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Abstract

We study the problem of (provably) learning the weights of a two-layer neural net-
work with quadratic activations. In particular, we focus on the under-parametrized
regime where the number of neurons in the hidden layer is (much) smaller than
the dimension of the input. Our approach uses a lifting trick, which enables us
to borrow algorithmic ideas from low-rank matrix estimation. In this context,
we propose a novel, non-convex training algorithm which do not need any extra
tuning parameters other than the number of hidden neurons. We support our al-
gorithm with rigorous theoretical analysis, and show that the proposed algorithm
enjoy linear convergence, fast running time per iteration, and near-optimal sample
complexity.

1 Introduction

In this paper, we (provably) resolve several algorithmic challenges that arise in the context of a special
class of (shallow) neural networks by making connections to the better-studied problem of low-rank
matrix estimation. Our hope is that a rigorous understanding of the fundamental limits of training
shallow networks can be used as building blocks to obtain theoretical insights for more complex
networks.
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Figure 1: Two-layer polynomial neural network.

Consider a shallow (two-layer) neural network architecture, as illustrated in Figure 1. This network
comprises p input nodes, a single hidden layer with r neurons with activation function σ(z), first layer
weights {wj}rj=1 ⊂ Rp, and an output layer comprising of a single node and weights {αj}rj=1 ⊂ R.
If σ(z) = z2, then the above network is called a polynomial neural network [1]. More precisely, the
input-output relationship between an input, x ∈ Rp, and the corresponding output, y ∈ R, is given
by:

ŷ =

r∑
j=1

αjσ(wTj x) =

r∑
j=1

αj〈wj , x〉2.
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Here, our focus is in the so-called “under-parameterized” regime where r � p. Our goal is to learn
this network, given a set of training input-output pairs {(xi, yi)}mi=1. We do so by finding a set of
weights {αj , wj}rj=1 that minimize the following empirical risk:

min
W∈Rr×p,α∈Rr

F (W,α) =
1

2m

m∑
i=1

(yi − ŷi)2 , (1)

where the rows of W and the entries of α indicate the first-and second-layer weights, respectively.
Numerous recent papers have explored (provable) algorithms to learn the weights of such a network
under distributional assumptions on the input data [1, 2, 3, 4, 5, 6, 7]1. Clearly, the empirical risk
defined in (1) is extremely non-convex (involving fourth-powers of the entries of wj , coupled with
the squares of αj). However, this can be circumvented using a clever lifting trick: if we define the
matrix variable L∗ =

∑r
j=1 αjwjw

T
j , then the input-output relationship becomes:

ŷi = xTi L∗xi = 〈xixTi , L∗〉, (2)
where xi ∈ Rp denotes the ith training sample. Moreover, the variable L∗ is a rank-r matrix of
size p × p. Therefore, (1) can be viewed as an instance of learning a fixed (but unknown) rank-r
symmetric matrix L∗ ∈ Rp×p with r � p, from a small number of rank-one linear observations
given by Ai = xix

T
i . While still non-convex, low-rank matrix estimation problems such as (2) are

much better understood.

In this paper, we make concrete algorithmic progress on solving low-rank matrix estimation problems
of the form (2). In the context of learning polynomial neural networks, once we have estimated a
rank-r symmetric matrix L∗, we can always produce weights {αj , wj} by an eigendecomposition of
L∗. In general, a range of algorithms for solving (2) (or variants thereof) exist in the literature, and
can be broadly classified into two categories: (i) convex approaches, all of which involve enforcing the
rank-r assumption in terms of a convex penalty term, such as the nuclear norm [8, 9, 10, 11, 12]; (ii)
nonconvex approaches based on either alternating minimization [13, 2] or greedy approximation [1,
14]. Both types of approaches suffer from severe computational difficulties, particularly when the data
dimension p is large. Even the most computationally efficient convex approaches require multiple
invocations of singular value decomposition (SVD) of a (potentially) large p× p matrix, which can
incur cubic (O(p3)) running time. Moreover, even the best available non-convex approaches require
a very accurate initialization, and also require that the underlying matrix L∗ is well-conditioned; if
this is not the case, the running time of all available methods again inflates to O(p3), or worse.

In this paper, we take a different approach, and show how to leverage recent results in low-rank
approximation to our advantage [15, 16]. In addition, by using the idea of fresh sampling (which
only increases the number of iterations logarithmically), we show that while sensing operator does
not satisfy RIP condition, it satisfies similar property by careful unbiasing argument. Based on these
ideas, we propose an algorithm which is also non-convex; however, unlike all earlier works, it does
not require any full SVD calculations. Specifically, we demonstrate that a careful concatenation of
randomized, approximate SVD methods, coupled with appropriately defined gradient steps, leads to
efficient and accurate matrix estimation.

To our knowledge, this work constitutes the first nearly-linear time method for low-rank matrix
recovery from rank-one observations. Consequently, in the context of learning two-layer polynomial
networks, our method is the first to exhibit nearly-linear running time, is nearly sample-optimal for
fixed target rank r, and is unconditional (i.e., it makes no assumptions on the condition number of L∗
or the weight matrix W ).

2 Main Results

Throughout this paper, ‖ · ‖F and ‖ · ‖2 denote the matrix Frobenius and spectral norm, respectively.
The phrase “with high probability” indicates an event whose failure rate is exponentially small. We
assume that the training data samples (x, y) obey a generative model (2) written as:

y =

r∑
j=1

α∗jσ(〈w∗j , x〉) = xTL∗x+ e (3)

1While quadratic activation functions are rarely used in practice, stacking multiple such two-layer blocks can
be used to simulate networks with higher-order polynomial and sigmoidal activations [1].
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Algorithm 1 AP-ROM

Inputs: y, number of iterations K, independent data samples {xt1, xt2 . . . , xtm} for t = 1, . . . ,K,
rank r
Outputs: Estimates L̂
Initialization: L0 ← 0, t← 0
Calculate: ȳ = 1

m

∑m
i=1 yi

while t ≤ K do
Lt+1 = T

(
Lt −H

(
1

2m

∑2m
i=1

(
(xti)

TLtx
t
i − yi

)
xti(x

t
i)
T − ( 1

2m1TA(Lt)− 1
2 ȳ)I

))
t← t+ 1

end while
Return: L̂ = LK

where L∗ ∈ Rp×p is the “ground-truth” matrix (with rank equal to r). Define A : Rp×p → Rm such
that: A(L∗) = [xT1 L∗x1, x

T
2 L∗x2, . . . , x

T
mL∗xm]T , and each xi

i.i.d∼ N (0, I) is a normal random
vector in Rp for i = 1, . . . ,m. The adjoint operator of A is defined as A∗(y) =

∑m
i=1 yixix

T
i . Here,

e ∈ Rm denotes an additive noise term; throughout the paper (for the purpose of analysis) we assume
that e is zero-mean, subgaussian with i.i.d entries, and independent of xi’s. The goal is to learn the
rank-r matrix parameter L∗ from as few samples as possible. In our analysis, we require the operators
A and A∗ to satisfy the following regularity condition with respect to the set of low-rank matrices.
We call this the Conditional Unbiased Restricted Isometry Property, abbreviated as CU-RIP(ρ):
Definition 1. Consider fixed rank-r matrices L1 and L2. Then, A is said to satisfy CU-RIP(ρ) if
there exists 0 < ρ < 1 such that∥∥∥L1 − L2 −

1

2m
A∗A(L1 − L2)− 1

2m
1T (A(L1)−A(L2)) I

∥∥∥
2
≤ ρ
∥∥∥L1 − L2

∥∥∥
2
.

where 1 denotes a vector in Rm with entries all equal to 1. Let Ur denote the set of all rank-r matrix
subspaces. We use the idea of head and tail approximate projections with respect to Ur first proposed
in [17], and instantiated in the context of low-rank approximation in [16].
Definition 2 (Approximate tail projection). T : Rp×p → Ur is a ε-approximate tail projection
algorithm if for all L ∈ Rp×p, T returns a subspace W = T (L) that satisfies: ‖L − PWL‖F ≤
(1 + ε)‖L− Lr‖F , where Lr is the optimal rank-r approximation of L.
Definition 3 (Approximate head projection). H : Rp×p → Ur is a ε-approximate head projection if
for all L ∈ Rp×p, the returned subspace V = H(L) satisfies: ‖PV L‖F ≥ (1− ε)‖Lr‖F , where Lr
is the optimal rank-r approximation of L.
In general, we propose two methods to estimate L∗ given knowledge of {xi, yi}mi=1. However, our
first method is somewhat computationally inefficient, but achieves very good sample complexity and
serves to illustrate the overall algorithmic approach. Due to lack of space, we only present our second
algorithm, improving the overal running time. For the full discussion about all the algorithms, prior
art, proof of all the theoretical results, and the experimental results, please see [18].

Now, consider the non-convex, constrained risk minimization problem:

min
L∈Rp×p

F (L) =
1

2m

m∑
i=1

(
yi − xTi Lxi

)2
s.t. rank(L) ≤ r.

(4)

To solve this problem, we propose our second algorithm that we call Approximate Projection for
Rank One Matrix recovery, or AP-ROM. We display the pseudocode of AP-ROM in Algorithm 1.

In algorithm 1, the specific choice of approximate SVD algorithms that simulate the operators T (.)
and H(.) is flexible. We note that tail-approximate projections have been widely studied in the
numerical linear algebra literature [19, 20, 21]; however, head-approximate projection methods are
less well-known. In our method, we use the randomized Block Krylov SVD (BK-SVD) method
proposed by [15], which has been shown to satisfy both types of approximation guarantees [16]. One
can alternatively use LazySVD, recently proposed by [22], which also satisfies both guarantees. The
nice feature of these methods is that their running time is independent of the spectral gap of the

3



matrix. We leverage this property to show asymptotic improvements over other fast SVD methods
(such as the power method).

We briefly discuss the BK-SVD algorithm. In particular, BK-SVD takes an input matrix with size
p× p with rank r and returns a r-dimensional subspace which approximates the top right r singular
vectors of the input. Mathematically, if A ∈ Rp×p is the input, Ar is the best rank-r approximation
to it, and Z is a basis matrix that spans the subspace returned by BK-SVD, then the projection of A
into Z, B = ZZTA satisfies the following relations:

‖A−B‖F ≤ (1 + ε)‖A−Ar‖F , |uTi AATui − ziAAT zi| ≤ εσ2
r+1,

where ε > 0 is defined as the tail and head projection approximate constant, and ui denotes the
ith right eigenvector of A. In Appendix-B of [16], it has been shown that the per-vector guarantee
(the left property in above) can be used to prove the approximate head projection property, i.e.,
‖B‖F ≥ (1− ε)‖Ar‖F . We now establish that AP-ROM exhibits linear convergence.
Theorem 4 (Convergence of AP-ROM). Consider the sequence of iterates (Lt) obtained in AP-ROM.
Assume that in each iteration t,A satisfies CU-RIP(ρ′), then AP-ROM outputs a sequence of estimates
Lt such that:

‖Lt+1 − L∗‖F ≤ q′1‖Lt − L∗‖F + q′2
(
|1T e|+

∥∥A∗e∥∥
2

)
, (5)

where q′1 = (2+ε)(ρ′+
√

1− φ2), q′2 =
√
r

2m

(
2− ε+ φ(2−ε)(2+ε)√

1−φ2

)
, and φ = (1−ε)(1−ρ′)−ρ′.

In the full version of this work, [18], we showed that CU-RIP is satisfied in each iteration of AP-ROM
with probability at least 1 − ξ, provided that m = O

(
1
δ2 pr

3 log3 p log(pξ )
)

for some δ > 0. In
addition, we gave an upper bound in the statistical term in (5) involving noise vector, e. Overall, we
have the following result:
Corollary 5. The output of AP-ROM satisfies the following after K iterations with high probability:

‖LK − L∗‖F ≤ (q′1)K‖L∗‖F +
C ′′τ q

′
2

1− q′1

√
pr log3 p

m
. (6)

where q′1 and q′2 have been defined in Theorem 4.

Hence, under the assumptions in Theorem 4, in order to achieve ε-accuracy in the estimation of L∗ in
terms of Frobenius norm, AP-ROM requires K = O(log(‖L∗‖2

ε )) iterations. From Theorem 5 and
Corollary 5, we observe that the sample-complexity of AP-ROM (i.e., the number of samples m to
achieve a given accuracy) scales as m = O

(
pr3 log4 p log( 1

ε )
)
.

The above analysis of AP-ROM shows that instead of using exact rank-r projections, one can
use instead tail and head approximate projection which is implemented by the BK-SVD method
of [15]. The running time for this method is given by Õ(p2r) if r � p. While the running time
of the projection step is gap-independent, the calculation of the gradient (i.e., the input to the head
projection methodH) is itself the major bottleneck. In essence, this is related to the calculation of
the adjoint operator, A∗(d) =

∑m
i=1 d

(i)xix
T
i , which requires O(p2) operations for each sample.

Coupled with the sample-complexity of m = Ω(pr3), this means that the running time per-iteration
scales as Ω(p3r3), which overshadows any gains achieved during the projection step (please see [18]
for more discussion). To address this challenge, we propose a modified version of BK-SVD for head
approximate projection which uses the special rank-one structures involved in the calculation of the
gradients. We call this method Modified BK-SVD, or MBK-SVD. The basic idea is to implicitly
evaluate each Krylov-subspace iteration within BK-SVD, and avoid any explicit calculation of the
adjoint operator A∗ applied to the current estimate. The pseudocode as well as the running time
analysis of MBK-SVD is deferred in [18]. Hence, we have the following theorem:
Theorem 6. AP-ROM (with modified BK-SVD) runs in time K = O

(
p2r4 log2( 1

ε )polylog(p)
)
.

Discussion. In this paper, we study provable learning of shallow polynomial network through matrix
estimation problem. From this point of view, it seems plausible that the matrix-based techniques
of this paper can be extended to learn networks with similar polynomial-like activation functions
(such as the squared ReLU). Moreover, similar algorithms can be plausibly used to train multi-layer
networks using a greedy (layer-by-layer) learning strategy. Finally, it will be interesting to integrate
our methods with practical approaches such as stochastic gradient descent (SGD).
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