

where a; holds by Holder’s inequality, and as is due to applying
RIP(¢1,¢2) property. Hence, we obtain, ||PodF(L:)||r <
B. Now we have the error bound as ||L;11 — L.||%

v[Ly — Ly||7 — 222||B(Ly — L.)||1 + vn?B*, Now let

n = ”B(Lfﬁ%f*)”l. By using the RIP(¢q, ¢5) property, we have
2 o? 2

Lo = Ll <0 = SlLe— Ll @9)

In order to have linear convergence, we need to have
v(l— g—z) < 1. If we simplify this condition together with
the condition on k, stated in Lemma 10, we obtain: x >

a2 _ 2
1 +maX{@7 1—e¢

}. This completes the proof. [
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