KF-CS: Compressive Sensing on Kalman Filtered
Residual

A. Notation and Problem Definition

The set operations U, N, and \ have the usual meanings. 7° denotes the complement of T" w.r.t. [1,m] :=[1,2,...m], i.e.
T¢:=[1,m]\ T. |T| denotes the size (cardinality) of T

For a vector, v, and a set, T, vy denotes the |T'| length sub-vector containing the elements of v corresponding to the indices
in the set T ||v||x denotes the 5 norm of a vector v. If just ||v|| is used, it refers to ||v||2. For a matrix M, ||M||x denotes its
induced k-norm, while just || M|| refers to || M ||2. M’ denotes the transpose of M. For a tall matrix, M, MT := (M'M)~*M’.
For symmetric matrices, M; < M> means that Ms — M is positive semidefinite. For a fat matrix A, Ar denotes the sub-matrix
obtained by extracting the columns of A corresponding to the indices in 7. The S-restricted isometry property (RIP) constant,
dg, and the S, S’-restricted orthogonality constant, §g s/, are as defined in equations 1.3 and 1.5 of [?] respectively.

For a square matrix, @, we use (Q)r, 1, to denote the sub-matrix of ) containing rows and columns corresponding to the
entries in T} and 75 respectively. I denotes an appropriate sized identity matrix. The m X m matrix It is defined as

(Ur)rr =1, (IT)TC,[l,m] =0, (IT)[Lm],Tc =0 (1)

We use 0 to denote a vector or matrix of all zeros of appropriate size. The notation z ~ N (u, X) means that z is Gaussian
distributed with mean p and covariance X.

Let (2¢)mx1 denote the spatial signal at time ¢ and (y:)nx1, With n < m, denote its noise-corrupted observation vector at
t, i.e. y» = Hz + wy. The signal, z;, is sparse in a given sparsity basis (e.g. wavelet) with orthonormal basis matrix, ®,, xm,
ie.x, 2Pz isa sparse vector. We denote its support by N; and we use S; := |NV¢| to denote its size. Thus the observation
model is

yi = Az +wy, A2 HO, Elwy] =0, Elwaw)] = 05,1 (2)

where E[] denotes expectation. We assume that A has unit norm columns. The observation noise, w, is independent identically
distributed (i.i.d.) over ¢ and is independent of x;. Our goal is to recursively estimate z; (or equivalently the signal, z; = ®xy)
using y1,...y:. By recursively, we mean, use only y; and the estimate from ¢ — 1, Z;_1, to compute the estimate at ¢.

Definition 1 (Define S, Six): For A := H®,

1) let S, denote the largest S for which ds < 1/2,

2) let S, denote the largest .S’ for which da5 < /2 — 1.

Definition 2 (Define &y, Nt ): We use Z; to denote the final estimate of x; at time ¢ and Nt to denote its support estimate.

Definition 3 (Define T, A, A.): Weuse T =T, := N;_1 to denote the support estimate from the previous time. This serves
as an initial estimate of the current support.We use A = A; := N, \ T} to denote the unknown part of the support at the
current time. We use A, = A.; := T} \ N; to denote the “erroneous” part of T;. To keep notation simple, we remove the
subscript ¢ in most places.

I. KALMAN FILTERED MODCS RESIDUAL
A. Signal Model

In this section we will describe a simple Random walk model. We call it as Signal Model 1. This model will help us to
understand the basic KF-ModCS algorithm in the next section. The complete signal model is described in the below :

Signal Model 1: t =ty is the initial time instant.

1) Att = ty, xo is Sy sparse with support Ny and (z0)n, ~ N(0,02,, o). The condition for signal mean to be zero is
not a necessary condition for our algorithm.

2) At time tqqq,; = to + j * di, for some d; > 0, there are S, number of new additions to the support indices. Every
new addition index also follows a Gaussian distribution with zero mean and variance ngs,O' We pick these new indices
randomly with uniform probability from the set [1,m] \ N;_1, where N;_; is the support of the signal at the previous
time instant. Denote the set of indices of the co-efficients added at t,q4,; by Aa ;.

3) At tger,j = tada,; + do, for some dy > 0 and for all j > 0, there are S; number of new deletions from the support. We
pick these deletion indices randomly with uniform prbability from the set N;_;. Denote the set of co-efficients detected
at tdel,j by ADJ’.

4) The currently non-zero indices of z;, follows an independent Gaussian Random walk model with zero mean and variance
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5) We limit the maximum size to support set as Sy, q;. Similarily for minimum size, it is Sy,ip.
The above model can be summarized as follows.

. S, ift= tadd,;
INeA N | = { 0 otherwise

. Sr if t = tdel,j
|Ne—1\ Nie| = { 0  otherwise

zo ~ N(0,1Iy), where Iy = 02, o In,
vi ~ N(0,11;), where Il = 02, Iy,
(@e)n, = (@e-1)n, + ()N,
(zt)ne = (V)N =0 3)

Discussion 1: In some practical situation the support of the signal often changes very slowly. Keeping that in mind we can
set the values of d; and ds large. Another important thing about this particular signal model is that d; and ds are constant.
So between two successive additions, or between two successive deletions or between one addition and deletion the time
differences are always constant. But in practical situation these may not happen. So we can make those differences random
while we simulate our algorithm.

B. Giene-Aided Kalman Filter(Ga-KF)

In the Giene-Aided Kalman Filter we have the information about the support of the signal. so in presence of Gaussian Noise

Ga-KF will give us the optimal solution. That is why Ga-KF is our benchmark to compare with. We will often compare our
Kalman Filter Modified Compressed Sensing Result with the Ga-KF result. So before we go into the details of the Kf-ModCS
algorithm lets have a review of the Ga-KF algorithm. First we will give an elaborate description and then we will present the
algorithmic form of the algorithm.
In kalman filter decoding there are some parameters that need to be described first. One important parameter is P; which is
the covariance of the signal x; updated at time ¢. ; is the covariance matrix of the signal v; updated at time ¢. Suppose at
time ¢, the support of the signal is /V; and there is no addition or deletion at that time. Then it is a regular kalman filter. We
have some P,_1, &;_1 estimate from the previous time instant. We can evaluate the Q); depending upon the variance of the 1
and the support set size |N;|. From these data we calculate Py;_;, which is P,;_; = P;_1 + Q4. Once we have P;;_; and
2,1 we can use the following equations to get P;, 2.

Ky = Py 1 A'(APy 1 A + o0, 1)
Pt == (I — KtA)Pt|t—1
=1 — KA)Z—1 + Kyye 4

Equations. (4) are the celebrated kalman filter equations which give the optimal solution. We will use these equations again
and again when there is addition or deletion or no support change. These equations will remain same. Only change is in the
pre-updates of P ;_; and &;_;.

So first think of the starting of decoding process, i.e. at time ¢ = t,. Initialize Z;,—; as all zero vector. At time t( there are
| No| number of indices addition with each index is a Gaussian random variable with mean 0 and variance Ugys,O' We can
incorporate this information either in P,_; matrix or ();, matrix. In either case one of them would be all zero matrix. Lets
update the P;,_; matrix with that information beacuse P; matrix is associated with the signal x;. Then P;,_; = ngsvol No
and leave (), as all-zero matrix because 14, is all-zero. So Py ;,—1 = Py,—1 + Q4,- Now use the Equations. (4) to get P,
and Z,.

Now consider the case when additions occur at time ?444,;. The new support set would be T},¢c,, = Ny. And T' = Nt—l = N;_1,
Ag = Ny \ Ny_q. Let P,_; and Z;_; are the covariance matrix and the input estimate from the previous time instant. At time
tadd,; actually two things are happening. The first one is that some new indices with mean 0 and variance ny&o are added.
The second one is that each of the old indices would be added by a Gaussian random variable with mean 0 and variance azys.
The first phenomena is captured in the P;_; matrix and the second one is captured in the (); matrix. The updates are :

(Pt—l)AA,AA = Uzys,o
Qi = UfysIT
(jtfl)AA =0

Py = P11+ Q¢

Now use Equations .(4) to get &; and P;.



The last scenario is when a deletion occurs. Support set at time ¢ = tge;; 1S Thew = Ny And T = Nt_l = N;_1,
Ap = N;_1 \ N;. Then the updates would be

(P—1)ap,1,m =0
(Pe—1)pm),ap =0
Q= UsysIan
Py =P 1+Q
(Z4—1)ap, =0

Finally use the Equations. (4) to get Z; and F;.
In the following we will try to present the above algorithm in a compressed and proper form :

GaKF-Algorithm 1:
1) Initialization at time t = %
o Support = Nj.
° Pt—l = O—gys,OINO’ Qt = O, i’t—l =0.
o Pyo1 =P 1+ Q.
« Use Equations. (4) to get 1, P;.
2) Decoding at time t > tg
fort =ty +1: end
T = Ni
a) If ¢ 7& tadd,j and ¢ 7A tdel,j
. Qt = Uin[T.
o Bip_1=P1+ Q1.
« Use Equations. (4) to get &, P;
b) If t = t444,5
o Ay =N\ Ny,
° Qt - O—zysIT’ (Pt 1)AA7AA = Ugys,o
e Pj1=Pi1+ Qs
« Use Equations. (4) to get %, P;
C) Ift = tdel Jj
o Ap =N 1 \ Ny, Thew = Ni, Qi = 02,
o (Pi1)ap,i,m] = 05 (P—1)[t,m],ap =0
o Pip1=Qi+ Pi—1, (Z4-1)ap, = 0.
+ Use Equations. (4) to get %;, P,

I,
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C. Kalman Filtered Modified Compressive Sensing

Here in this section we will discuss about the kalman Filtered Modified Compressive Sensing, abbreviated as Kf-ModCS,

for the Slgnal Model 1. Estimate of addition set is denoted as A A= Nt \ Nt 1 whereas the estimate of deletion set is denoted
as Ap = Ny_4 \Nt And by using T' we are actually denoting N,_1 as mentioned in the notation. We will see the difference
between Ga-KF and Kf-ModCS is in the size of the support set of the signal. In Ga-KF we know the support but in Kf-ModCS
we have to estimate the support with the help of compressed sensing. After we get the support we will apply Kalman Filter
like we do in Ga-KF.
At time t = ¢y, we have y;, the measurement matrix A, the variance of signal co-efficients asys o» Noise variance o2, .. But
we do not have any information about NV¢,. So we can’t simply apply kalman filter on ;. For that atleast we have to estimate
the support set. Here compressive sensing will help us. Compressive sensing gives a reconstructed signal using the output and
measurement matrix. Here we use the normal BPDN to compute the CS reconstructed signal . The BPDN algorithm can be
described as

ming||z||1
st ||y — Azllz < & )

s~ Let the CS-reconstructed signal at time ¢ is denoted as £, csres and th is the support estimate using
an addition threshold a4, qqq. We will do lot of discussion of how to determine suitable addition threshold in the next section.
But for now let assume we already have the addition threshold. Once we get the support size we will do exactly the same
thing as we do for Ga-KF decoding. Create P;_1, (;, ;1 in the same way as Ga-KF. Evaluate P, and Z; from there using

¢ depends on o?



Equations (4).

From the next time instance, as we don’t know the support addition time or deletion time, we depends on the Mod-CS
technique to find if there is any addition or deletion. Assume the support set estimated for ModCS at the previous time
instance is (T1nod)t—1- (Tmod)t—1 can be equal to T' = N,_; orit may be different from 7. Estimation of (T},,04)¢ is similar
as T using a different threshold o ;0q4. We will discuss the method of finding o 1,04 in detail later in other section. Using T,
03, first we will calculate Qymp, Which is Qump = 02, I7. Then (Pimp)iji—1 = Pi—1 + Qmp. Then compute 2 in;¢ using

Equations. (4). The residual of y:, ¥t res is defined as G res = Y& — ATt inst. We will apply Mod-CS on @ res according to
following equation :

ming||(z)7e||1
sty — Axlla < € (6)

which will give us Bt as output. Ly csres = Lt init + Bt is our reconstructed signal at time ¢t. Now we try to find if there is
any addition in the support by applying the addition threshold o qqq On £¢ csres. We denote A 4 to be the set of new indices.
Then the new support set for the signal would be Ty = T'|JA4. Once we have Pi_y, T, Tyet, @+—1 We can easily apply
the kalman Filter technique as we do in Ga-KF. If A 4 is empty we have to apply normal kalman filter or if A4 is non-empty
we have to apply kalman filter with addition. At the end of this operation we have Z;,;., as our reonstructed signal. We have
the deletion threshold o 4¢; to check if there is any index to be deleted from the set T};.;. The method of finding the deletion
threshold would be discussed in detail in the later section. But for the time being we believe that there is some appropriate
threshold for deletion which determines which indices should be deleted and which should be kept in the support set. In this
way we will get another support set Thew, = Tyer \ Ap, where Ap is the set of indices deleted at time ¢. If Ap is an empty
set then we don’t have to do anything and &; = Z;,4er-, P Would be same as we get during the previuos step. But if A; is not
an empty set then we have to be little bit careful during the updating of P;;_;. If we see the previous operation we notice that
whether A 4 is empty or not, P;j;_; matrix has been updated. So that will be our starting point and we will directly update the
Py;—1 and ;1 using Ap. Then apply the usual kalman filter technique to get &, P;. The complete algorithm in compressed
form is given below :

Kf-ModCS Algorithm 1I:
1) Initialization at time t = %

« Apply CS on y;, using equation (5) to get T;, csres
e Use a4, qqq to get Support = Nto.
. Pt—l = Ugy&OIAtO, Qt = O, i‘t—l =0.
o P11 =P1+ Q.
« Use Equations. (4) to get &, P;.
2) Decoding at time t > tg
for t =tg+ 1 : end
o« I'= Ntfl
L4 thp = UEySIT, (Ptmp)t\tfl = Ptfl + thp
o Use Equations. (4) to get & ;.
o Utres = Yt — Ay init. R
o Apply ModCS on Ut res using 7" to get the output 5,
L4 i't,CSres = i't,init + Bt
o apply o qqq ON Tt c5res t0 Measure A 4
o If A, is empty
- Tyt =1T.
-_— Qt = a'fysIT'
- Py =P1+ Q.
— Use Equations. (4) to get Z;,;cr, s
o If A, is non-empty
- Tdet - TU AA.
- Qt = UzysIT’ (Ptfl)A‘mAA = Uiys,o
- Py = P11 +Q,
— Use Equations. (4) to get T;,tc P:
o Use ay ge; 0N Tiper to find Ap from the support set
o If Ap is empty

= Thew = Tget
— Tt = Tinter



o If Ap is non-empty
- Tnew = Tdet \ AD’
- (Py—1)ap,im =0, (Pe—1),m),ap =0
- (&4—1)ap, = 0.
— Use Equations. (4) to get z;, P,
° Nt == Tne'u)-

II. KF-MODCS ALGORITHM WITH MORE GENERAL SIGNAL MODEL

In the previous section we have described our Kf-ModCS algorithm with a simple random walk model where we know some
informations about the signal. In our decoding we use those informations like the signal variances of z; and 4. Although we
don’t use any other given information like the sparsity size or the sparsity change rate, the signal model is such that some
informations are implicit. Consider the following signal model equation

Tt41 = (1 - )\cor)xt + ﬁcoth+1 @)

where \., and f.., are correlation factors which determine how much the signal is corelated with itself over time. In our
signal model. 1 those factors are fixed at 0 and 1. And we use those informations during decoding. But in some practical
situation the scenario can be very bad when we don’t have any knowledge about A.o, Beor, afys)o, agys. For those cases our
algorithm should be robust enough to work efficiently. Before we move into the discussion about algorithm lets create a new
signal model.

Signal Model 2: Initial Time is denoted as t;.

1) Att =to, zo is Sy sparse with support Ny and (zo)n, ~ N(0,02,, o1).

2) At each time ¢ > %y, we calculate NV, and INS. We are associating a probability po; to every indices of Nf so that some
of the indices become non-zero from 0, and similarily associating a probability p;o to every indices of N; so that some
indices of N; become 0.

3) Denote the time indices for addition as .44 and for deletion as t4.;.

4) Every new indices getting added at time ¢, follows a Gaussian Distribution of mean 0 and variance o

5) The currently non-zero indices of x;, follows the below update model :

Ty = (]- - )\cor)xt—l + ﬂcor’/t (8)
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where (v¢)n, ~ N(0,02,1).

A. Ga-KF with Signal Model 2

Ga-KF with Signal Model 2 will not be very much different from Signal Model 1. There are only little changes in the
equations of Kalman Filter. At time ¢ = t( the update of P,_1, Q¢, Z;—1 would be exactly same as with Ga-KF with Signal
Model 1. For time ¢ > t, there are some changes in the updates. Let at time ¢ > tg, the support set is /V; and we have P;_1,
Z4—1 from previous time instant. If there is no addition or deletion Ga-KF will follow the below equations :

C%filter = (1 - )‘COT)':i'tfl
Q= O'.gysINt,
Pt\tfl = (1 - /\cor)QPt—l + Bgoer

After getting Py;—; and Z ;e we can use the following equation to reconstruct ;.

Ky = Py A'(APy 1 A + o5 1)
Pt = (I —_— KtA)Pﬂtfl
2y = (I — Kt A)Z piger + Ky )

If there is addition of indices then the kalman filter equation would be :
‘%filter = (1 - )‘COT)‘,'%t*1
Qi = O—zysINt
Pt\tfl = (1 — Acor 2Pt—1 + BS‘OTQt
(Prjt—1)na,n4 = agys,o

Then use equ.(9) to get &y, F;.



Finally if there is deletion then we will start from Py;_; and e and modify them according to the deletion set Ap.

(Prjt—1)ap,1,m =0
(Pejt—1),mlap =0
(t%filter)AD =0
again use equ. (9) to get ;. The update equations for this signal model are essentially same as for signal model 1. We see one

difference for different correlation co-efficients. Another minor difference is that addition and deletion of indices can happen
at the same time instant here in signal model 2. So the algorithm can be written in the following form :

GaKF-Algorithm 2:
« Initialization at time ¢ = ¢,

— Support = Nj.
- P = Uzys,ome Qi =0, 21 =0.
- Py1 =P 1+ Q.
— Use Equations. (4) to get z;, P;.
e Decoding at time ¢ > %y
for t =ty +1: end
T =Ny
- If t # tyqq and t # tge
x Qp = agySIT.
* Pt|t—1 = (]- - )\CDT)2Pt71 + ﬂgoer-
* -’i‘filter = (1 - )\cor)i’tfl
x Use Equations. (9) to get &, P,
— Else If t = tadd
i‘filter = (1 - )\cor)i'tfl
Qt = U?ySINt
Pii1 = (1= Aeor)? P + 2,,Q:
(Pyje—1)aa.04 = O2ys 0
Use Equations. (9) to get z;, P;
ft=tge

(Pyt—1)ap,im) =0
(Pye—1)[g,m),ap =0

(jjfilter)AD =0

Use Equations. (9) to get z;, P;
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B. Kf-ModCS With Known Information

Kf-ModCS algorithm with information follows the Ga-KF algorithm in every step with the exception is that the support of
the signal is to be estimated in each time instant. Once we estimate the support set at time ¢ we can atleast take a decision if
there is any addition or deletion or nothing. After that the kalman filter algorithm would be same as Ga-KF.

Kf-ModCS Algorithm 2:

« Initialization at time ¢ = ¢,

— Apply CS on y;, using equation (5) to get Z;, csres
— Use oy, qqq to get Support = Nt0~
- Pt—l = Ugys701”t0, Qt = 0, i’t—l =0.
- Pp1 =P+ Q.
— Use Equations. (4) to get z;, P;.
o Decoding at time t > t,
for t =ty +1: end
- T=N
- thp = UzysIT’ (Ptmp)t\tfl = (1 - )\cor)QPtfl + Bgoermp
- -/i‘tmp,filter = (1 - )\cor)j:t—l
Use Equations. (9) to get 2 ;.
- gt,res =Y — Ait,im:t- )
Apply ModCS on §; rs using 7' to get the output 3;




- jjt,CSres = jjt,init + Bt

— apply oy qdq ON Ty csres to measure Ay
- If A, is empty

Tyer =T.

Qt = UgySIT.

Pt|t71 = (1 - )‘cor)QPtfl + 6307‘621&
jf‘filter - (1 - )\cor)jjt—l

Use Equations. (9) to get Z;,tcs P;

¥ K X X X

- If A4 is non-empty
* Tdet =T U AA.
* i'filter = (1 - )\cor)itfl
x Qp = UfySIT
* Pt|t71 = (1 - )\cor)QPt—l + ﬂgoer
* (Pt|t—l)AA,AA = Ugys,o
+x Use Equations. (9) to get Z;, e Pi
— Use ¢ gei ON Tinter to find Ap from the support set
- If Ap is empty

* Tnew = Tdet

* ijt = j:’inte’r
- If Ap is non-empty
Tnew = Tdet \ AD9
(Pt|t—1)AD,[1,m] =0
(Pye—1)[g,m),ap =0
(Z pitter)np =0
Use Equations. (9) to get z;, P,

- Nt = Tnew

In the above compressed form of the algorithm we use one variable Z;,s., Which is similar to variable of the same name
defined during Kf-ModCS algorithm 1.

* X X ¥ *x

C. Kf-ModCS without Information

When we don’t have any information about the signal model then task is more challenging. We have to estimate the signal
variance at each time instant to run the kalman filter. But for A, and B... we will assume them to be 0 and 1 respectively.
That means we are actually assuming the random walk model for Kf-ModCS decoding like we did in Signal Model 1.

1) Estimation of Variance and Mean of x; and v;: Estimates of Mean and Variance of x; and v, changes with time as we
use more and more data as the time progress. Hence with the change in time the estimation would be more perfect. Following
are the assumptions that we use during the estimation:

o Each of the new indices which are added to the support set of x;, at any time instant, follows an i.i.d random distribution
with some mean and variance.

o Each of the non-zero indices of 14 is zero mean random variable with some variance. So for 14 we don’t have to estimate
the mean.

We will rely mostly on the kalman filter output to estimate the mean and variance. But for some initial estimation we have to
use CS or ModCS output. As we have no data we have to start with CS or ModCS. The estimate from CS data will be used
in the same time instant, whereas the estimate from kalman data will be used in the next time instant.

o Estimation of Mean And Variance for x; : At time ¢ = tg, &4, csres Would be used to measure the mean and the
variance of Zy,. Let Ny, is the support estimated at time ¢y. Then

1
Htg,x = Ai[zl Af (i‘t ,C'Sres)i]
TR
1
2 _ - 2 2
Oty e = |Nt0‘ [Eiel\?ﬁo (xthSTeS)i] - (lu'to,m) (10)

We will use these mean and variance in the kalman Filter update at time ¢ = ¢5. Now say &, is the kalman-Filter output



at the end of time instant ¢y. Then

1 .
Pto+1,e = = [Sicx, ()il
[Nt | °
to
1 .
Tiptie = T Ty (5)7] = (Htg+1,0)° (1n
0

Although the above mean and the variance are calculated at the end of time ¢y with support estimate Nto they will be
used at £ = tg + 1 when there is any new addition.

Now lets see the situation at time ¢; = to + 1. If A, 4 is the set of new indices added to the support set Nto then the
equations can be written as :

Bief,, (Ero)i + Bieay, a(Ero41)i

Htg+2,2 = =
’ [Ney| + A, 4]

0_2 B ZiENtO (aAjff())'L2 + EiEAtl,A (i.toJrl)z2 B MQ
S [Nl + 1A, 4] o

12)

Then at the end of any time ¢ = to + k, if set of new indices is denoted by Ay, 4 for j = 1,2,...,k then the general
equation of mean and variance estimate can be written as :

EiGNtO (ito)i + E‘I;ZIZ’L‘GA%,A (i.t(r‘rj)l
‘Nto| + E?:1|Atj,A|
EiENtO (‘ito)f + Z?:lziEAtj A (i‘to-&-j)?

|Nt0| + E?=1|At]‘¢4|

Hto+k+1,0 =

2 _
Oto+k+1,2 —

_M§o+k+1,m
(13)

Estimation of Variance of v; : For v; we have to estimate only the variance, as we already assume that the mean is
zero. At time t = g, 1, is all zero. So for ¢ = {5 we don’t have to do anything for 7.

But at time ¢ = £y + 1, we need to rely on Mod-CS for variance estimation. If we want to do the Initial kalman filter
estimation step before residual-ModCS we need to know the variance of ;. For that at the very begining we need to
apply Mod-CS on y;,+1, which implies that we have to apply ModCS twice at time ¢o + 1. That will reduce the speed
of the operation. So we can skip the residual ModCS for ¢ = ¢y, + 1 and simply apply ModCS on y:,+1, which gives us
£t0+1,CST'es‘ Then

l)t0+1 = JAUt0+1,CSres - ito

1 N ~
= i [P, (usosmes) = @)Y
to

(14)
We will use this variance for the time instant ¢ = ¢o 4+ 1 for different kalman filter operations. At the end of the time

instant ¢t = to + 1, we will get

=N [Eie]\?to{(‘%twrl)i — (&4,)i}?
(15)

Notice that in the above we calculate over the old support set because the support set of 74,47 at time ¢y + 1 is Nto.
Once we get Ufo 42, We can do the temporary kalman filter operation at time ¢o + 2 using this variance.
At the end of time interval ¢ = tg + 2, the estimation would be

[Sicm, (Grardi = (@)il?]
|Nt0| + |Nt0+1|
[ZiENtO+1{(i'to+2)i - (fftoﬂ)i}z]

[Neo| + [Nig1l

2 —
O’t0+37l/ -

(16)



Then the general equation for estimation at the end of time interval ¢t =ty + &k + 1,

DX [EiGNto+j{(§7t0+j+1)i - (ftoﬂ')i}ﬂ

2| Nig+]

Ut20+k+2,u =
(I7)

2) Threshold Seletion And simulation: As we analyse our algorithms we see that there are actually two different types of
thresholds calculation, one is addition threshold(c,44) and another is deletion threshold(cage;). To determine all these thresholds
first we will review the threshold determination techniques in the paper ”Time Invariant Error Bounds for Modied-CS
based Sparse Signal Sequence Recovery” by Jinchun Zhan and Namrata Vaswani. So we start with defining @,y as
Tmin,t = Minjen, (|z¢]) and Tpin e = mi”jez\h,l(@t” We know that N,_; is the support estimate at time t =¢— 1 .

o (gdd -

Addition Threshold Evaluation Method 1: We detect the additional indices by the following method, Let at time ¢, the
pre-estimated support size T' = Nt_l and Mod-CS reconstructed output is £; csres- Then the set of additional indices is
defined as

AA = {7/ S [17m] : |(i't,Csres)i| > aadd} \T

In the above paper the authors have suggested that the a,q4q in the above equation would be the smallest number such
that, the minimum singular value of the sub-matrix Aprya , is greater than a threshold value. We denote singular value
by ¥, then the condition is

Omin(ATua,) > fixed value (18)

That fixed value could be any value greater than 0, which can be set depending upon the nature of the simulation.
The authors got the above condition by bounding the error between the actual signal and the ModCS-LS estimate. The
above condition will preserve the rank of the sub-matrix Ar_a ,. And we are denoting .44 as the infimum of the absolute
value of the new indices.

Qadd = nfica,|(Te,c5res)i| if Aa non-empty
= oo if Ay empty (19)

® (add
Addition Threshold Evaluation Method 2: Now we can slightly modify the above algorithm to make a more random
Qqdq selection. We bring back the subscript ¢ for a,q4. Here also we have to use the ModCS output for detecting the new
indices and calculation of addition threshold. At time ¢ = ¢y, T' = Nto_l = ®. Apply equ.(18) and equ.(19) to get A4
and o qdq. In the equ.(19) the fixed value is set to Uy > 0. Let A; is the j-th column of A. At time to, we set
V10w to a value such that ¥4, < min,||A4;|| Vj. Then Nto = A4 can not be an empty set. From the next time instant,

we will follow the below procedures :
) T=Ny
2) set a new variable ¥p;4p, such that ¥p;4n > Vi0w.

3) Set Qadd,tmp = Qt—1,add-
4) Calculate A4 4.

AA,tmp
= {Z S [Lm] : |(i't,CSres)i| > aadd,tmp} \T

5) Tdet,tmp =TU AA,tmp
6) if ﬁlow S ﬁmin(ATdetytmp) S 19high
- AA = AA,tm,p
= Tget = Tdet,tmp
= Ot,add = Qadd,tmp
- end
7) if Vo0 > ﬂmin(ATdet,tmp)
— Get a new Ay and oy qqq Using equ.(18) and equ.(19) with fixed value = Vjoy.
— end,
8) if 19min(ATdet) > ﬁhigh
- Getanew A4 and oy qqq using equ.(18) and equ.(19) with fixed value =Upiqn — 0, where 0 is small positive
value.



— end,

we can see that this way of estimating the addition threshold is more random.

Motivation Behind the Method.2: In the first method we have only one parameter that is controlling the set of extra
indices, A 4. That parameter is the minimum singular value of the submatrix, formed with the columns of A, indexed
by the total support set. Now let at time ¢t = ¢ty we have set the fixed value to some small value 9;,,, so that large
number of indices can be added to the support set Nto_l = ®. But after time ¢ > ¢y, we increase the fixed value toa
larger value ¥4 so that lesser number of indices would be added in the support. But if a situation occurs when number
of addition in the true signal support is large then we don’t have any reverse mechanism to go back to small fixed
value. Here we think our second threshold calculation method is better than previous one. Because in this algorithm
three paramters are actually controlling the A,4q. Two parameters are ¥jou, Vnign and the third one is ayqq itself. So
two parameters are singular values and the third one is magnitude parameter. We get the initial c,qq using 9, at time
t = tg. From the next time instant we are using that o,qq for calculating A 4. If the new Ty, created by ayqq satisfies
the singular value condition of step.6 then we are keeping «,qq same for the next time instant, which is fine because all
our conditions are maintained. If the minimum singular value ¥,,;,,(Ar,,,) is less than ¥, our algorithm starts to search
for a higher threshold and A 4 so that the lower bound on the minimum singular value is satisfied. The scenario would be
interesting again when ¥,,;r, > Upign. Which implies that our threshold is too high. Then this method will automatically
adjust the a,qq to a lower value by executing the step.8. In that way both the magnitude parameter and the singular value
parameter are influencing each other to get the best estimate of A 4. Another advantage of this algorithm lies in the fact
that it is faster than the previous one.

Qdel -

Deletion Threshold Evaluation Method 1: Deletion threshold detection is based on the fact that we don’t want to miss
any indices of the signal x;. So if we set age; < Tymin,e as our deletion threshold then no true index will be deleted
because the threshold is less than the minimum value of x;. But in that case we have to know the signal values correctly,
which is not possible. The best we can do is to estimate the minimum value £,_;, which is denoted as £,y ; and then set
the threshold as age; < £ymin,.. Now the question is how small oge; would be than 2,4, ;. In our KF-ModCS decoding
we do the ModCS first, then we detect if any addition occurs or not. Depending on that we apply the kalamn filter based
on the new support size. We denote the output of the kalman filter as ;¢ and the new support set as Tye; in the earlier
section. We want to apply age; On Zinter to check deletion of indices. If

Adel = I?’Lf [imin,t - H(xf - iinter)TdetHoo] (20)

then we can avoid misses in the support. In the above mentioned paper the authors have introduced similar lower bound,

|oo] 2L
LS

where @7 is the ADD-LS estimate at time ¢. They are applying deletion threshold on the Add-LS estimate. Our bound
equ.(20) is inspired from that bound. But there is a problem while evaluating the norm ||(z; — Zinter)T,., |lco. Let us
denote the e; as the error ©; — Z;pter. Then

Qdel = Inf [fimin,t - ||(xf - jj%}it)Tdet

et = Ty — Tinter
=zt — [([ — Kt A)# 1 + Ky
=u; — (I — ktA)Zy—1 — ke(Axy + wy)
= - KAz — (I — KA1 — Kywy

The problem with the last line of the equation is that we can’t simply write x; = x;_1 + 14 because there may be addition
or deletion of indices, which makes the recursion formula very difficult to track. That is why we reject that bound. Hence
we will rely on a simple assumption. Let at time ¢, after we get our new support T we evaluate i%i , = A;detyt, where
ATTdet is the pseduo-inverse of Ar, ,. Now we assume that ||z — Zinter|| = |2t — ﬁ%i .|| which will make the calculation
a lot easier. We are applying this heuristic beacuse both ;.. and i%i , are evaluated based on the support size Ty.:

and with submatrix Ap, ,. Now if we follow the procedure of evaluation of the bound in the above paper [] we find that

[[(z¢ — 'i%it)Tdet oo = 0.3Zsmin,t + HAT(yt - Ait,CSTes)Hoo
(22)
which gives us
Adel = Inf[o"?jt,min - |AT(yt - Ait,CST'es)|‘w] (23)

Qel
Deletion Threshold Evaluation Method 2: If we go back to equ.(20) ||z; — &inter|| can get replaced with similar norm
relation. £ csres 1s the ModCS output at time ¢. If we assume that we detect the extra indices correctly then we can
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write ||z — Zinter|| & |2 — 1,0 5res|| from the stability analysis. From the paper []J[Time Invariant Error Bounds for
Modied-CS based Sparse Signal Sequence Recovery], ||z — &t csres||oo < C3&min,t, for some C3 < 1. Then,

Qdel = (]- - CB)i'min,t (24)

3) Algorithm Revisited: As we described how to estimate the mean and variance or the addition and deletion threshold we
can introduce our algorithm in this section. First we define a new notation for a m-length vector V' which is all-zero but 1 in
some indices. For a support set 7', the vector is denoted as V. That means :

Vr=1
VTcZO

Let at time ¢ = to, we apply CS on the measurement y,, and get the output Z;, cSres. APply v, qad to estimate the
support NV;,. Get the mean and variance of (Z4, cSres) N, which are denoted as ji, , and crt20 . respectively from the equ.(10).
to ; ,

Now update the P,,_; matrix as P;,_1 = o7, I x, - Leave the @, matrix as all-zero one. But for Z;,_ now it would be
’ 0
(ito—l)Nt = it,,4- SO the equations will be
0

_ 2 I
Py = UtoﬂvINtO
Q=0

Ty_1 = ,uto,acVNto

T filter = Tt—1

Py = P11+ Q. (25)

After that we will use equation (9) to get &4, and P;,. Use equ.(11) to get jiy,+1,, and afo o

At time t > t, if t = £y + 1, apply Mod-CS on y; to get a output £¢ cgres- Ut = L+,cSres — $t—1. There is no initial kalman
filter operation at ¢ = ¢y + 1, and hence no residual mod-cs. Use equ.(14) to get the variance of 7,4 and use that variance
for updating (Q); matrix.

At time t > to + 1, we use the residual mod-cs technique to improve our result. For that we have to run initial kalman filter
on the support size T = Nt_1. The kalman filter output is used to evaluate ¥ ;s and then we apply residual-ModCS on g rcs.
The output of this operation is ¢ csres same as for other Kf-ModCS algorithm. On £ csres We apply the o q4q to find new
addition.

Now we will show how P, @, Z; are being updated. Let A 4 is the set of all indices added at time ¢. If A4 is an empty set
then we will directly apply the normal kalman filter without addition or deletion with proper P ;_1, Z¢—1. The updates are
described in the below:

Qt = Utz,uIT
Pyi1=P1+Q
i'filter =T (26)

Then use Equations. (9) to get ;. The output vector &; of the operation is denoted as &;nze. On the other hand if A 4 is
non-empty the updates of P;;_; and @), are

Qt = O—t2,1/IT
Py =P-1+Q:

(Ptlt—l)AAyAA = 0162

x

j:filter = jjt—l
(-%filter)AA = Ht,x (27)
Apply Equations (9) with these Pyj;_1, T fiuter to get the output vector ZTipnier-

For the deletion case again we will do the same as we do for other Kf-ModCS algorithm. We apply the deletion threshold
Ot del ON Tinter to find Ap. Then start with Py ;1 and Z g4 and propely update them with Ap. The update equations are

(Pyjt—1)Ap,,m =0
(Pt|t—1)[1,m],AD =0
(Zfitter)np =0 (28)

Apply Equations. (9) to get the Z;. So in compressed form the algorithm would be :
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Kf-ModCS Algorithm 3:
o Initialization at time ¢ = ¢

— Apply CS on y,, using equation (5) to get £;, csres
- Use a,q¢s—Method 1 or Method 2 to get oy, 4q-
— Use ayy qqq to get Support = Nto.
— Calculate /i, , and o7, , using equ.(10)
— Use Equation. (25) to get Zriery Pyt
— Use Equations. (9) to get &, , P;.
- Calculate p,41 ., and afﬂ tla using equ.(13)
e Decoding at time t > %y
fort =ty +1: end
) T =N,
2y ft=tg+1
— Apply ModCS on y, using 7' to get T c5yres
- ﬁt = fit,CSres - i’t—l
- Use equ.(14) to get o7,
3) else
- Qt’mp = UtQ,yITa jjtmp = jjt—l
- (Ptmp)t\t—l =PF_1+ thp
Use Equations. (9) to get & ;.
- ﬂt,res =Yt — Aﬁt,im‘t-
Apply ModCS on gjtk_res using 7" to get Bt
- i't,CSres = i’t,init + 51&
4) Use agqq—Method 1 or Method 2 to get o 4qq4-
5) apply oy qdd On Ty csres to measure A 4
6) If A, is empty
= Tyet =T.
— Use Equation. (26) to get & 7;jcr, Pt\t—l
— Use Equations. (9) to get Z;,;c, s
7) If A, is non-empty
— Tyt =T UAL.
- Use Equation. (27) to get Zrtery Pyi—1
— Use Equations. (9) to get Z;,;cr, s
8) Use agye;—Method 1 or Method 2 to get o 4.
9) Apply oy ge; ON Tipter to find Ap from the support set Ty,
10) If Ap is empty
= Ldnew — Tdet
= Tt = Tinter
11) If Ap is non-empty
= Thew = Tyet \ Ap,
- Use Equation. (28) to get Zriery Pyi—1
— Use Equations. (9) to get z;, P,
12) N; = Thew
13) Use equ.(13) and equ.(17) to get (141 4, 07y, 45 07y, for the next time instant

ITI. KF-CS ERROR STABILITY
A. Kalman Filter Compressive Sensing
We will discuss the stability result for KF-CS algorithm. If we can prove the stability result for KF-CS that will also be
valid for KF-ModCS algorithm. So first we will present the simplest KF-CS algorithm with Signal Model 1. The algorithm
will be exactly similar as Kf-ModCS 1 with the exception of CS instead of ModCS.
Kf-CS Algorithm 1:

1) Initialization at time t = %

« Apply CS on y,, using equation (5) to get Z;, cs5res
o Use a4, qdq to get Support = N, .
° Pt,1 = Ugys’()INtO, Qt = 0, {ft,1 = 0.

12



o P11 =P 1+ Q.
« Use Equations. (4) to get z, P;.
2) Decoding at time t > %,
fort =ty +1 : end
« T=N,
L4 thp = UgySIT, (Ptmp)t\tfl = Pt—l + thp
« Use Equations. (4) to get 2 ;,;;.
o gt,res =Yt — Afi't,init- N
o Apply CS on ;s using equ.(5) to get the output j3;
L4 j:t,CS'res = jjt,’init + Bt
o apply o qqq ON T4 c5res to Measure Ay

o If A, is empty
- Tger =1T.
- Qt = O'EySIT.
- Py1=P1+ Q.
— Use Equations. (4) to get Z;,tcrs P;
o If A, is non-empty
- Tget =TJAQ.
- Q= UgysIT’ (Pt—l)AA7AA = Ufys,o
- Pyy1=P1+Q,
— Use Equations. (4) to get Z;,;cr, B
o Use ay ge; ON Tiper to find Ap from the support set
o If Ap is empty
- Tneu) = Tdet
- i‘t = i‘inter
o If Ap is non-empty
- Tnew = Tdet \ AD,
- (Pye-1)ap,m) = 0, (Pe—1),ml,ap =0
- (Z¢-1)ap, =0.
— Use Equations. (4) to get z;, P,
o Ny =Thew.

B. Kalman Filter Compressive Sensing with Add-Del LS method

Analyzing the KF-CS algorithm of the previous section, which includes the deletion step, is difficult using the approach
that we outline below. Thus, in this section, we will first introduce a new algorithm with LS-initialization ,which we will call
KF-CS-LS. In this method after the support estimation using CS we can use the LS estimation process to get the new ;. The
complete algorithm is :

Kf-CS Algorithm 2:

1) Initialization at time t = %

 Apply CS on y;, using equation (5) to get Z;, csres
e Use a4, q4q to get Support = N, .
d Pt—l = Ugys,OINtO’ Qt = 07 i‘t—l =0.
o P11 =P 1+ Q.
« Use Equations. (4) to get &, P;.
2) Decoding at time t > t,
for t =tg+ 1 : end
« T=N,
o thp = GzysIT, (Ptmp)t\tfl =PF_1+ thp
« Use Equations. (4) to get 2 ;.
d gt,res =Yt — Ai’t,init- R
e Apply CS on gy res uAsing equ.(5) to get the output 3;
L4 jt,CSres = it,init + 51‘/
o apply o qqq ON T4 Cc5res to Measure Ay

o If A, is empty

13



- Tdet = T

- Q= sya Ir.
—Pt|t_1*Pt 1+Qt~
Use Equations. (4) to get Z;,icry Py

o If A, is non-empty
- Tdet = TU AA-
- (i'inter)Tdet = ATdetTyt
- (i'inter)T;et =0
(Pt>Tdet7Tdet = (ATdetlATdet) ! gbs
- (Pt) TS, ,,[1,m] = Oa (])t)[l,m]7 Ts., =0
o Use o ge; ON Zipier to find Ap from the support set
o If Ap is empty

= Thew = Taet

- i’t = fintar
o If Ap is non-empty

- Tnew - Tdet \ AD!
)T AanTl/t

'ne'w

(A Thew ATnew)_lo-ng

=0, (P)p,m)re., =0

new

(&
(&4)7g
(P )m Tew
(Po)re

néu} ’

i Nt new

Remark 1: Notice that the LS step re-initializes the KF whenever the estimated support changes. This ensures less dependence
of the current error on the past, and makes the stability analysis easier.

Remark 2: For ease of notation, in (??), we write the KF equations for the entire x;. But the algorithm actually runs
a reduced order KF for only (z;)r at time ¢, i.e. we actually have (Z¢)7e = 0, (K¢)pe 1] = 0, (Pje—1)[1,m),7e = 0,
(Pe—1)pm)re = 0, (Pye—1)7e,[1,m) = 0, and (P;_1)7e [1,m] = 0. For computational speedup, the reduced order KF should be
explicitly implemented.

Remark 3: The KF in KF-CS does not always run with correct model parameters. Thus, even when asys /o2, is small, it
is not clear if KF-CS will always outperform LS-CS [?]. This will hold at times when the support is accurately estimated and
the KF has stabilized

Again while analysing the stability of the KF-CS-LS method we assume that there is no deletion to make the analysis
simple. So here we will study the KF-CS without the deletion step, i.e. we set age; = 0. KF-CS without deletion assumes that
there are few and bounded number of removals and false detects. For simplicity, in this work, we just assume S, = 0 in Signal
Model 1 and we will select « so that there are zero false detects. S, = 0 along with the assumption that the maximum sparsity
size is Smax implies that there are only a finite number of addition times, K, i.e. for all ¢ > tadd, K —1]> N; = Nt[add'Kﬂ]. We
summarize this in the following signal model.

Signal Model 3: Assume Signal Model 1 with S, = 0. This implies that there are only a finite number of addition times,

add]’]—O]- (K )andK I‘%f&q Let tx := o0.

From now on in the stability discussion, we will drop the subscript {add} and only use integer in the subscript. In this section,
we find sufficient conditions under which, with high probability (w.h.p.), KF-CS for Signal Model 3 and observation model
given by (2) gets to within a small error of the genie-KF for the same system, within a finite delay of the new addition time.
Since the genie-KF error is itself stable w.h.p., as long as dg_. < 1, this also means that the KF-CS reconstruction error is
stable w.h.p.

Our approach involves two steps. Consider ¢ € [t;,¢;41). First, we find the conditions under which w.h.p. all elements of
the current support, N; = N, get detected before the next addition time, t;41. Denote the detection delay by 7ye. If this
happens, then during [¢; + Tyer, t+1), both KF-CS and genie-KF run the same fixed dimensional and fixed parameter KF, but
with different initial conditions. Next, we show that if this interval is large enough, then, w.h.p, KF-CS will stabilize to within
a small error of the genie-KF within a finite delay after ¢; + 74.. Combining these two results gives our stability result.

We are able to do the second step because, whenever Nt #* Nt, 1, the final LS step re-initializes the KF with P,, Z; given
by (2?). This ensures that the KF-CS estimate, 2;, and the Kalman gain, K, at ¢ + 1 and future times depend on the past
observations only through T := N,. Thus, conditioned on the event {Nt = Ny, YVt € [t; + Tuer, tj4+1)}, there will be no
dependence of either Z; or of K; on observations before ¢; + 7qe.

C. The Stability Result

We begin by stating Lemma 1 which shows two things. First, if accurate initialization is assumed, the noise is bounded,
Stmax < Six, age; = 0 and « is high enough, there are no false detections. If the delay between addition times also satisfies
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d > Taet(€,S,), Where T4 is what we call the “high probability detection delay”, then the following holds. If before ¢;, the
support was perfectly estimated, then w.p. > 1 —e¢, all the additions which occurred at ¢; will get detected by ¢; + Tuet (€, Sa) <
tj+1.

Lemma 1: Assume that z; follows Signal Model 3. If

1) (initialization (t = 0)) all elements of x( get correctly detected and there are no false detects, i.e. ]\70 = Ng,

2) (measurements) Smax < Six and ||w|2 <&,

3) (algorithm) we set age; = 0 and o? = B, = (C1£)?, where C| is defined in [][Restricted Isometry Property]

4) (signal model) delay between addition times, d > Tq4e (€, S ),

4B,
02, Q1 (=g )P

sYs

where Ty (€, .5) :=

(29)

[] denotes the greatest integer function and Q(z) := [ °(1/ \/ﬂ)e’ﬁ/ 2dx is the Gaussian Q-function,
then

1) ateacht, N; C N, C Nig1and so [Ag | =0

2) at each , ||zt — ¢ csres||? < Bs

3) Pr(E,|F;) >1— ¢ where Fj ;= {N; = N; fort =t; — 1} and E; := {N; = Ny, ¥ t € [t; + Tuet(€, S), tj01 — 1]}.

The proof is given in Appendix B. The initialization assumption is made only for simplicity. It can be easily satisfied by
using ng > n to be large enough. Next we give another lemma, lemma. 2 which states that if the true support set does not
change after a certain time, t,,., and if it gets correctly detected by a certain time, t, > t,., then KF-CS converges to the
genie-KF in mean-square and hence also in probability.

Lemma 2: Assume that ; follows Signal Model 3; g, < 1; and age; = 0. Define the event Dy := {Nt =N,=N,, Vte
[t«, tux]}. For a given €, oy, there exists a Tx p(€, €err, Ni) s.t. for all ¢ € [ty + T p, ti), Pr(||diff||? < € | Df) > 1 —e.
Clearly if t.. < t. + Tk F, this is an empty interval.

The proof is similar to what we think should be a standard result for a KF with wrong initial conditions (here, KF-CS
with ¢ = ¢, as the initial time) to converge to a KF with correct initial conditions (here, genie-KF) in mean square. A
similar (actually stronger) result is proved for the continuous time KF in [?]. We could not find an appropriate citation for
the discrete time KF and hence we just give our proof in Appendix C. After review, this can be significantly shortened. The
proof involves two parts. First, we use the results from [?] and [?] to show that (a) Ptﬁ 1 Pti, Kf and J; ;=1 — K;*L Apn

where Ptilt—l = (Pt‘t,l)N*,N*,Pi = (Pt)N*7N*,Kg = (Kt) N, [1:m]> converge to steady state values which are the same as
those for the corresponding genie-KF; and (b) the steady state value of J;, denoted J,, has spectral radius less than 1 and
because of this, there exists a matrix norm, denoted ||.||,, s.t. ||Ji||, < 1. Second, we use (a) and (b) to show that the difference
in the KF-CS and genie-KF estimates, diff;, converges to zero in mean square, and hence also in probability (by Markov’s
inequality).

The stability result then follows by applying Lemma 2 for each addition time, ¢;.

Theorem 1 (KF-CS Stability): Assume that z; follows Signal Model 3. Let diff; := &; — £ caxr Where & caxF is the
genie-aided KF estimate and Z; is the KF-CS estimate. For a given ¢, €., if the conditions of Lemma 1 hold, and if the delay
between addition times, d > Tye((€, Sa) + T F (€, €err, Ni; ), Where Tge(.,.) is defined in (29) in Lemma 1 and 7x#(.,.,.) in
Lemma 2, then

1) Pr(||diff]|* < eur) > (1 —¢), for all t € [t; + Taer(€, Sa) + Tk F (€, €err, Nt ), tj41 — 1], forall j =0,... (K —1),and

for some € > 0 .

2) Pr(|A] < S, and |A.] =0, Vt) > (1—€)X for some € > 0.

3) Pr(lAl=0and A =0, V€ [t; + Tael€, Sa)stjp1 — 1], Vj=0,... K —1) > (1 — €)* for some e >0 .

The proof is given in Appendix D. A direct corollary is that after ¢x 1 KF-CS will converge to the genie-KF in probability.
This is because for ¢ > tx_1, IN; remains constant (fx = 00).

* 9

D. Discussion

Consider a t € [tj,t;41). Notice that 7 depends on the current support, Ny = N;, while 74 depends only on the
number of additions at ¢;, S,. Theorem 1 says that if n is large enough so that Sp,ax < Sis; oger = 0 (ensures no deletions);
a = /B, (ensures no false detects); and if the time needed for the current KF to stabilize, Tx (€, €errs th), plus the high
probability detection delay, 74 (€, Sq), is smaller than d, then w.p. > (1 — €), KF-CS will stabilize to within a small error, €y,
of the genie-KF before the next addition time, ¢;,. If the current 7xF is too large, this cannot be claimed. But as long as
Taer(€, 84) < d, the unknown support size, |A| remains bounded by S,, w.p. > (1 — ¢)¥.

We give our result for the case of zero removals and zero false detects, but the same idea will extend even if |A.| is just
bounded.
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IV. SIMULATION

In this section we will discuss the simulation results to prove the stability result and then to demonstrate our algorithm with
addition and deletion for simulated data and for real images. The primary performance parameter that we used in all of our
experiments, is denoted as the normalized MSE, which is defined as

NMSE =

Here we are getting NMSE for each value of time instant ¢. Another metric which we used occassionly, is the time-averaged
NMSE, which is defined as

1 || — @]
t — 4t
TNMSE:TE_ _—

A. Stability Result Simulation
B. Algorithm Demonstration

In this section we simulate out algorithm for the Signal Model 2. Unless otherwise noted, the following parameter settings
are used for all the experiments. When we use the addition threshold method 1 we set the fixed value to 0.6 for time
t =to and 0.7 for time ¢ > ¢;. And when we use the addition threshold method 2 we set the ¥;4,, to 0.3 and U4 to 0.8 for
time t > ty. For the deletion threshold if we use deletion threshold method 2 we use C5 = 0.5.

APPENDIX

A. Some Definitions and Useful Theorems

In this section we will discuss some useful definitions and theorems . But before we give those defintions let us define a
discrete-time linear time-invariant system. Typically a discrete-time linear time-invariant system is defined in the following
way , which is basically a state-space model. If x;, y;, u; denote the state , output and deterministic control input respectively
at time ¢ then

Tit1 = F!El + G’U/l
yi = Az; + Bu;, i > g (30)

where , x;, = initial condition at time i , F, G, A, B have dimensions n X n,n X ¢,p X n,p X q , respectively. Likewise u;
is ¢ x 1 and y; is p x 1 . The n-dimensional vector z is called the state of the system.

Controllability : Roughly the concept of controllability denotes the ability to move a system around in its entire configuration
space using only certain admissible inputs.So the controllable conditions are like when the input signal will be able to influence
or control the evolution of each individual entry of the state vector and hence the name controllable for the pair { F, G} [?][Linear
System Book, P.762]. The so-called controllability matrix C' is defined as C =[G FG F?G...F" 'G]. If C matrix is of
full rank then the system is stated as controllable.

Observability : Observability is basically the dual of the controllability . It is a measure for how well the internal states of a sys-
tem can be inferred with the knowledge of its external outputs. Observability matrix is defined as O) = [A’  F'A’.....(F")"~1A")
. The system is stated as observable when the () matrix is of full rank [?][Linear System P.764]

Stabilizability : The eigenvalues of the matrix F' are sometimes called the modes of the realization (F, G, A, B) .Let A be
an eigenvalue of the matirx F. In the discrete-time case , a stable mode is one that satisfies |A\| < 1 . For the rest of the
eigenvalues of F' the modes are called unstable modes. Now for any pair {F, G} , we classify the modes of F' as controllable
or uncontrollable according to the following criterion.

Modes at which rank([AI — FG]) < n , are said to be uncontrollable. Otherwise , they are said to controllable . now a pair
{F, G} will be said to be stabilizable if all its unstable modes are controllable . That is , if all the modes at which the above
rank condition is satisfied are stable modes.[?][Linear System , P763]

Detectibility : F, A will be detectable if , and only if, all the unstable modes will be observable at the output of the
realization.[?][Linear System, p.764].

Now we will extend our noise-less model to a noisy-model and will define the controllability, observability criterion again
for this case. Typically the noisy Kalman-filter model is defined in the following way

Tit+1 = Fxl + Gul
yi = Aw; + wy, (31)

where u; is called the state-noise and w; is called the measurement noise.
And the variance of w is () ,variance of w is R .
We also define the covariance between u and w is S. Typically in the kalman filter stability discussion we often assume that
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S=0.
Now again the controllability and observability criterions for the above kalman filter are as follows.
Controllability : Here the controllability matrix is again defined as C =[G FG F*G....F"~'G]. If C matrix is of full rank
then the system is stated as controllable. [?][Kalman Filter and Extended Kalman Filter , Maria Isabel Ribero , P 24]
Observability : Observability matrix is defined as O) = [A’ F'A’.....(F')"~1A’] . The system is stated as observable when
the () matrix is of full rank. [?][Kalman Filter and Extended Kalman Filter , Maria Isabel Ribero , P 24].
Now we will derive the algebraic Riccati equation for the kalman filter and will discuss the solution of that Riccati equation.
We will derive the Riccati equation when S = 0 . We observe that the update equations for the kalman filter are .
Prediction Steps : [?][[?][Kalman Filter and Extended Kalman Filter , Maria Isabel Ribero , P 21]

Tig1)i = Flyp
Py = FPy F' + GQG'
And the Filter Steps: [?][Kalman Filter and Extended Kalman Filter , Maria Isabel Ribero , P 21]

Ty = Tiji—1 + Ki[ys — AZy)i1]
Ki = Py A'[APy; A"+ R
Py =[I — K;AlP;);_y

If we combine the above two steps then we get the following equation
P11, = FP); 1 F' + GQG' — FK;[AP;; 1A' + R|K;F' (32)

which is basically the discrete Riccati recursive equation.

Now we will se that if the system satisfies some conditions then it will converge to a positive definite solution from any
initial condition. Sometimes we will use the word "DARE” to denote Discrete Algebraic Riccati Equation.

Lemma 3: (Existence to the solutions to the DARE )[, Kalman Filter and Extended Kalman Filter , Maria Isabel Ribero ,
P 24]: Consider the system dynamics mentioned above and make the following assumptions that

e The matrix @ > 0

e The matrix R > 0.

o The pair {F, G} is controllable.

o The pair {F, A} is observable.
Under above conditions

o The prediction matrix P;;); converges to a constant matrix P which is positive semi-definite.

o P is the unique positive semi-definite solution of the discrete algebraic Riccati equation mentioned above.

e Pis independent of the initial condition given the initial covariance matrix is positive semi-definite.

Theorem 2: (Algebraic Riccati Equation) [][Linear Estimation P.783] : Consider the discrete-time Algebraic Riccati Equation

P=FPF +GQG — (FPA)(R+ APA) Y (FPA")

Then the following two statements are equivalent.

o {F, A} is detectable and {F, GQ'/?} is controllable.
o The DARE has a stabilizing solution P, i.e, one for which the matrix F' — K, A is stable , where K, = (FPA")(R +
APAN!

When all the eigenvalues of /' — K, A lie inside the closed unit disc then we denote F' — K, A as stable.

Spectral Radius: The spectral radius of a matrix A € M,,, where M, is the space of all n X n matrix, is defined as the
non-negative real number p(A) = max|\| : A € 0(A) , where o(A) is the collection of all eigenvalues of A . This is just the
radius of the smallest disc centered at the origin in the complex plane that includes all the eigen-values of A.[?][Horn and
Jhonson, P.35]

Lemma 4: ([, Horn and Jhonson P.297, Lemma 5.6.10]) : Let A is a square matrix of size n x n and € > 0 be given . There
is a matrix norm || x || such that p(A) < ||A|| < p(A) +€ .

B. Proof of Lemma 1

With ||w||s < £, from [][Theorem 1.2, Restricted Isometry Property :Candes], if a signal is S-sparse and if S < S,., then,
the error after running the BPDN selector is bounded by B,.

We will prove the first two claims of lemma 1 by induction method. Consider the base case, when ¢ = 0. The first assumption
says that at £ = 0, all elements of x( get correctly detected and there is no false detect. So No = Np. As in signal model
there is no support deletion, only addition process occurs, No € N;j , so ]\70 C Nj and |Ae’t| = 0 . From the claim 2,

17



Smaz < Six » Jwl2 < € and from claim 3, age; = 0, o = B, . So from [, Theorem 1.2, Restricted Isometry Property,
Candes] ||z; — & csres||* < Bx. So the first two claims are proved for ¢t =0 .

Now suppose the first two claims are proved for t = ¢t — 1 . Using the first claim for ¢ — 1, |A.;_1] = 0 . Thus j; is
|NJUA, 1| = |N;| sparse. Since |N;| < Sy,ax and condition 2 holds, we can apply theorem [, Theorem 1.2, Restricted Isometry
Property :Candes] to get ||3; — Bt”2 < B,.But & — &4 csres = Bt — B and so the second claim follows for ¢. By setting o = /B,
(condition 3), we ensure that for any index ¢ with (z;); = 0, (Z¢,csres)? = (X1)i—(Zt,08res)i)? < ||T—Ft,c5res||* < Be = o2
(no false detects). Using this and S, = 0, the first claim follows for ¢. For the third claim, it is easy to see that for any i € A,
if, at ¢, (#;)7 > « then 4 will definitely get detected. Now ()% = ((w¢); — (£¢)i) + (£4)7 + 2((x4)i — (24):)(84)i - So
if (z)? > 2a® + 2B, = 4B,, then i will get detected at ¢. Consider a ¢ € [t;,t;4+1 — 1]. Since F; holds, so at ¢ = t;,
A = A(j). Also, since age; = 0, there cannot be false deletions and thus for any ¢ € [t;,t;41 — 1], |A] < S,. Consider
the worst case: no coefficient has got detected until ¢, i.e. Ay = A(j) and so |A¢| = S,. All i € A(j) will definitely get
detected at ¢ if (z;)? > 4B, for all i € A(j). From our model, the different coefficients are independent, and for any i € A(j),

(z4)i ~ N(0, (t —t;)o2,,). Thus,

Pr((z)? > 4B,, Vi € A(j) | F})

Sa
4B,
) <2Q< u—w)) 9

Using the first claim, Pr(Nt = N | F}) is equal to this. Thus for ¢t = t; + Tye(€, Sa), Pr(Nt = N; | F;) > 1 — €. Since
there are no false detects; no deletions and no new additions until ¢4, Ny = Ny for t = t; + 74¢ implies that E; occurs. This
proves the third claim.

C. Proof of Lemma 2

Let £ caxF denote the genie-aided KF (GA-KF) estimate at ¢.

Assume that the event D occurs. Then, for ¢ € [t., t..], N, =N, = N,,ie. A, := N, \Nt_l = N, \ N. = ¢ (empty set)
and s0 #; = ¢ it Let e, = 24 — &4 and & £ 74 — &4 GAKF-

For simplicity of notation we assume in this proof that all variables and parameters are only along N,, ie. we let
Ty = (BN, e = (et)g\]*,Nl/t = (VE)N*, Py = (Pyt—1)n..N.» Ki = (K¢)n, [1:m)- Let Jy £ ] — K;An,. Similarly
for #y cakF, €, Pyje—1, Kt, Jy. Here Py, Ky, Jy are the corresponding matrices for GA-KF.

From (2?), for t € [t«,t.s], €, €; and diff; = e; — &; satisfy

er = Jrep—1 + Sy — Kywy
ét = jtét—l + jtl/t — f(twt
dlfft = Jtdifft_l + (Jt - Jt)<ét_1 + l/t) + (Kt - Kt)wt
(34)

Now we will model our system with the notation used to introduce our problem . The noisy state space model for the kalman
Filter is

Ty =2x¢-1+ W
yr = Axy + wy (35)

where F = I,G = I, E[nw)] = Q, E[wyw;] = R. Here F, G are used in appendix A . The state-noise in appendix A
is denoted as v to be consistent with our problem formulation. For ¢ > ¢, both KF-CS and GA-KF run the same fixed
dimensional and fixed parameter KF for (x;)y, with parameters F = I, Q = (03, In.)N..N., A= An,, R = 02,1, but
with different initial conditions. KF-CS uses %1, Py 1¢, 7# Eles,y1€}, 11|y1 ... ys,] while GA-KF uses the correct initial
conditions, &, GAKF, }St*+1|t* =E[é;, 1167, 1 1]y1, .- vz, ] Since |N,| < Snpax and s, < 1, A = Ay, is full rank.We can

rewrite the equ. 35 in the following form

max

Ty =Ty1+ Q1/277t
Yt = AN* Tt + Wi (36)

where 7, is the admissible Gaussian input of unit variance , and w; is the noise of variance R. Here we define G = Q'/2.
G is again from appendix A. Before we discuss about the solutions of the Discrete Algebraic Riccati equation we will show
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how the Riccati equation comes into the picture for our particular Kalman Filter. We observed that

Py
=P +Q
= - K{AN, ) Py—1 +Q
= P11+ Q — KtANn, Py
=Pyy1+Q — P11 Ay, (AN, Py Ay, + R) AN, Py
(37)

So that is how we got our Riccati equation. Now the observability matrix is [Ay, An, I Anx,I? . . . AxI™7Y,
where n, is the dimension of N, . As Ay, is a matrix of full rank , so our observability matrix must have column rank and so
row rank n, . Thus (I, Ay, ) is observable. Similarily our controllability matrix [Q'/2 IQ'Y? ..I™~1Q'?] is also of full
rank as Ql/ 2 matrix is full rank. So (I, Ql/ 2) is controllable. Thus, according to Lemma 3,starting from any initial condition,
P 1); will converge to a positive semi-definite, P, which is the unique solution of the discrete algebraic Riccati equation

P = Pi—1 + Q — Py Ay, [AN, Py Ay, + R}
AN, Pyji—1
(38)

Consequently K, and J; will also converge to K, £ P,Ay,"(An, P.AN," + 0%, 1)"! and J, £ I — K. Ay, respectively.
For ¢ > t,, the GA-KF also runs the same KF. Thus, pﬂt_l, f(t, jt will also converge to P, K., J, respectively.

We define J, = I — K, Apn,. As the system is controllable and observable we see that the Algebraic Riccati equation
has a positive semi-deifinte solution and the matrix [ — K, Ay, is stable using Theorem 2. That means as J, is stable,
i.e. its spectral radius p = p(J,) < 1. Let ¢g¢ = (1 — p)/2. By Lemma 4, there exists a matrix norm, denoted |.|,, s.t.
[Tllp < p+e0=(1+p)/2 <1

Consider any €; < (1 — p)/4. Depending upon the value of €; we assume that there exists a t., s.t. for all ¢ > ¢,
|K: — K| < e, || Je — Ji]| < er and [[J¢|, < || Jellp + €1 < (14 p)/2+ (1 —p)/4=(3+p)/4 < 1. Let name this delay
te, —t.« as 71, which depends on €1, N, . So we can say that for any ¢ € [t. + 71, t..] all the above inequalities hold . Now, the
last set of undetected elements of N, are detected at ¢,. Thus at ¢,, KF-CS computes a final LS estimate, i.e. Z;, = A N*Tyt*,
P, = (A An.) 02, Ki, = (A An,)"'Ay and J;, = 0 None of these depend on y; ...y, 1 and hence the future
values of Z; or of P, J;, K, etc also do not. Hence ¢, also does not.

Since ]5,5‘,5_1 — P, Pt|t—1 is bounded. Since P, = = KtAN*)IBt‘t_l < Pt|t_1, P, is also bounded, i.e. there exists a
B < 00 s.t. tr(P,) < B, Vt € [tu, tas].

Now as the event Dy occurs in the interval ¢ € [t,, t..], the error E[éé;|y1 ... y:] = E[é€;|y1 ...y, Dy]. Since

E[é:&}|y1 ... y] = Pr = E[6,€)] (39)
thus
E[l|é:|*|Dy] = w(P;) < B. (40)
Using (34), we get for all ¢t > ¢,
diff;
= Jtdifft,1 + (Jt — jt)(étfl + Vt) +
(Kt - Kt)wt

= Jy[Je-1diffy o + (Jim1 — Jy—1)(E—2 +
Vie1) + (Ki—1 — Ky—1)wi—a] + (Jy — J) (61 + 1) +
(K — K;)w,

= JiJp_diffy_o + Tuy + Jyup_q

= JtJt_l...Jt,(tqﬂ)difft_tsl + Tuy + Jeup 1 +

t
Jedi1us—o + . H Ji)ue,,

k=te, +1
(41)

19



where u; = (J; — jt)(ét_l +u) + (K — f(t)wt Thus, using (34) and using Cauchy-Schwartz for all ¢ > ¢.,, we get
E[||diff, ||| D ;)"

< |[Myg, || E[||diffy, /2
[ Lts., |l sup ]E[HU I°[Ds]'2,
t€1 T<
where
t
A
1 H Jk,
k=te, +1
t
L., T4+ Ji+ JeJio + H Jk
k=t., +1
(42)
Since neither t.,, nor the matrices J; or K, for t > t., depend on vy, ...y, , we do not need to condition the expectation on

Y1y .- Yt,-
Notice that

l) Suptqg‘rgtE[||UT||2|Df]1/2 S 61(\/§+ \/ |N |osys + obs)

2) [[Mys, Ny < Hi:tqﬂ [J7]l, < a'~tr with a = (3+ p)/4 < 1. Thus [[My,,, t=te1 where ¢, o is the smallest

real number satisfying || M| < ¢, 2||M]|,, for all size | N,| square matrices M (holds because of equivalence of norms).

3 Lt lp<l+a+...a7"a < ﬁ
Thus ||Lt,t51 || = (fp_z)
Combining the above facts, for all ¢ > ¢,

E[|[diffe||*|Df]"/? < ¢, pa'~ < El|diffy,, |*[ D] + Cer

(43)
where a := (3+ p)/4, C := {22(VB+ \/IN,|02,, + \/nc?,,) and E[||diff, [|*|Ds]'/? is bounded as it is finite. Notice that
a < 1. Consider an € = 2Ce¢;. It is easy to see that for all ¢ > tz/5c + Log(EllleiTeg | llngf(]ll//;)Hog(%p’z) 10g67

E[||diff,||*| Dy]'/* < € (44)

Name this delay ¢ — ¢, as 72 , which depends on €1, N,. So we see that for any ¢ € [t, + 71 + T2, t««] the mean-square error
is less than € .
From Markov’s inequality , we have for any ¢ € [t. + 71 + 7o, ti]

B[ diff,||*|D]*/2

€err

P(|[diff| > cersl Dy)

€
<

€err

So we can say that P(||diff;|| > €cr|Dy) < € where € = - i . Now we see that both 7y and 7o depends on ¢, N,.. Hence
they will depend on e,e.- and N,. So for a given € and a given €., there exists a Tx (€, €err, Ni) > 71 + 72 s.t. for all
t >ty + TiF(€, €erry Nio), Pr(||diffe||* < €en | Df) > (1 —¢).

D. Proof of Theorem 1
The events E; and F}; are defined in Lemma 1. At the first addition time, ¢, = 1, using the initialization condition,

N Sa
Ny,_1 = Ny,_1, i.e. Fy holds. Thus, by Lemma 1, Pr(E,) = (2Q ( L)) > 1 — ¢ for some ¢ > 0 . Let denote

(Tdet)o2,,
Pr(Ey) =1—e+d = 1—e3 forsome 6 > 0. Now Pr(Ey) = Pr(E1NEy)+Pr(E1NES) = Pr(E1|Ey)Pr(Ey)+Pr(E1NES)
. As we get from the Lemma 1, Pr(E4|Ey) = Pr(Ey|Fy) = Pr(Ep|Fy) = Pr(Ep) = 1—e3 . Now to calculate Pr(E; NES)
we have to think that at time ¢ € [tg 4 T4et, t1 — 1] not every new indices are detected, but all those indices are detected within
the next detection time, i.e during the time interval ¢ € [t + T4et, t2 — 1] all those indices will be detected. And also the new

addition indices will be detected within the detection time ¢ € [t1 + Tger, t1 — 1] .
Sa

As every index detection is an independent process so we can conclude that Pr(E;|E§) = (QQ (, /ﬁ)) X
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(QQ (1 /7(”?5;%“))3(1 . Now as d + Tget > Tget SO (QQ( 7(d+rii*)agys))sa > (QQ (1 /7(”?5;%“))3& . Then we have
Pr(E, N ES) = Pr(Ey|ES)Pr(ES) > ex(1 — €)% . Hence Pr(Ey) > (1— )2 +ex(1—e)2=1—e3 — 246 . As ¢y is
arbritarily small so we can neglect €3 and €3 .That means Pr(E;) > 1—ez > 1—¢ . Now to prove the same for any time ¢ = ¢,
we will use the induction method . Let for j—1, Pr(E;_1) > 1—e. So again for some §; > 0, Pr(E;_1) = 1—e+6; = 1—e3
and PT‘(EJ|EJ,1) =1- €9 from Lemma 1. P’I”(Ej n EJC-_l) = P’I‘(Ej n E;—l N Ej,g) + P?"(Ej N E]C'—l ﬂE;_z) = PT‘(EJ N
ES_(|Ej_2)Pr(Ej—2) + Pr(E; N Ef_| NES_y) = Pr(E;|Ef_y, Ej_2)Pr(Ej_i|E;—2)Pr(E;j—2) + Pr(E; N Ef_; N Ef_,)
. If we notice the first term we see that Pr(E;|ES_;, Ej_2) = Pr(Ei1|Ef) and Pr(E§_;|E;_2) = e3. We can simi-
larily try to split the second term Pr(E; N E; ;N EJQQ) conditioned on the event F;_3 and so on . Then we have
Pr(E;) > (1 —€3)(1 — €2) + €3(1 — €2)*(1 — €4)+ some positive term, where for some €4 > 0, Pr(Ej_2) = 1 — ¢4 .
As €9, €3 and €4 are arbitrarily small , so neglecting the higher order of e3,e5 and €4 the above inequality get the following
simplified form : Pr(E;) >1—e >1—€.

So we observe that Pr(E;) > 1 — ¢ for some ¢ > 0 . The detection delay 74.; depends on ¢ . Lemma 2 gives us
Pr(||diff;||> < eex|Df) > 1 — ¢ for some € > 0 and Dy is the event which is denoted as Dy := {N; = N; = N,, V t €
[ts, txs]}. Assume that E; occurs and apply Lemma 2 with ¢, = ¢; + Tae(€,S,) and t.. = ¢;4+1 — 1. From Lemma 2
we get Pr(||diffy]|? < €er|E;) > (1 — €) . The kalman Filter delay 74 depends on € and €., . So combining these
two results we get Pr(||diffy||* < eerr) > Pr(||diffi||* < eepr, Ej) > (1 — €)(1 — €') . Again neglecting the term e€’,
Pr(||diffy||?> < €err) > 1 — € — € . Define €’ = e+ ¢ . Then Pr(||diff;||? < €crr) > 1 — ¢’ and also we notice that 74.; and
T r both depend on ¢’ . So the first claim is proved.

Clearly ' Pr(E;|Ey, E1,...Ej_1) = Pr(E;|E;j_1) = Pr(E;|F;). By Lemma 1, Pr(E;|F;) > 1 —e. Combining this with
Pr(Ey) > 1—¢, we get Pr(E; N E;j_1 N---NEy) = Pr(Ey)Pr(E1|Fy) ... Pr(E;|F;) > (1 — €)' The second and the
third claim follow directly from the before-mentioned arguments.

lsince E; = {(xtj .‘.Tﬂlm)z2 > 4By, Vi € Atﬁ-me[} and the sequence of x¢’s is a Markov process

21



