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Abstract

Efficient one-pass computation of F0, the number of dis-
tinct elements in a data stream, is a fundamental problem
arising in various contexts in databases and networking. We
consider the problem of efficiently estimating F0 of a data
stream where each element of the stream is an interval of in-
tegers.

We present a randomized algorithm which gives an (ε, δ)
approximation of F0, with the following time complexity (n
is the size of the universe of the items): (1)The amortized
processing time per interval is O(log 1

δ log n
ε ). (2)The time

to answer a query for F0 is O(log 1/δ). The workspace used
is O( 1

ε2 log 1
δ log n) bits.

Our algorithm improves upon a previous algorithm
by Bar-Yossef, Kumar and Sivakumar [5], which re-
quires O( 1

ε5 log 1
δ log5 n) processing time per item. Our al-

gorithm can be used to compute the max-dominance norm
of a stream of multiple signals, and significantly im-
proves upon the current best bounds due to Cormode and
Muthukrishnan [11]. This also provides efficient and novel
solutions for data aggregation problems in sensor net-
works studied by Nath and Gibbons [22] and Considine et.
al. [8].

1. Introduction

One of the most significant successes of research on data
stream processing has been the efficient estimation of ag-
gregates such as the frequency moments, quantiles, etc. in
one-pass using limited space and time per item. An espe-
cially important aggregate is the zeroth frequency moment
(F0) of a data set, which is the number of distinct elements
in the data. Most database query optimization algorithms
need an estimate of F0 [18]. Further, the computation of
many other aggregates of a data stream can be reduced to
the computation of F0.

In most data stream algorithms in literature, for exam-
ple in [2, 12, 16], the following model is studied. Each el-

ement in the stream is a single item (usually an integer),
and the algorithm needs to process this item “efficiently”,
both with respect to time and space. Many algorithms have
been designed in this model to estimate frequency moments
[2, 16, 4, 9], and many other aggregates [13, 12, 10, 1, 21, 3]
of massive data sets.

However, in many cases it is advantageous to design al-
gorithms which work on a more general data stream, where
each element of the stream is not a single item, but a list
of items. To motivate this requirement, we give two exam-
ples below.

Bar-Yossef, Kumar and Sivakumar [5] formalize the con-
cept of reductions between algorithms for data streams,
which leads to the need for list-efficient streaming algo-
rithms. They give an algorithm for estimating the number
of triangles in a graph G, where the edges of G arrive as
a stream in an arbitrary order (this is referred to as an ad-
jacency stream). Their algorithm uses a reduction from the
problem of computing the number of triangles in a graph to
the problem of computing the zeroth and second frequency
moments (denoted F0 and F2 respectively) of a stream of
integers. However, for each edge e in the adjacency stream,
the reduction produces a list of integers, and the size of this
list could be as large as n, the number of vertices in the
graph. If one used an algorithm which processed these in-
tegers one by one, the processing time per edge is Ω(n),
which is prohibitive. Thus, this application needs an algo-
rithm for computing F0 and F2 which can handle such a list
of integers efficiently, and such an algorithm is called list-
efficient. In many cases, including the above, these lists are
simply intervals of integers, and algorithms which can han-
dle such intervals efficiently are called range-efficient.

Another application of such list and range-efficient al-
gorithms is in aggregate computation over sensor net-
works [22, 8]. Considine et. al. [8] design sketches
for the distinct summation problem described below.
Given a multi-set of items M = {x1, x2, . . .}, where
xi = (ki, ci) compute

∑

distinct(ki,ci)∈M ci. The dis-
tinct summation problem can be reduced to F0 compu-
tation as follows. For each xi = (ki, ci), generate a list



li of ci distinct but consecutive integers. An F0 algo-
rithm on this stream of lis will give the distinct summation
required. This can be solved using an algorithm for esti-
mating F0, but the algorithm should be range-efficient i.e.,
it should be able to process an interval of integers much
faster than processing them one by one. Nath and Gib-
bons [22] study duplicate insensitive sketches for aggregate
computation over sensor networks. Many duplicate insen-
sitive sketches, such as the sketches for the approximate
sum of values held by distinct sensor nodes, can be re-
duced to range-efficient computation of F0.

Definition 1. For parameters 0 < ε, δ < 1, an (ε, δ)-
estimator for a number Y is a random variable X such that
Pr[|X − Y | > εY ] < δ.

Our Results: In this paper, we consider range-efficient
computation of F0. The input stream is r1, r2, . . . rm where
each stream element ri = [xi, yi] ⊂ [1, n] is an interval
of integers xi, xi + 1, . . . yi. The length of an interval ri,
which is the number of integers in the interval, could be any
number between 1 and n. We design an algorithm which
returns an (ε, δ)-estimator of F0, the total number of dis-
tinct integers contained in all the intervals in the stream R.
Suppose the input stream was [1, 10], [2, 5], [5, 12], [41, 50],
then F0 = 22.

We present an algorithm with the following space and
time complexities:

• The amortized processing time per interval is
O(log 1

δ log n
ε )

• The workspace used is O( 1
ε2 log 1

δ log n) bits

• The time to answer a query for F0 at anytime is
O(log 1/δ).

Extensions and Applications of our Basic Algorithm:
Our algorithm can be extended to the following more gen-
eral scenarios:

• It can process a list of integers which is in an arith-
metic progression as efficiently as it can handle an in-
terval of integers.

• Our algorithm can also be used in the distributed
streams model, where the input stream is split across
multiple parties, and F0 has to be computed on the
union of the streams observed by all the parties.

Dominance Norms: The problem of estimating max-
dominance norms of multiple data streams is as
follows. Given k streams of m integers each, let
ai,j , i = 1, . . . k, j = 1 . . .m, represent the jth ele-
ment of the ith stream. The max-dominance norm is

defined as
∑m

j=1 max1≤i≤k ai,j . Assume for all ai,j ,
1 ≤ ai,j ≤ n.

The concept of max-dominance norm useful in diverse
scenarios such as financial applications [23] and IP network
monitoring [20]. Cormode and Muthukrishnan [11] gave
a streaming algorithm for computing an (ε, δ)−estimator
of the max-dominance norm. Their algorithm uses space
O(1/ε2(log n + ε−1 log m log log m) log 1/δ) and process-
ing time per item is O(1/ε4 log a log m log 1/δ), where a is
the value of the current element.

We show that the estimation of the max-dominance
norm can be reduced to range-efficient F0 com-
putation, and derive an algorithm which uses
O(1/ε2(log m + log n) log 1/δ) space and whose amor-
tized time per item is O(log a

ε log 1
δ ) where a is the value

of the item being processed. The worst case time per
item is O( log log n log a

ε2 log 1
δ ) Our algorithm performs bet-

ter space-wise, and significantly better time-wise.
Our improved algorithm for range-efficient computation

of F0 also yields improved algorithms for all problems
which can be reduced to F0, including counting the num-
ber of triangles in the graph [5], and sensor network aggre-
gation [22, 8].

Techniques: Our algorithm is based on random sampling.
A key technical ingredient of our work is a novel range-
sampling algorithm, which quickly computes the number
of integers in a range [x, y] which belong to the current
random sample. Our range-sampling algorithm, when com-
bined with ideas from the random sampling algorithm due
to Gibbons and Tirthapura [16], yields the algorithm for
range-efficient F0.

Range-sampling Problem: The range sampling problem
that we consider is as follows. Given numbers a, b, p such
that 0 < a, b < p, we define function f : [1, n]→ [0, p− 1]
as f(x) = (a · x + b) mod p. Given intervals [x1, x2] ⊂
[1, n], and [0, q] ⊂ [0, p − 1], quickly compute the size of
the set {x ∈ [x1, x2]|f(x) ∈ [0, q]}.

A naive solution to the range sampling problem would
be to consider each element x ∈ [x1, x2] separately, and see
if f(x) ∈ [0, q]. The problem with this approach is that it
would take O(|x2 − x1|) time, which could be as large as
O(n), since the length of an interval could be as large as n.

We present a much more efficient solution to the
range-sampling problem, whose time complexity is only
O(log |x2 − x1|). Our solution is a recursive proce-
dure which works by reducing the above problem to an-
other range-sampling problem, but over a much smaller
range, whose length is less than half the length of the orig-
inal range [x1, x2]. Proceeding thus, we get an algorithm
whose time complexity is O(log |x2−x1|). Our range sam-
pling algorithm might be of independent interest, and use-



ful in the design of other range-efficient algorithms for the
data stream model.

Related Work: Estimating the F0 of a data stream is a very
well studied problem, because of its importance in various
database applications. It is well known that computing F0

exactly requires space linear in the number of distinct val-
ues, in the worst case.

Flajolet and Martin [14] gave a randomized algorithm
for estimating F0 using O(log n) bits. This assumed the
existence of certain ideal hash functions, which we do
not know how to store in small space. Alon, Matias and
Szegedy [2] describe a simple algorithm for estimating
F0 to within a constant relative error which worked with
pairwise-independent hash functions, and also gave many
influential algorithms for estimating other frequency mo-
ments F2, F3, .. of a data set.

Gibbons and Tirthapura [16], and Bar-Yossef et.
al. [5] gave algorithms for estimating F0 to within arbi-
trary relative error. The algorithm due to Gibbons and
Tirthapura used random sampling, and its space complex-
ity was O(log n log 1

δ
1
ε2 ), and processing time per ele-

ment O(log 1
δ ). The space complexity of this algorithm was

later improved by Bar-Yossef et. al. [4] who gave an al-
gorithm with better space bounds, which are the sum
of O(log n) and poly(1/ε) terms rather than their prod-
uct, but at the cost of increased processing time per ele-
ment.

Prior to our work, the most efficient algorithm for
range-efficient F0 computation is due to Bar-Yossef, Ku-
mar and Sivakumar [5], and takes O( 1

ε5 log 1
δ log5 n) pro-

cessing time per interval and O( 1
ε3 log 1

δ log n) space.
Considine et.al. [8] present algorithms to compute dis-

tinct summations, which is closely related, and can be re-
duced to range-efficient F0 computation, as described ear-
lier. Their algorithm is based on the algorithm of Flajolet
and Martin [14], which assumes the presence of an ideal
hash function, which can produce completely independent
random numbers. Our algorithm uses hash functions which
can be stored using little space, but which yield random
numbers that are only pairwise independent. The algorithm
in [5] does not make this assumption of ideal hash func-
tions either, and hence works in the same model as ours. We
note that in the algorithm of Considine et. al [8], it is pos-
sible to replace these ideal hash functions with pairwise-
independent hash functions, just like in [2], but then we
would again need a range-sampling subroutine similar to
the one we present. In addition, our algorithm also provides
a better running time for the distinct summations [8] prob-
lem.

The work of Feigenbaum et.al. [13] in estimating the
L1 difference between streams also has the idea of reduc-
tions between data stream algorithms and uses a range-

efficient algorithm in their reduction ([5] mention that their
notion of reductions and list-efficiency were inspired by the
above work of Feigenbaum et.al.). The algorithm for L1-
difference is not based on random sampling, and relies on
summing many random variables. They develop limited in-
dependence random variables which are range-summable,
while our sampling-based algorithm makes use of a range-
sampling technique.

There is much other interesting work on data stream al-
gorithms, and we refer the reader to the surveys [21, 3].

Organization of the paper: The rest of the paper is or-
ganized as follows. Section 2 gives a high level overview
of the algorithm for range-efficient F0. Section 3 gives
the range sampling algorithm, its proof and analysis of
complexity. Section 4 gives the algorithm for computing
F0 using the range-sampling algorithm as the subroutine,
and its correctness proof and analysis of complexity. Sec-
tion 5 gives extensions of the basic algorithm to distributed
streams and the computation of dominance-norms.

2. A High Level Overview

2.1. A Random Sampling Algorithm for F0

At a high-level, our algorithm for computing F0 follows
a similar structure to the algorithm by Gibbons and Tirtha-
pura [16]. We first recall the main idea of their algorithm.

The algorithm keeps a random sample of all the distinct
elements seen so far. It samples each element of the stream
with a probability p, while making sure that the sample has
no duplicates. Finally, when an estimate is asked for F0, it
returns the size of the sample, multiplied by 1/p.

However, the value of p cannot be decided in advance.
If p is large, then the sample size might get too big if F0

was large. On the other hand, if p is too small, then the ap-
proximation error might be very high, if the value of F0

was small. Thus, the algorithm starts off with a high value
of p = 1, and decreases the value of p every time the sam-
ple size exceeds a predetermined maximum sample size, α.

The algorithm maintains a current sampling level, `,
which determines a sampling probability p`. Initially, ` = 0,
and ` never decreases. The sample at level `, S(`) is deter-
mined by a hash function S(·, `), for ` = 0, 1, . . ..

When item i is presented to the algorithm, if S(i, `) = 1,
then the item is stored in the sample S`, and it is not stored
otherwise. Finally, the estimate of the number of distinct el-
ements is |S`|

p`
where ` is the current sampling level. We call

the algorithm described so far as the single-item algorithm.

Range-Sampling: When each element of the stream is an
interval of items rather than a single item, the main tech-
nical problem is to quickly figure out whether any point



in this interval belongs in the sample or not. More pre-
cisely, if ` is the current sampling level, and an interval
ri = [xi, yi] arrives, we want to know the size of the set
{x ∈ ri|S(x, `) = 1}. We call this the range-sampling
problem.

A naive solution to range-sampling is to consider each el-
ement x ∈ ri individually, and check if S(x, `) = 1, but the
processing time per item would be O(yi−xi), which could
be as much as Θ(n). Our main technical contribution is to
reduce the time per interval significantly, to O(log(yi−xi))
operations.

Our range-efficient algorithm simulates the single-item
algorithm as follows. When an interval ri = [xi, yi] arrives,
we compute the size of the set {x ∈ ri|S(x, `) = 1}. If the
size is greater than zero, then we add ri to our sample, oth-
erwise we discard ri. If the number of intervals in our sam-
ple becomes too large, then we decrease the sampling prob-
ability by increasing the sampling level from ` to ` + 1. We
now discard all intervals r in the sample for which the set
{x ∈ r|S(x, ` + 1) = 1} is empty.

Finally, when an estimate for F0 is asked for, suppose
the current sample is the set of intervals S = {r1, . . . rk},
and ` is the current sampling level. We return |{x ∈ ri, ri ∈
S|S(x, `) = 1}|/p`

Hash Functions: Since the choice of the hash function is
crucial for the range-sampling algorithm, we first precisely
define the hash functions we consider.

We use a standard 2-universal family of hash func-
tions [7]. First choose a prime number p between 10n
and 20n, and then choose two numbers a, b at random
from {0 . . . p − 1}. Define hash function h : {1 . . . n} →
{0 . . . p− 1} as h(x) = (a · x + b) mod p.

The two properties of h that are important to the F0 al-
gorithm are as follows:

1. For any x ∈ {1 . . . n}, h(x) is uniformly distributed in
{0, . . . p− 1}.

2. The mapping is pairwise independent. For x1 6= x2

and y1, y2 ∈ {0 . . . p− 1},
Pr[(h(x1) = y1) ∧ (h(x2) = y2)] = Pr[h(x1) =
y1] · Pr[h(x2) = y2].

For each level ` = 0..blog nc, we define the following:

• Region R` ⊂ {0, . . . p− 1}

R` = {0 . . . b
p

2`
c − 1}

• The sampling function at level `. For every x ∈ [1, n],
the sampling function S(x, `) is defined as
S(x, `) = 1 if h(x) ∈ R`, and S(x, `) = 0 otherwise.

• The sampling probability at level `. For every x ∈
[1, n], Pr[S(x, `) = 1] is the same value, which we

denote by p`. Since h(x) is uniformly distributed in
{0, . . . p− 1}, we have p` = |R`|/p.

The algorithms for computing F0 due to [2, 16, 4] use
hash functions defined over GF (2m), which are different
from the ones that we use. In fact, for their algorithms,
any pairwise independent hash function will suffice. Bar-
Yossef et. al. [5], in their range-efficient F0 algorithm, use
the Toeplitz family of hash functions [17], and their algo-
rithm uses specific properties of those hash functions.

In our case, we use the structure present in the above
described hash function in our range-sampling algorithm.
We do not know whether we could achieve efficient range-
sampling using a different family of hash functions, say the
functions defined over GF (2m).

3. Range Sampling Algorithm

In this section, we present a solution to the range-
sampling problem, its correctness and time and space com-
plexities. The algorithm RangeSample(ri = [xi, yi], `),
computes the number of points x ∈ [xi, yi] for which
h(x) ∈ R`. This algorithm is later used as a subrou-
tine by the range-efficient algorithm for F0, which is pre-
sented in the next section.

Since h(x) = (ax+b) mod p, RangeSample([xi, yi], `)
is the number of points x ∈ [xi, yi], such that (ax + b)
mod p ∈ [0, b p

2` c−1]. Note that h(xi), h(xi+1), . . . , h(yi)
is an arithmetic progression over

�
p (

�
k is the ring of

non-negative integers modulo k) with a common differ-
ence a. Thus, we consider the following general prob-
lem.

Problem 1. Let M > 0, 0 ≤ d < M , and 0 < L ≤M . Let
S = 〈x1, x2, · · ·xl〉 be an arithmetic progression over

�
M

with common difference d, i.e, xi = (xi−1 + d) mod M .
Let R be a region of the form [0, L−1] or [−L+1, 0]. Com-
pute the number of elements of S that lie in R.

Before describing the algorithm for Problem 1, we infor-
mally describe the idea. For this informal description, we
just consider the case R = [0, L− 1].

Divide S into subsequences S0, S1, · · ·Sk, Sk+1 as
follows: S0 = x1, x2, · · · , xi, where i is the small-
est number such that xi > x1 and xi > xi+1. If Sj =
〈xi, xi+1, · · ·xm〉, then Sj+1 = 〈xm+1, xm+2 · · ·xr〉,
where r is the smallest number such that r > m + 1
and xr > xr+1, and if no such r exists then xr = xl.
Note that if Sj = 〈xi, xi+1, · · · , xm〉, then xi < d,
xi < xi+1 < · · · < xm. We denote the first ele-
ment of Sj with fj and the last element with ej .

Let L = d×q +r where r < d. Note that the values of q
and r are unique. We observe that for each i > 0, it is easy
to compute the number of points of Si that lie in R. More
precisely,



Observation 1. For every i > 0, if fi < r, then |Si ∩R| =
bL

d c+ 1, else |Si ∩ R| = bL
d c.

Thus Problem 1 is reduced to computing the size of the
following set

{i | 1 ≤ i ≤ k, fi ∈ [0, r − 1]}.

The following observation is crucial.

Observation 2. The sequence 〈f1, f2, · · · , fk〉 forms an
arithmetic progression over

�
d.

We show in Claim 2 that the common difference of this
sequence is −r′, where r′ = M mod d. We can always
view any arithmetic progression over

�
d with common dif-

ference−r′ as an arithmetic progression with common dif-
ference d − r′. The second crucial observation is that ei-
ther d−r′ or r′ is less than d/2, and we can choose to work
with the smaller of the two. Thus, we have reduced the orig-
inal problem to a smaller problem, whose common differ-
ence is at most half of the common difference of the origi-
nal problem.

We now give a formal description. We start with the fol-
lowing useful claims.

Claim 1. If R = [0, L− 1], then for 1 ≤ i ≤ k,

|Si ∩R| =

{

bL
d c+ 1 if fi ∈ [0, r − 1]
bL

d c if fi /∈ [0, r − 1]

If R = [−L + 1, 0], then

|Si ∩ R| =

{

bL
d c+ 1 if ei ∈ [−r + 1, 0]
bL

d c if ei /∈ [−r + 1, 0]

Note that each fi is less than d, and so we view fis as
elements over

�
d, and below we show that the fis form an

arithmetic progression over
�

d.

Claim 2. Let M = d × q′ + r′, where r′ < d. Then, for
1 ≤ i < k, fi+1 = (fi − r′) mod d.

Proof. Recall that Si = 〈fi, fi + d, · · · ei〉, and M − d ≤
ei ≤M − 1. We have two cases.

If fi < r′, then ei = fi + q′ × d. Thus

fi+1 = (ei + d) mod M

= (fi + q′ × d + r′ + d− r′) mod M

= (fi + M + (d− r′)) mod M

= (d− (r′ − fi)) mod M

Since fi+1 is less than d, the final expression for fi+1

can be written in
�

d as follows: fi+1 = (fi + (d − r′))
mod d = (fi − r′) mod d.

In the second case, if fi ≥ r′, then ei = (fi + (q′− 1)×
d) mod M . Thus, fi+1 = (fi + q′ × d) mod M = (fi −
r′) mod M

Since fi+1 is less than d, the above can be written in
�

d

as fi+1 = (fi − r′) mod d.

We would like to say that ei’s also form an arithmetic
progression over

�
d. However, since M−1 ≥ ei ≥M−d,

we cannot directly view ei’s as elements over
�

d. So we de-
fine a funtion map : {M−d, M−d+1, · · · , M−1} →

�
d

such that map(ei)’s form an arithmetic progression over
�

d. We define map as follows: map(M − k) = k, 1 ≤
k ≤ d.

Now we have the following claim for map(ei)s, which
is similar to Claim 2. We omit the proof since it is similar
to the proof of Claim 2.

Claim 3. Let M = d × q′ + r′, where r′ < d. Then, for
1 < i ≤ k, map(ei) = (map(ei−1) + r′) mod d.

Next we argue that for our purposes, any arithmetic pro-
gression with common difference −r′ can be viewed as a
different arithmetic progression with common difference r′.

Let T = 〈y1, y2, · · · , yk〉 be an arithmetic progression
over

�
t with a common difference−s, i.e.,

yi = (yi−1 − s) mod (t).

Let R be of the form [0, l − 1] or [−l + 1, 0]. Define R′ as
follows: if R = [0, l − 1], then R′ = [−l + 1, 0], else R′ =
[0, l− 1].

Claim 4. Let T ′ = 〈y′
1, y

′
2, · · · , y

′
k〉 be an arithmetic pro-

gression over
�

t defined as y′
1 = −y1, and for 1 < i < k,

y′
i = (y′

i−1 + s) mod (t). Then,

|T ∩ R| = |T ′ ∩ R′|.

Proof. If y1 − ks = x mod (t), then −y1 + ks = −x
mod (t). Thus x ∈ R if and only if −x ∈ R′.

Now we describe our algorithm for Problem 1.

Procedure Hits(M , d, u, n, R)

Precondition: R is of the form [0, L−1] or [−L+1, 0]
where L ≤M , and u < M, d < M.

Goal: Compute |S ∩ R|, where

S = 〈u, (u+d) mod M, · · · (u+n×d) mod M〉.

1. • If n = 0, then Return 1 if u ∈ R, else Return 0.

• Let S = S0S1 · · ·SkSk+1. Let Hits0 = |S0∩R|
and Hitsk+1 = |Sk+1 ∩ R|.

• Compute k, Hits0 and Hitsk+1.

• If d = 1, then
Return Hits0 + Hitsk+1 + (L× k).

2. Let L = d× q + r, where r < d, and M = d× q′ + r′,
where r′ < d. Compute r and r′.

3. If R = [0, L− 1], then

3.1. Compute f1, where f1 is the first element of S1.
Set unew = f1, Mnew = d, nnew = k.



3.2. If d − r′ ≤ d/2, then Rnew = [0, r − 1], and
dnew = d− r′. In this case, we view fis as arith-
metic progression over

�
d with common differ-

ence d− r′.
By making a recursive call to Hits, we com-

pute High, the cardinality of the following set

{i | fi ∈ [0, r − 1], 1 ≤ i ≤ k},

High = Hits(Mnew, dnew , unew, nnew,
Rnew).

3.3. If d−r′ > d/2 (so r′ ≤ d/2), then unew = −f1,
dnew = r′, and Rnew = [−r + 1, 0]. In this case
we consider the fis as an arithmetic progression
over

�
d with common difference−r′.

High = Hits(Mnew, dnew , unew, nnew,
Rnew).

3.4. Let Low = k −High. Return

Hits0+Hitsk+1+(High·(b
L

d
c+1))+(Low·b

L

d
c)

4. If R = [−L + 1, 0] then

4.1. Compute e1 and map(e1), where e1 is the last
element of S1. Let unew = map(e1), Mnew =
d, nnew = k.

4.2. If r′ ≤ d/2, then let Rnew = [0, r − 1], and
dnew = r′. In this case we view map(ei)s as an
arithmetic progression over

�
d with common dif-

ference r′.
High = Hits(Mnew, dnew , unew, nnew,

Rnew).

4.3. If r′ > d/2 (so d − r′ ≤ d/2), then let unew =
−map(e1), dnew = d − r′, and Rnew = [−r +
1, 0]. In this case we view map(ei)s as an arith-
metic progression over

�
d with common differ-

ence −r′.
High = Hits(Mnew, dnew , unew, nnew,

Rnew).

4.4. Let Low = k −High. Return

(Hits0+Hitsk+1+(High·(b
L

d
c+1))+(Low·b

L

d
c)

Time Complexity:
First, a note on our model. We assume that arithmetic op-

erations, including additions, multiplications and divisions
in

�
k take unit time.

It is clear that Steps 1, and 2 can be computed using a
constant number of operations. The algorithm makes a re-
cursive call in Step 3 or Step 4. It is clear that dnew ≤

step/2. Thus if we parametrize the running time of the al-
gorithm with d, then

T (d) = T (dnew) + O(1)

≤ T (d/2) + O(1) = O(log d).

We can get a better bound on the running time as follows.
The input parameters to the recursive procedure are M , d,
u, n, R. When the recursive procedure is called, the param-
eters are: Mnew = d, dnew ≤ d/2, nnew ≤ dn ∗ d/Me.

In every recursive call except (perhaps) the first, it must
be true that d ≤ M/2. Thus, in every recursive call except
for the first, nnew ≤ n/2. If we parametrize the running
time on n, then the total time of the algorithm is O(log(n)).

Space Complexity: Whenever the procedure makes a re-
cursive call, it needs to store values of a constant number
of local variables such as Hits0, Hitsk+1, n etc. Since M
dominates u, d, and L, each time the algorithm makes a re-
cursive call, it needs O(log n+log M) of stack space. Since
the depth of the recursion is no more than log n, the total
space needed is O(log n × (log n + log M)). We can fur-
ther reduce the space by a careful implementation of the re-
cursive procedure as follows.

In general hits(p1, p2, . . . p5) = β + γ
hits(p′1, p

′
2, . . . p

′
5), where β and γ are functions of

p1, . . . , p5. This is a tail-recursive procedure, which can
be implemented without having to allocate space for
a new stack for every recursive call and without hav-
ing to tear down the stack upon a return. Thus, the total
space can be reduced to O(log n + log M).

Correctness: We first consider the case R = [0, L − 1]. It
is clear that when d = 1, or when n = 0, the algorithm cor-
rectly computes the answer. Note that

|S ∩ R| = |S0 ∩ R|+

i=k
∑

i=1

|Si ∩R|+ |Sk+1 ∩ R|.

Step 1 correctly computes |S0 ∩ R| and |Sk+1 ∩ R|. By
Claim 1, for 1 ≤ i ≤ k, |Si∩R| is bL

d c+1 if fi ∈ [0, r−1],
and is bL

d c, if fi /∈ [0, r − 1]. Let High denote the number
of fi’s for which fi ∈ [0, r − 1]. Given the correct value of
High, the algorithm correctly computes the final answer in
Step 3.4.

Thus the goal is to show that the algorithm correctly
computes the value of High. Let T = 〈f1, · · · , fk〉. At this
point, the algorithm considers two cases.

If d − r′ ≤ d/2, then the goal is to compute the num-
ber of elements in T that lie in [0, r − 1]. By Claim 2, T
is an arithmetic progression over

�
d, with common differ-

ence d− r′. The starting point of this progression is f1, the
number of elements in the progression is k. Thus the algo-
rithm makes a correct recursive call to Hits.



If d− r′ > d/2, then by Claim 2, T is an arithmetic pro-
gression over

�
d with common difference −r′. The goal is

to compute

|T ∩ [0, r − 1]|.

Define a new sequence T ′ = 〈f ′
1, f

′
2, · · · , f

′
k〉 over

�
d as

follows: f ′
1 = −f1 and f ′

i+1 = (f ′
i + r′) mod d, 1 ≤ i ≤

k − 1. By Claim 4,

|T ∩ [0, r − 1]| = |T ′ ∩ [−r + 1, 0]|.

Thus the algorithm makes correct recursive call in Step 3.4,
to compute |T ′ ∩ [−r + 1, 0]| which equals |T ∩ [0, r− 1]|.

Thus the algorithm correctly computes S ∩ R, when R
is of the form [0, L− 1]. Correctness for the case when R is
of the form [−L + 1, 0] follows similarly.

4. The range-efficient F0 algorithm

We now describe the complete algorithm for estimating
F0, using the range-sampling algorithm as a subroutine. We
then present its correctness, and time and space complexi-
ties.

Recall that the input stream is r1, r2, . . . rm where each
stream element ri = [xi, yi] ⊂ [1, n] is an interval of inte-
gers xi, xi +1, . . . yi. Let p be a prime number between 10n
and 20n. From Section 2, recall the following notation.

For each level ` = 0..blog nc,
(1)R` = {0 . . . b p

2` c − 1}
(2)The sampling function at level `. For every x ∈ [1, n],
the sampling function S(x, `) is defined as
S(x, `) = 1 if h(x) ∈ R`, and S(x, `) = 0 otherwise.
(3)The sampling probability at level `. p` = |R`|/p.

4.1. Algorithm Description

The algorithm does not directly yield an (ε, δ)-estimator
for F0, but instead gives an estimator which is within a fac-
tor of ε of F0 with a constant probability. Finally, by taking
the median of O(log 1

δ ) such estimators, we get an (ε, δ)-
estimator. A formal description of the algorithm appears in
Figure 1.

The Random Sample: The algorithm maintains a sample
S of the intervals seen so far. S is initially empty. The maxi-
mum size of S is α = c

ε2 intervals. The algorithm also has a
current sampling level `, which is initialized to 0. We main-
tain the following invariants for the random sample S.

Invariant 1. All the intervals in S are disjoint.

Invariant 2. Every interval in S has at least one element
selected into the sample at the current sampling level.

Initialization:

1. Choose a prime number p such that 10n ≤ p ≤
20n, and choose two numbers a, b at random from
{0 . . . p− 1},

2. S ← φ

3. `← 0

When a new interval ri = [xi, yi] arrives:

1. If ri intersects with any interval in S, then

(a) While there is an interval r ∈ S such that r∩ri 6=
φ,

i. S ← S − r

ii. ri ← ri ∪ r

(b) S ← S ∪ ri

2. Else If RangeSample(ri, `) > 0 then

(a) S ← S ∪ {ri} // insert into sample

(b) While (|S| > α) // overflow

i. `← ` + 1.
If ` > blog pc then // maximum level

// reached, algorithm fails
return;

ii. S ← {r ∈ S|RangeSample(r, `) > 0}

When an estimate for F0 is asked for: Return
∑

r∈S RangeSample(r, `)/p`

Figure 1. The Range-Efficient F0 Algorithm
using the Range Sampling algorithm as a
subroutine

When a new interval ri = [xi, yi] arrives: The algorithm
first checks if ri intersects with any currently existing inter-
val in S. If so, it deletes all the intersecting intervals from S,
merges all of them with ri to form a single interval, and in-
serts the resulting interval into S.

If ri does not intersect with any currently existing inter-
val, it calls the range-sampling subroutine to determine if
any point in [xi, yi] belongs in S at level `. If yes, then the
whole interval is stored in the sample.

Overflow: It is possible that after adding a new element
to the sample, the size of S exceeded α. In such a case,
the algorithm increases its sampling level, and subsamples
the elements of the current sample into the new level. This
subsampling is repeated until either the size of the sam-
ple becomes less than α, or the maximum sampling level



is reached (i.e ` = blog pc).

Estimating F0: When an estimate is asked for, the algo-
rithm uses the range-sampling routine to determine the size
of the current sample, and returns this value boosted by
1/p`, where ` is the current sampling level.

4.2. The Correctness of the Algorithm

The proof follows a parallel structure to the proof in [16].
We give the correctness proof because the hash functions
used here are different from those in [16], and also for the
sake of completeness.

Fact 1. For any ` ∈ [0 . . . blog nc], 1/2`+1 ≤ p` ≤ 1/2`.

Fact 2. For any ` ∈ [0 . . . blog nc−1], 19/40 ≤ p`+1/p` ≤
1/2.

Proof. p`+1/p` = |R`+1|/|R`| = b p
2`+1 c/b

p
2` c. Say y =

p
2` , and z = byc. The above expression is by/2c/byc =

bz/2c/z ≤ 1/2. Since p > 10n, we have 2`+1 < p/10.
Hence, z > 20, leading to bz/2c/z ≥ z−1

2z = 19/40.

Fact 3. For any ` ∈ [0 . . . blog nc − 1], the random vari-
ables {S(x, `)|x ∈ [1, n]} are all pairwise independent.

Lemma 1. Invariants 1 and 2 are true before and after the
processing of each interval in the stream.

Proof. Proof by induction. The base case is clear, since S
is initialized to φ. Suppose a new interval r arrives. If r in-
tersects with any interval already in S, then our algorithm
clearly maintains Invariant 1 and it can be verfied that In-
variant 2 also holds.

If r does not intersect with any element already in S,
then it is included in the sample if and only if r has at least
one element which would be sampled at the current sam-
pling level. This ensures that Invariant 2 is maintained. It
can be easily verified that the steps taken to handle an over-
flow also maintain the invariants.

Let random variable Z denote the result of the algorithm.
We analyze the algorithm by looking at the following (hy-
pothetical) process. This process is only useful for us to vi-
sualize the proof, and is not executed by the algorithm. The
stream of intervals R is “expanded” to form the stream I of
the constituent integers. For each interval [xi, yi], the inte-
ger stream consists of xi, xi + 1, . . . yi.

Let D(I) denote the set of all distinct elements in I .
We want to estimate F0 = |D(I)|. Each element in D(I)
is placed in different levels as follows. All the elements of
D(I) are placed in level 0. An element x ∈ D(I) is placed
in every level ` such that S(x, `) = 1.

For level `, define X` to be the number of distinct el-
ements placed in level `. Define `∗ to be the lowest num-
bered level ` such that X` ≤ α.

Lemma 2. Let `′ denote the level at which the algorithm
ends finally. The algorithm returns Z = X`′/p`′ and `′ ≤
`∗.

Proof. We first show that `′ < `∗. If the algorithm never in-
creased its sampling level, then `′ = 0, and thus `′ ≤ `∗

trivially. If the algorithm did increase its sampling level, it
must have been due to an overflow, and the number of inter-
vals in the sample at level `′ − 1 must have been more than
α. Since, due to Invariant 2, each interval in the sample at
level `′−1 has at least one point x such that S(x, `′−1) = 1,
it must be true that X`′−1 > α. Thus, `′ ≤ `∗.

Next, we show that the algorithm returns X`′/p`′ . Con-
sider the set S′ = {x ∈ D(I)|S(x, `′) = 1}. Consider
some element x ∈ S′. Integer x must have arrived as a part
of some (at least one) interval r ∈ R. Either r must be in
S (if r did not intersect with any range already in the sam-
ple, and was not later merged with any other interval), or
there must be an interval r′ ∈ S such that r ⊂ r′. In both
cases, x is included in S.

Further, because of Invariant 1, x will be included in ex-
actly one interval in S, and will be counted (exactly once) as
a part of the sum

∑

r∈S RangeSample(r, `′). Conversely,
an element y such that S(y, `′) = 0 will not be counted in
the above sum. Thus, the return value of the algorithm is ex-
actly |S′|/p`, which is X`′/p`′ .

Define a level ` to be good if Xl/p` is within ε rela-
tive error of F0. Otherwise, level ` is bad. For each ` =
0 . . . blog pc, let B` denote the event that level ` s bad, and
S` denote the event that the algorithm stops in level `.

Theorem 1.

Pr {Z ∈ [(1− ε)F0, (1 + ε)F0]} ≥ 2/3

Proof. Let P denote the probability that the algorithm fails
to produce a good estimate. This happens if any of the fol-
lowing is true:

• The maximum level d = blog pc is reached.

• The level at which the algorithm stops is a bad level
i.e. for some ` ∈ {0 . . . blog pc−1}S` and B` are both
true.

P =
d−1
∑

`=0

Pr[S` ∧ B`] + Pr[Sd]

Let `m denote the lowest numbered level ` such that
E[X`] < α/C for some constant C to be determined by the
analysis. We note than `m < d since E[Xd] ≤ 1 < α/C.
We write P as:

P ≤

`m
∑

`=0

Pr[B`] +

d
∑

`=`m+1

Pr[S`]



In Lemma 4 we show that
∑`m

`=0 Pr[B`] < 16/60, and in
Lemma 5 we show that

∑d
`=`m+1 Pr[S`] < 2/60. Putting

them together, the theorem is proved.

Lemma 3. E[X`] = F0p` and V ar[X`] = F0p`(1− p`)

Proof. By definition, X` =
∑

x∈D(I) S(x, `). Thus,
E[X`] =

∑

x∈D(I) E[S(x, `)] = |D(I)|p` = F0p`. Be-
cause the random variables {S(x, `)|x ∈ D(I)} are all pair-
wise independent (Fact 3), the variance of their sum is the
sum of their variances, and the expression for the vari-
ance follows.

Lemma 4.
∑`m

`=0 Pr[B`] < 16/60

Proof. Let µ` and σ` respectively denote the mean and stan-
dard deviation of X`. Then,

PrB` = Pr |X` − µ`| ≥ εµ`

Using Chebyshev’s inequality, Pr |X` − µ`| ≥ tσ` ≤
1
t2

and substituting t = εµ`

σ`
, we get:

Pr[B`] ≤
σ2

`

ε2µ2
`

(1)

Substituting values from Lemma 3 into Equation 1, we
get

Pr[B`] ≤
1− p`

ε2p`F0
<

1

F0ε2p`

Thus,
`m
∑

`=0

Pr[B`] =
1

F0ε2

`m
∑

`=0

1

p`

From Fact 1, we have 1/p` ≤ 2`+1. Thus, we have

`m
∑

`=0

Pr[B`] ≤
1

F0ε2

`m
∑

`=0

2`+1 <
1

F0ε2
2`m+2

By definition, `m is the lowest numbered level ` such that
E[X`] < α/C. Thus, E[X`m−1] = F0p`m−1 ≥ α/C. Us-
ing Fact 1, we get F0/2`m−1 ≥ α/C.

`m
∑

`=0

Pr[B`] ≤
4

ε2
2`m

F0
≤

4

ε2
2C

α
=

8C

c
<

16

60

by using c = 60, C = 2.

Lemma 5.
∑d

`=`m+1 Pr[S`] < 1/6

Proof. Let Ps =
∑d

`=`m+1 Pr[S`]. We see that Ps is the
probability that the algorithm stops in level `m+1 or greater.
This implies that at level `m, there were at least α intervals
in the sample S. Invariant 2 implies that there were at least
α elements sampled at that level, so that X`m

≥ α.
Thus,

Ps ≤ Pr[X`m
≥ α]

= Pr[X`m
− µ`m

≥ α− α/C]

≤
σ2

`m

α2(1− 1/C)
2

From Lemma 3, we get σ2
`m

< E[X`m
] < α/C. Using

this in the above expression, we get

Ps ≤
α

Cα2(1− 1/C)2
≤

ε2

Cc(1− 1/C)2
< 2/60

The last inequality is got by substituting C = 2, c = 8 and
ε < 1.

4.3. Time and Space Complexity

Space Complexity: The workspace required by the is the
space for the sample S plus the workspace for the range-
sampling procedure RangeSample. Sample S contains α
intervals, where each interval can be stored using two in-
tegers, thus taking 2 log n bits of space. The workspace re-
quired by the range-sampling procedure is O(log n) bits, so
that the total workspace is O(α log n + log n) = O( log n

ε2 ).
Since the we need to run O(log 1/δ) instances of this algo-
rithm, the total space complexity is O( log 1/δ log n

ε2 ), which
is the same as for the single-item algorithm.

Time Complexity: As noted in Section 3, we assume that
arithmetic operations, including additions, multiplications
and divisions in

�
k take unit time.

Time Per Interval: The time to handle a new interval r =
[x, y] consists of three parts.

1. The time for checking if r intersects any interval in the
sample.

2. The time required for range sampling. This is
O(log(y − x)), which is always O(log n), and per-
haps much smaller than Θ(log n).

3. The time for handling an overflow

We now analyze the time for the first and third parts.
First Part: The time for checking if the interval inter-

sects any of the O(1/ε2) intervals already in the sample,
and to merge them, if necessary. This takes O(1/ε2) time,



if done naively. This can be improved to O(log (1/ε)) amor-
tized time as follows.

Since all the intervals in S are disjoint, we can define a
linear order among them in the natural way. We store S in
a balanced binary search tree TS augmented with in-order
links. Each node of TS is an interval, and by following the
in-order links, we can get the sorted order of S. When a new
interval r = [x, y] arrives, we first search for the node in TS

which contains x. There are three cases possible:
1) Interval r does not intersect any interval in S. In this

case, we insert r into the tree, which takes O(log (1/ε))
time.

2) Interval r intersects some interval in S, and there is an
interval t ∈ S which contains x. In such a case, by follow-
ing the in-order pointers starting from t, we can find all the
intervals that intersect r. All these intervals are merged to-
gether with r to form a single new interval, say r′.

We delete all the intersecting intervals from TS, and in-
sert r′ into TS . Since each interval is inserted only once
and deleted at most once, the time taken finding and delet-
ing each intersecting interval can be charged to the inser-
tion of the interval. Thus, the amortized time for handling
r is the time for searching for x plus the time to insert r′.
Since |S| = O(1/ε2), this time is O(log (1/ε)).

3) Interval r intersects some intervals in S, but none of
them contain x. This is similar to the previous case.

Third Part: The time for handling an overflow, subsam-
pling to a lower level. For each change of level, we will have
to apply the range sampling subroutine O(1/ε2) times.

Each change of level selects roughly half the the num-
ber of points belonging in the previous level into the new
level. However, since each interval in the sample may con-
tain many points selected in the current level, it is possible
that more than one level change may be required to bring
the sample size to less than α intervals.

However, we observe that the total number of level
changes (over the whole data stream) is less than blog pc
with high probability, since the algorithm does not reach
level blog pc with high probability. Since log p = Θ(log n),
the total time taken by level changes over the whole data
stream is O( log2 n

ε2 log 1
δ ). If the length of the data stream

dominates the above expression, then the amortized cost of
handling the overflow is O(1).

Thus, the amortized time to handle an interval r = [x, y]
per instance of the algorithm is O(log(y − x) + log (1/ε)).
Since there are O(log 1/δ) instances, the amortized time
per interval is O(log ((y − x)/ε) log 1/δ) which is also
O(log (n/ε) log 1/δ).

It follows that the worst case processing time per item is
O( log2 n

ε2 log 1
δ ). If our focus was on optimizing the worst

case processing time per item, then we could reduce the
above to O( log log n log(y−x)

ε2 log 1
δ ) by changing levels us-

ing a binary search rather than sequentially when an over-
flow occurs.

Time for Answering a Query: At first glance, this needs
to apply the range-sampling procedure on α intervals, and
compute the sum. However, we can do better as follows.

With each interval in S, store the number of points in the
interval which are sampled at the current sampling level.
This is first computed either when the interval was inserted
into the sample, or when the algorithm changes levels. Fur-
ther, the algorithm also maintains the current value of the
sum

∑

r∈S RangeSample(r, `)/p`, where ` is the current
level, and S is the current sample. This sum is updated ev-
ery time a new interval is sampled, or when the algorithm
changes level. The above changes do not affect the asymp-
totic cost of processing a new item.

Given this, an F0 query can be answered for each in-
stance of the algorithm in constant time. Since it is neces-
sary to compute the median of many instances of the algo-
rithm, the time to answer an F0 query is O(log 1/δ).

5. Applications and Extensions

5.1. Dominance Norms

We recall the problem here. Given input I consisting of
k streams of m integers each, let ai,j , i = 1, . . . k, j =
1 . . .m, represent the jth element of the ith stream. The
max-dominance norm is defined as

∑m
j=1 max1≤i≤k ai,j .

We can reduce max-dominance norm of I to range-
efficient F0 of a stream O derived as follows.

For each element ai,j ∈ I, we generate interval
[(j − 1)m, (j − 1)m + ai,j − 1] in O. It is easy to ver-
ify the following fact.

Fact 4. The max-dominance norm of I equals the number
of distinct elements in O.

Note that the elements of stream O, can take val-
ues in the range [0, nm − 1]. Using our range-
efficient algorithm on O, the space complexity is now
O(1/ε2(log m + log n) log 1/δ).

Since the length of the interval in O correspond-
ing to ai,j ∈ I is ai,j , from Section 4.3 it follows
that the amortized time complexity of handling item
ai,j is O(log

ai,j

ε log 1
δ ), and the worst case complex-

ity is O(
log log n log ai,j

ε2 log 1
δ ).

As shown below, our algorithm for dominance norms can
easily be generalized to the distributed context.

5.2. Distributed Streams

In the distributed streams model [16], the data arrives as
k independent streams, where for i = 1 . . . k stream i goes



to party i. Each party processes its complete stream and then
sends the contents of their workspace to a common referee.
Similar to 1-round simultaneous communication complex-
ity, there is no communication allowed between the parties
themselves. The referee is required to estimate the aggre-
gate F0 over the union of all the data streams 1 to k. The
space complexity is the sum of the sizes of all messages
sent to the referee.

Our algorithm can be readily adapted to the distributed
streams model. All the parties share a common hash func-
tion h, and each party runs the above described (single
party) algorithm on its own stream, targeting a sample size
of cα intervals. Finally, each party sends its sample to the
referee.

It is possible that samples sent by different parties are
at different sampling probabilities (or equivalently, differ-
ent sampling levels). The referee constructs a sample of the
union of the streams by sub-sampling each stream to the
lowest sampling probability across all the streams. Since by
our analysis, each individual stream is at a sampling proba-
bility which will likely give good estimates, the lowest sam-
pling probability will also give us an (ε, δ)-estimator for F0.
The space complexity of this scheme is O(k log 1/δ log n

ε2 ),
where k is the number of parties, and the time per item is
the same as in the single stream algorithm.

5.3. Range-Efficiency in every coordinate

If each data point is a vector of dimension d, rather than a
single integer, then a modified definition of range-efficiency
is required. One possible definition was given by [5]: range-
efficiency in every coordinate, and this proved to be useful
in their reduction from the problem of computing the num-
ber of triangles in graphs to that of computing F0 and F2 of
an integer stream. We later consider another possible defi-
nition, which seems harder to efficiently solve.

For vectors of dimension d, define a j-th coordinate
range (a1, . . . , aj−1, [aj,s, aj,e], aj+1, . . . , ad) to be the set
of al vectors x̂ with the ith coordinate xi = ai for i 6= j, and
xj ∈ [aj,s, aj,e]. An algorithm is said to be range-efficient
in the jth coordinate if it can handle a j-th coordinate range
efficiently.

Our F0 algorithm can be made range-efficient in every
coordinate in the following way. We first find a mapping g
between a d-dimensional vector a = (a1, a2 . . . ad) (where
for all i = 1 . . . d, ai ∈ [0, m− 1]) and the one-dimensional
line as follows.

g(a1, a2, . . . ad) = md−1a1 + md−2a2 + . . . + m0ad

Fact 5. Function g has the following properties:

• g is an injective function

• A j-th coordinate range
(a1, . . . , aj−1, [aj,s, aj,e], aj+1, . . . , ad) maps to an

arithmetic progression g(y1), g(y2), . . . g(yn) where
yi ∈ (a1, . . . , aj−1, [aj,s, aj,e], aj+1, . . . , ad).

Because of the above, the number of distinct elements
does not change when we look at the stream g(x) rather
than stream x. Due to Fact 5 and since our range efficient
F0 algorithm can handle an arithmetic sequence of integers,
rather than just intervals, it follows that our algorithm can
be made range-efficient in every coordinate.

Assuming that arithmetic operations on the integers that
were mapped to take O(d) time, the amortized processing
time per item is O(d log 1

δ

(

log n + 1
ε2

)

), and the time for
answering a query is O(d log 1/δ). The workspace used is
O(d 1

ε2 log 1
δ log n).

Acknowledgments: We thank an anonymous referee for
pointing out the connection to Dominance Norms and for
suggestions which helped improve the running time of our
algorithm.
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