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1 Model

At each time t > ty, we have

Yy = Az + wy

Ti1 = Ty + Vig

Here, E[w;] = 0, cov(w;) = Elww}] = 02,I,, iid and independent of x;; x;, = x¢ ~
N(0,0201n,); and vy ~ N(0, 02, Iy,) iid.

Yg, Wy € Rn’ A€ Rnxm’ T, Vy € R™.

Time indices are discrete. Make the distinction between sampling times (used) and
continuous time (not used).

41t +2 -1 | 41
t j+1

At the addition times t; = to + jd for some o, the support of z; changes: N; = Ny, for
all t € [tj : tj+1 — 1], and Nt]. C th+1.



2 Algorithm — KFCS with LS

This algorithm applies to the case where there are no support deletions.
Issues:

P,,—1 and Q; — is this an identity of size |Nhat| or is it a full-blown identity
with nonzeros on the diagonals for Nhat?

Is this algorithm transcribed correctly? There are 3 versions of it that I have
(NV original, AB+NV typed draft, and AB handwritten) and all 3 are different.

Look for places to simplify — this is long and contains repeat steps, which is
non-ideal



IHPUt: Osysy Oobsy Osys,05 Av {tj}7 {Nt}a {yt}

Tpymit = argmin, ||z||; subject to ||y, — Azl <&
Niy ={J :2|(jto7init)j| > a}
Pto—l = Usys,OINtO
Qto - O
i‘tofl =0
Pto‘tofl = Pto—]. + Qto
—1
Kt() = PtoltO*lA/ (Apto|t071A/ + OngI)
Jto - I — KtoA
Pto = JtQPt0|t0—1
i‘to = Jtoj:tofl + Ktoyto

for t > t; do
Qt = O-SySINt,1

Py—1 = P11 + Qy

Ky = Py A (ARf|t—1A/ + Ugbsf>_1
J,=1—K,A

Py = Ji Py

i"t,init = JiTy1 + Ktyt

yt,res =Yt — Ai‘t,init

By = argming || 5]|1 subject to ||yires — ABl2 <&
Lf;t,CSres - jlf,il’lit + /Bt

AA = {] : ’(it,CSres)j’ > Oé}

Nt - Nt_l U AA

if AA = (Z) then

A

‘ Ty = 'Tt,inlt
else
'Z%t — 0
Pt = Omxm
(Pt)]\A[t,Nt - (A[lzn],Nty(A[l:n},Nt) O-(Q)bsI\Nﬂ
end
end



3 Algorithm — Genie-Aided Kalman Filtering (GAKF)

This algorithm applies to the case where there are no support deletions.
Issues:

Check blue piece below — do we want all-ones, identity of size |DeltaA|, or
identity restricted to DeltaA and zero else?

Input: oy, Oobs, Osys0, A, {t;}, {N:e}, {w}

for t >ty do

if t =ty then

T =N,

Py = Us2yS7o]T

T 1=0

Q=0

else

T =Ny

Qi = UfyS[T

if t =t; for some j > 0 then
Ay = Ny \ Ny

Pt—l) 202 ]A
( AaAa sys*|Aal

end

end

]5t|t—1 =D+ Q

K, = Pt|t71A/ (AIBﬂtflA/ + oﬁbsl> B
Jy=1— KA

B= by

Ty = STy + Ky

end




4 Candes RIP — (; Computation for «

We need to add this as a theorem or something — cite [1] Thm 1.3 and explicitly
give the value of (', and the commentary below.

THEOREM / RESULT: [1], Theorem 1.3
Suppose y = Az + 1, |supp(z)| = s, dos = da5(A) < V2 — 1, and ||n]|2 < &. Then

& = argmin ||z||; subject to ||y — Az||s <&
z

satisfies

e —&]l2 < Ci(s)€,

where

AT ¥ 0,

O = T e

Claim / Note: It can be shown that C} is an increasing function of dos, and da, is an
increasing function of s, so C; is an increasing function of s.

For any support size S in this paper, we will have S < Sy and thus C1(S) < C1(Smax)-



5 Proofs

Lemma 1. Assume that {x;} and {y;} follow the signal model above, {to,to+ 1,19 +2,...}
is a discrete set of sampling times, only additions to true support (Ny C Nyiq for allt), etc.

Further assume that

i) The true solution is exactly recovered at the initial time to: &y, = x4, s0 Ny = Ny =
Ny; Can we relax this to just the true support is recovered?

i1) The mazimum support size Sy Satisfies Smazr < Sex = max{s : dos(A) < V2 — 1};
iii) The observation noise wy is bounded in magnitude: ||w:|| < & for allt and some & > 0;

iv) The addition thresholds oy satisfy oy = a = C& for all t, where

4/T+0
C = C(Sma) 02

Tz (14 v2) b2s,.,

with dss,,,. = 0as,,..(A); and

v) The addition delay d satisfies d > Tz, where the detection delay T4 is defined by

2
2x

o)1/,
04y Q1 (UE)T“>

Tdet = Tdet<aa 5) =

Here, Q7'(z) is the inverse of the Gaussian Q-function, Q(z) = [° L =7 dt.
Then

1) ||zt — &t .csresll2 < « for all sampling times t;
2) there are no false support additions: N, C N, for all sampling times t; and

3) Pr(E;|Fy) > 1 —¢, where E; = {N, = N, for allt € [t; + Taer : t;31 — 1]} and
Fj = {Ny,-1 = Ny}
We may want to split claim 3 into its own piece because its proof relies
on the other 2 parts, which are proved separately with induction.



Proof. Need to find some way to get Candes Thm 1.3 in here and make the
connection that #; csres in our notation is z* in his. Also need to point out that
the way we chose «, we have any (1§ < (1 (Smax)é = a.

To prove claims 1 and 2, we proceed by induction on the value of ¢.

Consider the base case, where ¢ = t;. Claim 1 follows from Theorem 1.3 in [1] and
assumptions (ii), (iii), and (iv) (Not immediate — need to connect to Candes as
above), and assumption (i) trivially proves claim 2.

Suppose now that claims 1 and 2 are both true for some time (¢ — 1). We show that the
claims are true at time ¢.

First, we verify claim 1 at time ¢. Let TYPO HERE? vy, — ¥:,es? Can probably
remove after getting algorithm typed up.

By = x — L¢,init

B = argmin |||y subject t0 [[yzes — ABll> < €
it,CSres = :i't,init + Bt?

where 4 init and y; res are defined in the KFCS with LS algorithm and & in;; satisfies supp(Z imit) =
N1

By the induction hypothesis, Ny, C N;_1, and by our model assumptions we have
Ni_1 C N;. Therefore, supp(5;) € Ny U Ny_1 = Ny, so |supp(5y)| < [Vy| < Siax- With this,
we can apply Theorem 1.3 in [1] to see that |8, — ]|z < @ (AGAIN, need to make this
connection). By the definitions of 8, and & csres, We see that || — BtHg = ||zt — Tt CSres]|2s
so claim 1 follows.

Next, we verify claim 2 at time ¢. Suppose that (x;); = 0 for some index i, so that
i ¢ supp(x;) = N;. Since Ni—1 € N, we must also have i ¢ N, 1; by the induction
hypothesis, this implies that ¢ ¢ N;_;.

Applying the result of claim 1,
|(j:t,CSres)i| - |($t - jt,CSres)i| S ||xt - i‘t,CSresHQ S «.

Referring to the algorithm, N, = N, U {j : |(@tcsres)j] > a}. Since i ¢ N,_; and
|(Zt.0sres)i| < «, it follows that ¢ ¢ N;. Thus if i ¢ Ny, then i ¢ Ny; equivalently, if
1 € Ny, then ¢ € N;. Therefore, N; C N;, which proves claim 2 and completes our induction
proof.



Now, we prove claim 3. Let A; = N, \ Nt—l denote the set of indices of the true support
at time ¢ which have not been detected before time ¢. Suppose that F}; holds, that is,
thfl = thfl‘

Since Fj holds, Ay C Agqay, for all £ € [t; : ;1 — 1].

Let ¢ € A, for some t € [t; : t;11 — 1] and suppose that |(z;);| > 2a. Applying the result
from claim 1,

O S |(xt - j:t,CSres)i| S ||(xt - Zit,CSres)HQ S a < 20{ < |(‘rt)z|7

so that
|(Z4,csves )il = [(24)i — [(@0)i — (B4, C5res )i
> “(xt)zl — (2 — i't,CSres)iH
= ’(xt)z‘ - ’(xt - i’t,CSres)z’|
> 20—«
= Q.

We see that if |(z¢);| > 2a, then |(Z¢csres)i| > v, 8010 € Ny =N, ;U {7 (Zr.csres)j| > a}.
If [(w¢);| > 2a for all i € Agaay,, then Ay C Aggay, € N;: in words, we will detect all
“missing” indices at time ¢, so Nt = N,.

From the above discussion, we see that the event {|(x);] > 2a for all i € Augqy,} is
contained within the event {|(z;);| > 2a for alli € A, | F;}, which in turn is contained
within the event {N, = N, | F}}.

All of the above is still kind of weak in places. It all makes sense in words
and is true, but the math / set theory is kind of wonky.

Our model asserts that the entries (z;); of z; are independent and identically distributed
N (0, (t - tj)agys) random variables. With this in mind, we see that

Pr(N, = N, | F;) > Pr(|(z,);] > 2a for all i € A, | F)
> Pr (|(x )il > 2a for all i € Ayday,)
r (|(2)1] > 2a)]"

[ (=)



We examine the particular case where ¢t = ¢; + 74¢. In this case,

Sadd
. 2a
Pr(N, v = Ny | Fj) > (20
( ti+Tde ti+7de J) (Usys\/(tj +Tdet) —t]>]
92 Sadd
Osysv/ Tdet
2 1 - &,

where the final inequality is easily verified and follows from the ceiling in the definition of
Taer and the fact that Q is a decreasing function.

If Nt = N, for t = t; + T4er, then the model assumptions of no support deletions and no
support additions until time ¢,4,, in addition to the result of claim 2, imply that N, = N,
for all ¢ € [t; + Taet : tj41 — 1], which is exactly the event E;. Therefore, Pr(E; | Fj) =
PI“(Nt].JerCt = N4z, | Fj) > 1 — ¢, which completes the proof. O




Lemma 2. Assume that {x;} and {y;} follow the signal model above, {to,to+ 1,10 +2,...}
is a discrete set of sampling times, only additions to true support (Ny C Nyi1 for all t), ete.

Os <1, ageg =0.

mazxr

Define the event D = {N, = Ny = N, for all t € [t, : t,*]}, where N, is some fized index
set.

At each time t, let &, = Ty gkpes be the KFCS estimate of x; and let 2y = 2 caxr be the
GAKF estimate of ;.

Then given any € and €., there exists some Txp = Tgp(€, e Ni) such that for all
t € [ty + Tkp : ), we have Pr(||z, — it||§ < Eepr | D) > 1—e. Note that if t, + Tkp > t.,
then this interval 1s empty and the result is vacuously true.

Proof. Throughout, we assume that the event D occurs and t € [t, : t..], so that all vectors
are supported on N,.

For simplicity of notation, we consider all variables and parameters only along the support
set N Thus, vy = ()n., A = Apmyn., B = (@), Ko = (K n ), Pge-1 = (Bge-1)va,w.
Ji = (Ji)n. N, and analogously for &, Ky, Py;—1, and J;.

Let é; = 2, — Z; and é; = x; — Z;. Define diff; = é; — ¢&; and notice that diff; = 7, — Z;.

Let t > t,. By the KFCS with LS algorithm and the model, we see that

€ = Xy — Ty
= (-1 + 1) — (o1 + Keyr)
=z + v — iy — Ki(Axy + wy)
=xp 1+ v — ST — KAy + 1) — Koy
= - KAz — Ji2p 1+ (I — KAy — Koy
= Jy(x_q — 2y1) + Sy — Ky
= Jiéy_1 + Jivy — Kywy.
Similarly, using the GAKF algorithm and the model, we can verify that
& = Jiti 1 + Ju — Kywy.
Combining these results yields

dlfft = Jtdiﬂ‘t_l + (Jt — jt)(ét—l + Vt) + (K — Kt)wt.

[The next group of paragraphs in the writeup is heavy on exposition and can
definitely be shortened. The main point we need to make is that the result from
Hassibi’s book ensures that the matrices P;_;, etc. converge — I don’t think we
really need to give a crash course on control theory here, since this is the only
place the results turn up.]

]
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