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Abstract

We discuss a graph-algorithmic approach to comparing
shapes. We focus in this paper on comparing simple closed
curves in the plane. Our approach is to (1) represent such a
shape by its skeleton, which is a tree embedded in the plane,
and (2) compare two shapes by comparing their skeletons
via tree edit-distance.

In this paper, we de�ne our version of tree edit-distance

(it di�ers from that previously described in the literature),

and give a polynomial-time algorithm to compute the dis-

tance between two trees.

1 Introduction

This paper arose out of a collaboration between
a computer-vision researcher and an algorithms re-
searcher. Kimia et al. [4] had previously compared
shapes by comparing their graphs using a heuristic for
general graph-comparison. The heuristic, due to Gold
and Rangarajan [3], is based on �nding a local mini-
mum to a quadratic program. This approach had sev-
eral disadvantages, however, and Kimia was searching
for another approach. Klein suggested that the notion
of edit-distance might be appropriate.

The notion of edit-distance originated in a paper by
Wagner and Fischer [10] on comparing two character
strings. There are three kinds of edit operations:
deleting a character, inserting a character, and changing
one character into another. For a given assignment of
costs to all such edit operations, one can use dynamic
programming to compute the minimum-cost sequence
of operations required to convert one given string to
another.

This notion has been generalized in several ways to
apply to trees. For example, instead of characters, we
have edge-labels. There are three edit operations: con-
tracting an edge with a particular label, \uncontract-
ing" an edge and giving it a particular label, and chang-
ing the label. There are polynomial-time algorithms to
compute the minimum-cost sequence of operations re-
quired to convert one given tree to another.

�research supportedby NSF GrantCCR-9700146. Department
of Computer Science, Brown University, Providence, RI. Email
addresses are fklein,sntg@cs.brown.edu.

yDepartment of Engineering, Brown University, Providence,
RI. kimia@lems.brown.edu

The vision researchers (Kimia and Sharvit) con-
cluded that these basic operations were not suÆcient for
the computer-vision application, and proposed an alter-
native set of edit operations. The algorithms researchers
(Klein and Tirthapura) developed an algorithm for com-
puting the edit distance of trees under the alternative
set of edit operations.

Klein has implemented a version of this algorithm,
and Kimia is experimenting with its application to
shape comparison.

2 Edit Operations for Shape Comparison

Object recognition is an important task in computer
vision. While many approaches have been proposed for
shape comparison for the purpose of object recognition,
we focus here on a particular approach which does not
consider the two shapes to be matched statically, but
rather considers them in the context of an embedding
in a shape space with a dense collection of deformation
paths, i.e., morphing sequences taking one shape to
another.

In this shape from deformation framework, similar-
ity between two shapes is related to the best deforma-
tion path between them: if there exists a short and sim-
ple path, then the two shapes are similar. Clearly, a con-
tinuum of deformation paths connect any two shapes,
which renders the task of characterizing them in a com-
putational framework diÆcult. This problem can be
resolved by creating an equivalence class of deforma-
tions which are then represented in the discrete do-
main. Speci�cally, the key to establishing this equiv-
alence class is to understand how the representation of
shape changes as the shape itself changes. We digress
to describe the representation �rst.

We represent shape by a shock graph, which is
constructed from the locus of the centers of maximal
circles which are at least bitangent to the boundary.
This locus is divided into branches which are the largest
segments with monotonically increasing or decreasing
radii. Note that radius is given the interpretation of
time in a scheme where waves are propagated from the
boundary, so that the shock locus is actually given a
dynamic interpretation of the path of a moving particle.
The nodes of the graph are the end points of these shock



branches. The links of the graph contain the length
of the branch, the initial and �nal radii, the curvature
and acceleration (the second derivative of arc-length
with radius) functions along the branch. It is shown
in [14] that this information is suÆcient to completely
reconstruct the shape.

Returning to the issue of how the representation
of shape changes with the shape itself, note that in a
majority of cases as a shape changes slightly, its shock
graph representation does not typically change topology.
Rather, only link attributes change slightly and contin-
uously with the deformation. However, along certain
points along the deformation path, there are instabilities
in the representation, referred to as transitions, where
the topology of the shock graph changes abruptly with
a slight change in shape. Giblin and Kimia [13] have
classi�ed these transitions of shape into six types us-
ing results from singularity theory, as summarized in
Figure 1. These are the only generic transitions or in-
stabilities when deforming a smooth closed curve under
a one-parameter family of deformations. These instabil-
ities require that the representations on the either side
of the transition must be identi�ed as equivalent. The
edit operations achieve this goal by explicitly transform-
ing the discrete structure of the shock graph across each
transition. From a graph-theoretic perspective and dis-
regarding the \shock" semantics, these six shock tran-
sitions can be divided into three groups of edit opera-
tions: (i) splice or prune removes a shock branch and
then merges the remaining two branches; (ii) contract
removes the branch connecting two degree-three nodes
and comes in two avors; and, (iii) merge combines two
branches at a degree two node and arises in three dis-
tinct cases. While these operation are complete for a
closed shape, other transitions (and thus new edit oper-
ations) are necessary for deformations which create or
close gaps, or which split a shape into the other shapes.
We do not consider such cases in this paper and plan to
address them in future work.

3 Previous work in tree edit distance

An ordered, rooted tree is a tree in which every node's
children are ordered. Most of the work on edit dis-
tance in trees addresses the computation of distance be-
tween ordered, rooted trees. The comparison of rooted
trees arises in applications where hierarchies must be
represented, e.g. parse trees and image decomposition.
Tai [8] gave the �rst algorithm for edit distance in such
trees. Zhang and Shasha [11] gave a faster and more
space-eÆcient algorithm. The space required by the
latter is O(n1n2) where n1 and n2 denote the num-
ber of nodes in the two trees being compared. The
time required is O(n1n2�1�2) where �i is a parame-
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Figure 1: This �gure from [13] shows a classi�cation of
all generic transitions of the shock structure for closed
shapes under a one-parameter sequence of deformations
which is proven using results from singularity theory.
The intuitive description of these transition is as follows:
normally, each point of the shock branch is the center
of a bitangent circles, except at the initial point of the
branch where these two points of tangency collapse onto
each other, and at junctions where three branches come
together representing tri-tangency. In a one-parameter
family of deformation, additional constraints can be
placed on the points which are: (a) tri-tangency with
two of the points collapsing onto each other, (b) and
(c) four points of tangency, (d) and (e) tri-tangency
with in�nite velocity along one of the branches, and (f)
bitangency with in�nite velocity and zero acceleration.
The edit operations to make the right and left columns
equivalent are: splice, contract (two types), and merge,
respectively.



ter of a tree, called the collapsed depth of the tree by
Zhang and Shasha, which is bounded by the depth and
by the number of leaves. The value of �i is likely to
be much smaller than ni, but is 
(ni) in the worst
case. Hence in the worst case the running time is O(n4),
where n is the input size. Klein [5] gave an algorithm
for edit distance between rooted trees with complexity
O(n2

1
n2 logn2) which is O(n3 logn). The same paper

also considers the problem of comparing unrooted trees,
i.e when there is no natural root in the trees. The time
complexity of Klein's algorithm for the unrooted version
is also O(n3 logn).

One can also consider the comparison of unordered
trees; however, the edit distance between such trees
is NP-hard to compute [12]. Also, in view of the
interpretation of ordered trees as embedded in the plane,
one might consider the comparison of planar graphs;
again, the edit-distance problem is NP-hard for such
graphs [5].

Variations on edit distance have also been consid-
ered, e.g. minimizing average cost per operation [7].

4 Previous work using graphs in vision

Graphs have been used in image understanding in
several ways. One can use a graph to represent a
complex object or scene by capturing the relationships
between its parts, as represented by the work of Eshera
and Fu [2]. They proposed a distance between graphs
and a method to compute it; the method, however,
requires exponential time in the worst case. A similar
approach has been used for recognition of Chinese
ideographs [1].

As mentioned in the introduction, Kimia et al. [4]
used a graph representation of a shape, a \shock graph,"
essentially the medial axis of the shape's boundary, aug-
mented with some additional information. They com-
pared shock graphs using a graph-comparison heuristic
of Gold and Rangarajan.

The idea of using edit distance for comparison
of shapes was introduced in [9], and the new edit
operations were described in terms of \shocks." This
paper contained nothing about the algorithmaside from
stating that the problem could be solved in polynomial
time. At that time, we had an implementation of an
algorithm that was not capable of solving the new edit
distance problem in full generality.

5 Tree edit distance

basic edit distance

As mentioned in the introduction, a basic de�nition
of tree edit distance involves three edit operations:
contract an edge, \uncontract" an edge, and change the
label of an edge. Given an assignment of costs to these

operations (where the cost may depend on the labels of
the edges involved), the edit-distance between two trees
is the minimum cost of a sequence of edit operations
taking one input tree to another.

ba

c d e

f g

p q

r s

t u

a b

d

p q

t su

f
g

Figure 2: The comparison between two planar-
embedded trees. They can be transformed into the same
tree as follows. In the tree on the left contract the edges
c, e. In the tree on the right, contract the edge r, and
then change labels a; b; d; f; g to p; q; t; u; s.

Figure 3: A rooted tree (in bold) and the corresponding
Euler string of darts (indicated by arrows).

One can alternatively de�ne the edit distance to be
the minimum cost of separately transforming the two
input trees to a common tree. That is, the edit distance
is the minimum sum of costs of operations in two edit-
operation sequences S1 and S2, where applying S1 to
input tree T1 yields the same tree as does applying S2 to
the input tree T2. There are several advantages to this
formulation. First, there is no need for the "uncontract"
operation. Second, the order within a sequence Si is
irrelevant; it can be viewed as a set.1 An example is
shown in the �gure 2.

1There are two much less important advantages. The sym-
metric formulation better reects the symmetry of the algorithm.
Also, in some applications (our vision application in particular),
the common tree has some meaning. Note that the labeling of
the common tree is not uniquely determined.
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Figure 4: The Euler tour of the left tree is b0c0cba0a and
that of the second is x0y0yx.

modi�ed edit distance

The problem with the basic de�nition of tree edit
is that it lacks a way to combine two edges into one
without losing information. In our vision application, a
pair of edges with a common endpoint might represent
shape information visually similar to that represented
by a single edge. This is true even if a third edge is
incident to the same node, as long as that third edge's
other endpoint is a leaf. Consequently, it is natural to
introduce a new edit operation, which we call \merge".

Merging two edges with a common endpoint results
in a single edge whose label is derived from (concep-
tually, is the concatenation of) the labels of the two
edges. The merge is permitted if there is at most one
other edge incident to the common endpoint and if that
edge's other endpoint is a leaf. If there is such an edge,
the merge results in that edge being removed. We call
this removing pruning the edge.2

We also make a restriction on the applicability of
the contract operation. For reasons related to the vision
application, an edge may be contracted only if its two
endpoints each have degree three or higher.

Finally, the trees arising in the vision application
have the property that the node degrees are no more
than three. Essentially, a node of degree higher than
three represents a degeneracy in the shape; degenera-
cies essentially never occur in real input data|though
the common tree T (to which the input trees are trans-
formed) is almost always degenerate.

6 Preliminaries

6.1 Euler strings

Given an ordered, rooted tree T , replace each edge
fx; yg of T by two oppositely directed arcs (x; y) and
(y; x), called darts. The depth-�rst search traversal of
T (visiting each node's children according to their order)
de�nes an Euler tour of the darts of T . Each dart
appears exactly once. (See Figure 4.) We interpret the

2There are restrictions imposed by the algorithm on how the
cost of a merge operation may depend on the edges involved; this
will be discussed later.

e1

e2

e3

e1

e2

e3v

a

b
c

Figure 5: On the top is depicted a merge operation. In
the middle is a merge with a pruning. At the bottom is
a tree and Euler string used in explaining left-pruning.

tour as a string, the Euler string of T , and we denote
this string by E(T ). The �rst dart of the string goes
from the root to the rightmost child of the root. For a
dart a, the oppositely directed arc corresponding to the
same edge will be called a's mate and denoted mate(a).
A substring of a string is de�ned to be a consecutive
subsequence of the string.

6.2 Intuition

One can compute the basic edit-distance between
two rooted trees T1 and T2 as follows. A half-problem
is a pair Hi = (Ti; si) where si is an Euler string for
Ti. Essentially, the Euler string si speci�es a portion of
Ti. A subproblem is a pair (H1;H2) of half-problems,
one for each tree. For each subproblem in some set,
the dynamic program computes a kind of edit-distance
between the indicated portions of the two trees; the
value of this distance can be computed in constant time
from the values for a subproblem having shorter strings.
In the end, the dynamic program computes an edit-
distance for a subproblemwhere both strings completely
cover their trees; this edit-distance is the edit-distance
between the original trees.

More speci�cally, to compute the edit distance for
((T1; s1); (T2; s2)), one considers the rightmost darts of
s1 and s2. In the optimal edit sequence, there are
only three (non-exclusive) possibilities concerning these
darts: (i) the rightmost dart in s1 represents an edge of



T1 that gets contracted, (ii) the edge corresponding to
rightmost dart in s2 is similarly contracted, (iii) the two
edges are matched together, and one's label is changed
to the others. For each of these cases, the edit distance
can be computed from the edit distance of half-problems
in which one or the other of the rightmost darts do not
appear.

To extend this algorithm to handle the modi�ed
edit-distance requires an enhanced dynamic program
that embodies several tricks. The �rst trick enables
us to handle the merges. The diÆculty presented by
merges is representing the edge resulting frommerges (a
\merged edge"). Note, however, that the edges merged
to form such an edge are consecutive edges on a root to
leaf path P . In the dynamic program, each half-problem
needs to specify at most one merged edge, namely the
rightmost one. We can represent such a half-problem
using an additional parameter, a node v, giving us the
form (T; s; v) where s is an Euler string of T .

Incorporating this idea into the dynamic program is
straightforward. As before, the three possibilities are (i)
contract the merged edge in T1, (ii) contract the merged
edge in T2, and (iii) match the merged edge in T1 to the
merged edge in T2.

The second trick addresses the pruning of subtrees.
In the de�nition of pruning, the edge being pruned must
have a leaf as one endpoint. However, it is easy to see
that by a series of merging and pruning steps, an entire
subtree may be pruned away. Thus for each subtree in
each tree, we can precompute the cost of pruning away
that whole subtree.

The third trick addresses a rather technical prob-
lem. Consider the half-problem consisting of the tree
and associated Euler string at the bottom in Figure 5.
The rightmost dart is c. Recall that one possibility for
the optimal edit sequence is that a and b are merged,
and c is pruned o�. In considering the current half-
problem, however, we cannot anticipate whether a and
b will be merged or not, and so it is not clear whether
pruning o� c should be allowed.

There is a solution to this problem. Assume that
a and b are merged in the optimal edit sequence, and
consider what happens to the edge d resulting from the
merge (and possibly some other merges). The edge
d can either be matched to some edge in the other
tree, or can be contracted out. Assume �rst that it
is matched. In this case, the cost of the corresponding
subproblems in the dynamic program don't depend on
a half-problem like that on the right in Figure 5, where
c is the rightmost dart. Thus when we consider such a
half-problem, we can assume that if a and b are to be
merged then the resulting edge is to be contracted. The
solution, then is this: the decision as to whether a and

b are to be merged then contracted is not made when
a or b is considered (i.e. when either is the rightmost
dart); it is made when c is considered. That is, the cost
is the minimum of (i) the cost of merging a and b and
pruning out c and (ii) the cost of not doing so, assuming
in both cases that a and b are contracted in the end
(whether as a single, merged edge or as separate edges).
This approach can be made to work under a reasonable
assumption about the costs of contraction and merging,
as described in Condition 8.2 below. This is called left
pruning because the edge being pruned is to the left of
the edges being merged.

We say a dart is downward if its head is farther from
the root than its tail, and otherwise upward. We assume
in our description that of the two darts associated with
an edge, the downward dart is to the right of the upward
dart in the Euler tour.

For technical reasons, the left pruning is considered
not when the dart to be pruned is the rightmost
dart in the Euler string, but when it is the second-
from-rightmost dart, and the rightmost dart points up
(towards the root). This is necessary to ensure that the
case of pruning does not enter into the cost when the
edge b is matched.

7 The algorithm

Here we neglect spelling out the base cases. For a dart
d , we use d+ 1 to denote the dart immediately to the
left of d in the Euler tour.

The dynamic program builds a table indexed by two
darts from T1 (a1 and d1) and two darts from T2 (a2 and
d2). The procedure lookup(a1, d1, a2, d2) gives the
value stored in the appropriate entry.

For some of the procedures below, there are versions
for T1 and T2. For brevity, we give only the versions for
T1.

findCost(a1, d1, a2, d2) =

if d1 is upward-pointing then

maybeLeftPruneOut1(a1, d1, a2, d2)

else

if d2 is upward-pointing then

maybeLeftPruneOut2(a1, d1, a2, d2)

else (* both d1 and d2 are

down-pointing darts *)

findCost'(a1, d1, a2, d2,

tail(T1, d1), tail(T2, d2))

findCost'(a1, d1, a2, d2, v1, v2) =

min (match(a1, a2, d1, d2, v1, v2),

contract1(a1, d1, a2, d2, v1, v2),

contract2(a1, d1, a2, d2, v1, v2),

mergeDown1(a1, d1, a2, d2, v1, v2),



mergeDown2(a1, d1, a2, d2, v1, v2))

mergedown1(a1, d1, a2, d2, v1, v2) =

for each child dart d of d1, return

the cost of splicing out the

subtrees rooted at all other

children of d1,

plus

findCost'(a1, d, a2, d2, v1, v2)

contract1(a1, d1, a2, d2, v1, v2) =

if the endpoints of the path from v1 to

the head of d1 have degree > 2 and each

node on this path is the leftmost child

of its parent, then return the cost of

contracting out the path,

plus

lookup(a1, d1 + 1, a2, d2)

else infinity

match(a1, d1, a2, d2, v1, v2) =

return the cost of matching

the path in T1 from v1 to head of d1

vs. the path in T2 from v2 to head of d2,

plus

lookup(substrings corresponding to the

subtrees of T1 and T2 rooted as the heads

of d1 and d2)

plus

lookup(

a1,

mate(ancestor dart of d1 having tail=t1)+1,

a2,

mate(ancestor dart of d2 having tail=t2)+1)

maybeLeftPruneOut1(a1, d1, a2, d2) =

let d = d1 + 1

if d is upward then lookup(a1, d, a2, d2)

else (* d is the left sibling of d1 *)

if (a1 is not the mate of d) then

min (lookup(a1, d, a2, d2),

cost of pruning out subtree

rooted at d

plus

lookup(a1, parent of d1, a2, d2))

It is easy to order the computation of subproblems
so that the cost of a subproblem has already been
computed when it is needed. We have sketched the
algorithm for comparing rooted trees.

7.1 Analysis

Since this is a dynamic program where the cost of
a subproblem can be computed in constant time from

the cost of \smaller" subproblems, the time complexity
is of the order of the number of subproblems. Let n1; d1
be the number of edges and the depth of the tree T1
respectively. Similarly n2 and d2.

A subproblem has three parts for each tree, the left
dart li, the right dart ri and the vertex vi that lies
between the top of li and top of ri. li and ri could
take 2ni values each and for a given li and ri, vi could
take atmost di values. Hence, a straightforward analysis
yields a time complexity of O(n2

1
n2
2
d1d2).

For the space complexity we observe (as in [11])
that we do not have to store the solution to every
subproblem all the time and can reuse the space.
This leads to a space requirement of O(n1n2) for the
\permanent array" (i.e for the subproblems we need
to store throughout the computation) and the rest of
the computation can also be done so that its space
requirement is O(n1n2). Hence the space complexity
is O(n1n2).

8 Correctness

The upper endpoint of an edge is the endpoint of the
edge that is closer to the root. The other endpoint is
called the lower endpoint.

A node has high degree if its degree is greater than
or equal to three. Otherwise it is said to have low degree.

For a pair of rooted trees A;B containing edges
named e and e0 respectively, the edit operations are as
follows.

� merge(e) merges e with its parent edge, splicing
o� its left or right sibling edge if it has one. This
operation is legal if the degree of the common node
is at most three. The name of the merged edge is
e.

� contract(e) contracts the edge e. This operation is
legal if the endpoints of e have high degree.

� match(e; e0) establishes a correspondence between
the edge e of one tree and the edge e0 of the other.

A sequence of edit operations o1 : : : on is a legal edit
sequence for a pair of trees A0; B0 if

� oi is a legal operation on the pair of trees
Ai�1; Bi�1, and

� the trees Ai; Bi are obtained from Ai�1; Bi�1 by
performing oi

We also require that, for each edge name e, there is at
most one match operation involving e.

For two trees, we say an edit sequence is in normal
order if, for each of the two trees, the order in which



its edges appear in the sequence is consistent with the
order in which they appear in its Euler sequence.

We assume that the following property holds for the
merges.

Condition 8.1. Associativity of merging: For edges
a; b; c the result of merging a with b and then the result
with c is the same as the result of merging b and c �rst
and then merging a with the result. The costs of the two
sequences of edits are also the same.

Lemma 8.1. Any edit sequence can be reordered so that
it is in normal order, while preserving legality.

We say an edge named e survives an edit sequence
if an edge with that name exists in one of the two trees
resulting from the edit sequence.

We say a sequence is complete if the sequence is
legal and every surviving edge participates in a match
operation.

For an edit sequence, we inductively de�ne the
consumption relation between edges of the same tree,
as follows. An edge e consumes an edge e0 if e = e0 or e
consumes an edge with which e0 was merged.

For an edit sequence o1 : : : on on trees A0; B0, we say
operation oi is a contracting right merge if oi = merge(e)
where e is the right child edge of its parent in Ai�1 or
Bi�1, and e does not survive the whole edit sequence.

We now introduce an auxiliary operation,
leftsplice(e), that truncates the subtree rooted at
e (including e). Given an edit sequence o1 : : : on
in normal order, for each contracting right merge
oi = merge(b), we replace oi with the two operations
contract(a); leftsplice(c), where (as in Figure 5) a and
c are the parent and left sibling edge of b. For each
replacement, de�ne the cost of the leftsplice operation
to be whatever value preserves the overall cost of the
sequence.

Lemma 8.2. The leftsplice transformation preserves le-
gality.

Proof. Consider a particular contracting right merge
oi = merge(b), and let a and c be the parent and sibling
of b. We will consider the legality of the sequence after
the replacement

merge(b) �! contract(a)leftsplice(c)

By de�nition of contracting right merge, the edge b

is eventually consumed by some edge b0 that gets
contracted. By legality, the upper and lower endpoints
of b0 at time of contraction must have high degree.

By normal order, the upper endpoint of b0 just
before contraction is the upper endpoint of a inAi orBi.

By legality of the contraction, this endpoint has high
degree. Since b has a left sibling in Ai or Bi, the lower
endpoint of a has high degree as well. Hence contracting
a is legal. After contracting a, since a's upper endpoint
had high degree, the upper endpoint of b has degree
four or more (three from the upper endpoint of a, plus
one for c). Hence after leftsplice(c) the upper endpoint
of b still has high degree. Hence the contraction of b0

remains legal.

The leftsplice operations violate normal order of
the edit sequence. Reorder the edit sequence to be
in normal order. Since not doing the left splice now
keeps the degree of the upper endpoint of b at four
until later in the edit sequence, whichever operations
are possible currently are also possible if the sequence
were transformed so that the left splice is done later.

We make assumptions about the cost functions for
edit operations so that the cost of a leftsplice operation
on an edge e can be derived a priori from the tree
containing e.

Condition 8.2. We assume that the cost of merge(e)
is the sum of two parts, (1) the cost of merging e with its
parent and (2) the cost of pruning out the subtree rooted
at it's left or right sibling (f), if it has one, denoted by
Cs(f). In the problem as posed by the vision application,
there is a restriction that only leaf edges can be pruned
out. So, the cost of pruning a subtree is precomputed
as the least cost required to convert the subtree into a
single edge and then truncate it.

Suppose the sequence of edges e1; e2 : : : ek got
merged into a single edge and the result was contracted.
Let Cc(e1 : : : ek) denote the cost of the above sequence
of operations excluding the cost of the prunes (part (2)
above). We require that Cc(e1 : : : ek) � Cc(e2 : : : ek) �
Cc(e1) is a function of e1 and e2, say f(e1; e2).

We now assign the cost of leftsplice(c) to be Cs(c)+
f(a; b) where a and b are the parent and the right sibling
of c in the tree containing c. This can be computed a
priori by looking at the tree containing c.

Let's say that a; b : : :x are all merged into a single
edge before getting contracted. The di�erence in cost
between the sequence before and after the transforma-
tion is seen to be [Cc(a; b : : :x) + Cs(c) � Cc(b : : :x) �
Cc(a) � leftsplicecost(c)], (where leftsplicecost(c) is the
cost of the operation leftsplice(c)) which is zero. This
assignment of cost to the leftsplice operation is thus seen
to work.

Now, for any legal, normal-order sequence of edit
operations including the auxiliary operation leftsplice,
we say the sequence is feasible if

� there are no contracting right merges, and



� for each leftsplice(c), the sequence contains
contract(a) and contract(b0) where a is the parent
of c in one of the original trees, and b0 is a consumer
of the right sibling of c in that tree.

We have proved the following lemma.

Lemma 8.3. For any complete edit sequence (not con-
taining a leftsplice operation), there is a corresponding
feasible normal-order complete edit sequence (using left-
splice operations) of the same cost.

By applying the reverse of the transformations that
introduced the leftsplice operations, we can show the
following.

Lemma 8.4. For any feasible normal-order complete
edit sequence, there is a corresponding complete edit
sequence not containing a leftsplice operation.

Lemma 8.5. The dynamic program computes the min-
imum cost of a feasible normal-order complete edit se-
quence with leftsplice operations.

To prove this lemma, �rst we prove that given a
feasible normal-order complete edit sequence o1 : : : on
on the trees T1 and T2, the algorithm computes a cost
less than or equal to the cost of the edit sequence.

A subproblem of the dynamic program is speci�ed
by a tuple (a1; d1; a2; d2; v1; v2) where ai and di are darts
in respective Ti's and vi is a node, where di comes before
ai in the Euler tour of Ti, where the upper endpoint of
ai is an ancestor of the upper endpoint of di, and where
vi lies between these endpoints.

Given such a subproblem and an edit operation
contract(d1), there is a corresponding modi�ed subprob-
lem (a1; d1 + 1; a2; d2; v1; v2). For the edit operation
match(d1; d2), the subproblem is (a1; d01; a2; d

0

2
; v0

1
; v0

2
)

where d0
i
is the dart following the mate of di, and vi

is the upper endpoint of di. Similarly, for each other
edit operation there is a corresponding modi�ed sub-
problem.

The e�ect of applying a sequence of operations
o1 : : : ok on a subproblem is de�ned to be the e�ect of
applying o1, then o2 and so on in sequence.

The proof proceeds as follows. Assume inductively
that the lemma holds for any rooted subtrees of T1 and
T2 where at least one of the subtrees is a strict subtree
(i.e. is smaller than the tree). We prove by reverse
induction on i that for the subproblem s resulting from
applying o1 : : : oi�1, the value of lookup(s) is at most
the cost of the operations oi : : : on. The induction step
is based on a case-analysis of the operation oi�1 and
the corresponding steps in the algorithm. In the case of
match, we use the induction hypothesis on subtrees.

For the other direction in the proof (to show that
the dynamic program computes a cost not greater
than the best feasible normal-order edit sequence),
the interesting aspect is to prove that the algorithm
considers a leftsplice on an edge c only if its right sibling
and parent (b and a) have both been contracted earlier.
In the following discussion, by the parent or sibling
of a dart, we mean the parent or sibling of the edge
corresponding to the dart.

The algorithm considers a leftsplice opera-
tion on an edge in tree T1 in the subroutine
maybeLeftPruneOut1(a1,d1,a2,d2). This sub-
routine considers a leftsplice of the tree rooted at dart
d1+1, rather than the tree rooted at dart d1. This way,
it is ensured that the right sibling of d1+1 has been
contracted (since d1 is upward pointing).

Since a1 occurs to the left of the mate of d1+1 (from
the condition in the subroutine), the parent of d1+1 has
one dart between a1 and d1+1 and has only one dart in
the Euler string. This ensures that the parent of d1+1
has been contracted too.

We obtain

Theorem 8.1. The dynamic program computes the
minimum cost of a complete legal edit-sequence without
leftsplices.
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